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Open Problem - A Multidimensional Fluid
Model

Peter Taylor

July 19, 2013

1 The model

In general, I am interested in the analysis of multidimensional fluid models,
in which the rate of change of a d-dimensional fluid varies depending on
the state of a finite-state continuous-time Markov chain. The following two-
dimensional example is the simplest instance.

Let ϕ(t) evolve according to a continuous-time Markov chain with finite
state space S and irreducible generator T = [Tij]. For each state i ∈ S,
associate a vector ci ≡ (ci1, ci2) that we can think of as describing the velocity
of a two dimensional fluid (M1(t),M2(t)) ∈ R2

+ when the underlying Markov
chain is in state i and both M1(t) and M2(t) are positive. When either
or both of M1(t) and M2(t) are zero, then the velocity of the fluid is the
projection of ci onto the appropriate axis.

For notational simplicity, let us assume that cik 6= 0 for all i and k. For
k = 1 or 2, we can partition S into sets S(k)

1 and S(k)
2 of states i for which

cik > 0 and cik < 0 respectively and partition the generator T conformally
with this so that

T =

[
T

(k)
11 T

(k)
12

T
(k)
21 T

(k)
22

]
.

Also, let c(k) = (cik), i ∈ S, C
(k)
1 be a diagonal matrix such that [C

(k)
1 ]ii = cik

for all i ∈ S(k)
1 and C

(k)
2 a diagonal matrix such that [C2]ii = −cik for all

i ∈ S(k)
2 .

Let ξ = (ξ
(k)
1 , ξ

(k)
2 ) be such that ξT = 0 with ξ1 = 1. That is, ξ is the

stationary distribution of the underlying Markov chain. Then, it is known
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that the marginal process Mk(t) is positive recurrent if and only if ξc(k) < 0,
in which case the matrix Ψ(k), which is the minimal nonnegative solution of
the equation,

T
(k)
11 Ψ(k) + Ψ(k)T

(k)
22 + Ψ(k)T

(k)
21 Ψ(k) + T

(k)
12 = 0

has row sums equal to one.
When Mk(t) is positive recurrent, we can write the marginal stationary

densities that Mk(t) = x and ϕ(t) = j into a vector π(k) =
(
π

(k)
1 (x),π

(k)
2 (x)

)
,

partitioned according to S(k)
1 and S(k)

2 , and then it follows from Ramaswami
[1] that, for x > 0, the stationary measure of Mk(t) has a density[

π
(k)
1 (x),π

(k)
2 (x)

]
= α(k)

[
eK

(k)x, eK
(k)xΨ(k)

]
where

K(k) =
[
T

(k)
11 + Ψ(k)T

(k)
21

]
[C

(k)
1 ]−1,

and α(k) = ξ
(k)
1 K(k). There is also a probability mass given by the vector

ξ
(k)
2 − ξ

(k)
1 Ψ(k) that the Markov chain is in a phase in S(k)

2 with Mk(t) = 0.

2 The problem

I conjecture that (M1(t),M2(t)) is positive recurrent if and only if both M1(t)
and M2(t) are positive recurrent. I would like to prove this, and derive an
expression for the stationary measure of the two-dimensional process.

References

[1] V. Ramaswami. Matrix analytic methods for stochastic fluid flows. Pro-
ceedings of the 16th International Teletraffic Congress, Edinburgh, June
7-11, 1999, pages 1019–1030.

2



1 
 

Open problem 

Asymptotic behavior of the occupancy density for RBM in a half-plane 

 
Mike Harrison 

August, 2013 

 
Let     ( )        be two-dimensional Brownian motion with drift vector  satisfying  = 1 

(this is just a convenient normalization), covariance matrix I, and initial state  ( )   . Now let 

  (   ) and define 

 

 ( )   
   

     
   ( )   and    ( )   ( )    ( )    t   0. 

 

Thus Z is a reflected Brownian motion (RBM) in the upper half plane. More specifically, it is 

reflected (,I) Brownian motion, with initial state  ( )    and direction of reflection v at the 

boundary. 

 
It is assumed that 

 


 
  

 
   , 

 

which ensures that   ( )    as t    . Now let us denote by   ( ) the density function of the 

random vector  ( ) at a point z in the upper half-plane (a formula is given below), and define  

 

(1)      ( )  ∫   ( )  
 

 
 . 

 

The integral of  () over any bounded set A is                 )  ( )    , so we call  () 

the occupancy density of the process Z. When we write  (   ) hereafter, it is understood that 
(   ) is the polar coordinates representation of a point z in the upper half plane. 

 

Open Problem  Determine the exact asymptotic behavior of   (   ) as      with   fixed. 

 

Conjecture There exist well behaved functions (), () and () such that  

 

 (   )  ( ) ( )  ( )   as     . 

 

Significance Suppose that you want to know the exact asymptotic behavior of the stationary 

density of RBM in a quadrant.  Given the “cones of boundary influence” discovered by Avram, 

Dai and Hasenbein (2001), one may plausibly hope to crack that problem by piecing together 

Z1
0



c

1

v
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asymptotic analyses of occupancy densities for three much simpler processes: an RBM in the 

upper half-plane that is obtained by removing the left-hand boundary of the quadrant; an RBM in 

the right half-plane that is obtained by removing the lower boundary of the quadrant; and the 

unrestricted Brownian motion that is obtained by removing both of the quadrant’s boundaries. At 

the very least, the solution of the problem posed above may provide a deeper understanding or 

alternative interpretation of recent results by Dai and Miyazawa (2011, 2012) on the asymptotic 

behavior of various quantities associated with the stationary distribution of RBM in a quadrant. 

 

Preparatory calculations Let us denote by () the bivariate standard normal density function, 

and by   (   ) the joint density function of  ( ) and  ( ). Using a standard result on the joint 

distribution of one-dimensional Brownian motion and its running maximum (see, for example, 

Harrison (2013), Proposition 1.18), and defining e = (0,1), we have the following: 

 

(2)      (   )      (  
 

 
 )

(     )

  (
     

√ 
). 

 

Also, 

 

(3)       ( )  ∫   (      )  
 

 
, 

 

so the only remaining task is a narrow technical one: evaluate the integral (1), given formulas (2) 

and (3), at a level of specificity sufficient to determine the exact asymptotic behavior of  (). 

Related (simpler) problem Let us denote by  ( ) the occupancy density for the Brownian 

motion X itself. Using known results for planar Brownian, it can be shown that  ( )  
    (     )  ( ), where   () is the modified Bessel function of the second kind, and   is the 

angle between the vectors  and z. Thus  (   )         (      )   as      with   fixed. 
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The convergence domain of the moment generating function of the
stationary distribution of a three-dimensional SRBM∗

Masakiyo, Miyazawa
Department of Information Sciences, Tokyo University of Science,

miyazawa@is.noda.tus.ac.jp

August, 2013

Consider a d-dimensional semi-martingale reflecting Brownian motion {Z(t); t ≥ 0},
SRBM for short, which has drift vector µ, covariance matrix Σ and reflection matrix R.
We assume that R is a complete S-matrix, and the stationary distribution exists (the
condition R−1µ < 0 is necessary for this but not sufficient). We are interested in the tail
asymptotics of its stationary distribution π, provided it exists. For d = 2, this problem
is solved for the marginal stationary distribution in an arbitrary direction. In that study,
the convergence domain D of the moment generating function ϕ of the π plays a key role,
where D = {θ ∈ R2; ϕ(θ) < ∞}. Namely, one can guess that, for any directional vector
c ≥ 0 with unit length,

lim
x→∞

1
x

log P(c1Z1 + c2Z2 > x) = − sup{t > 0; tc ∈ D}, (1.1)

where (Z1, Z2) is a random vector subject to the π.
This tail asymptotic becomes harder to get for d ≥ 3, and finding it is an open problem.

As a first step to solve it, we are concerned with the convergence domain D. This has
been considered by Miyazawa and Kobayashi [2], and they proposed a certain fixed point
equation to get the domain D. However, this equation is hard to solve because the proposed
iteration algorithm is hard to perform.

We here focus on the case of d = 3, and present a more specific fixed point equation for
deriving the domain D, and propose an algorithm to solve it. Although we only consider
the case of d = 3, the procedure is designed to be extendable for d ≥ 4.

We first recall the characterization of D for d = 2 studied in [1], then will consider the
case of d = 3. To this end, we introduce notations for a general d. Let J = {1, 2, . . . , d},
and let

γ(θ) = −
(

1
2
〈θ, Σθ〉 + 〈µ, θ〉

)
, γi(θ) =

〈
R(i), θ

〉
, θ ∈ Rd,

where R(i) is the i-th column of R. Let

Γ = {θ ∈ R2; γ(θ) > 0}, ΓA = {θ ∈ R2; γ(θ) > 0, γi(θ) < 0, ∀i ∈ A}, A ⊂ J.

We here have changed the notation Γi of [1] so that it will be convenient for d ≥ 3. Their
results can be summarized as follows. Using the stationary inequalities in Lemma 4.1 of
[1], first solve the following fixed point equation:

τ1 = sup{θ1 ∈ R : ∃θ2 ∈ R, θ ∈ Γ2, θ2 ≤ τ2}, τ2 = sup{θ2 ∈ R : ∃θ1 ∈ R, θ ∈ Γ1, θ1 ≤ τ1},
∗This note came out from discussions with Jim Dai and Jian Wu, Cornell University.
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then the convergence domain D is obtained as

D = {θ ∈ R2; ∃θ′ ∈ Γ, θ′1 ≤ τ1, θ
′
2 ≤ τ2}. (1.2)

We reformulate this derivation of D using one-dimensional sets. For this, consider the
following equations for D1 and D2 instead of τ1 and τ2.

D1 = {θ1 ∈ R : ∃θ2 ∈ R, θ ∈ Γ2, θ2 ∈ D2}, D2 = {θ2 ∈ R : ∃θ1 ∈ R, θ ∈ Γ1, θ1 ∈ D1}.

Then, the solution Di must be (−∞, τi), and therefore (1.2) can be written as

D = {θ ∈ R2; ∃θ′ ∈ Γ, θ < θ′, θ′1 ∈ D1, θ
′
2 ∈ D2}. (1.3)

A key idea in this reformulation is to first solve the set of one dimension less problems.
This idea can be used for a general d because the stationary inequalities are also obtained
for any d (see Lemma 3.1 of [2]).

We now consider the convergence domain D for d = 3. For notational convenience,
we lift up two dimensional sets to three dimensional ones. Namely, for Di(i+1) ∈ R2, let
D̃i(i+1) = {θ ∈ R3; (θi, θi+1) ∈ Di(i+1)} for i ∈ J ≡ {1, 2, 3}, where we always take mod 3

for i + 1. For example, D̃3(3+1) = D̃31. We then let D(0)
i(i+1) = {(0, 0)} for i = 1, 2, 3, and

iteratively define, for n = 0, 1, . . .,

D(n+1)
i(i+1) = {(θi, θi+1) ∈ R2; θ ∈ conv

(
Γi+2 ∩ D̃(n)

(i+1)(i+2) ∩ D̃(n)
(i+2)i,

Γ(i+1)(i+2) ∩ D̃(n)
(i+1)(i+2), Γ(i+2)i ∩ D̃(n)

(i+2)i

)
}, i = 1, 2, 3,

where conv(A1, A2, A2) is the convex hull of sets Ai ⊂ R3 for i = 1, 2, 3. It is not hard to
see that (D(n)

12 ,D(n)
23 ,D(n)

31 ) converges to a non-empty set as n → ∞, which is denoted by
(D12,D23,D31). Our open problems are:

(i) Find a closed form expression for (D12,D23,D31) using Γ and Γi for i = 1, 2, 3.

(ii) Prove that this (D12,D23,D31) 6= (∅, ∅, ∅) is a unique solutions of the fixed point
equations:

D12 = {(θ1, θ2) ∈ R2; θ ∈ conv(Γ3 ∩ D̃23 ∩ D̃31, Γ23 ∩ D̃23,Γ31 ∩ D̃31)}, (1.4)
D23 = {(θ2, θ3) ∈ R2; θ ∈ conv(Γ1 ∩ D̃31 ∩ D̃12, Γ31 ∩ D̃31,Γ12 ∩ D̃12)}, (1.5)
D31 = {(θ3, θ1) ∈ R2; θ ∈ conv(Γ2 ∩ D̃12 ∩ D̃23, Γ12 ∩ D̃12, Γ23 ∩ D̃23)}. (1.6)

(iii) Prove the convergence domain is obtained as

D = {θ ∈ R3; ∃θ′ ∈ Γ, θ < θ′, θ′ ∈ D̃12 ∩ D̃23 ∩ D̃31}. (1.7)

The convergence domain D gives an upper bound for the logarithmic limit of (1.1), but it
requires a proof that it is also a lower bound. This is another open problem.
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Open problem 

Achieving HGI performance in bandwidth sharing networks 

 
Mike Harrison, Chinmoy Mandayam, Devavrat Shah and Yang Yang 

 

August, 2013 

 
System model Consider a bandwidth sharing network of the type propounded by Massoulie and 

Roberts (2000), where jobs of different types arrive according to independent Poisson processes. 

For simplicity, assume that service times for type j jobs are exponentially distributed with mean 

   
 
. The network resources, referred to here as servers, have fixed capacities, and in general, 

the processing of a type j job requires that capacity be simultaneously allocated by several 

different servers.  

 

In the canonical application to internet modeling, the job types correspond to files that require 

transmission over different routes, the servers correspond to transmission links, the service time 

of a job is interpreted as a file size, and the servers required to process a particular job type are 

the transmission links on the route followed by that type. 

 

Following Kang et al. (2009), we assume that there is “local traffic” on every link; that is, for 

each server i there exists a job type j whose processing requires capacity from link i only.  

 

Dynamic control problem A system manager (controller) observes the type-level job count 

process  ( ) = (  ( )) but does not know file sizes. The controller allocates server capacities 

dynamically, striving to minimize    ( ( ))  for a given cost function  ( ).  

 

Workload process Following the terminology of Kang et al. (2009), we define the workload 

process  ( )  (  ( )) under a given admissible strategy as follows:   ( )  ∑      ( )   
 
  

for each server i and t  0, where       if server i is required for the processing of type j jobs, 

and        otherwise.  Defining       ( ), one can re-express this definition as follows: 

 

 ( )       ( ),  t  0. 

One can think of  ( ) as a vector of conditional expectations given the current job count vector 

 ( ). Specifically,   ( ) is the expected amount of server i capacity required to complete the 

processing of all jobs present in the system at time t.  

 

Brownian control problem (BCP) Following the recipe in Harrison (2000), one can formulate a 

BCP that formally approximates the dynamic allocation problem above. The approximating BCP 

is then reduced to an equivalent workload formulation whose state descriptor is a Brownian 

analog W of the workload process w defined above. The main system equation is  ( )  
 ( )   ( )     , where X is a certain Brownian motion, and components of the control 

process   { ( )       represent cumulative unused capacity for the various servers. 
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Brownian approximation (continued) In the approximating BCP, moreover, the Brownian 

analog of the job count process n can be any process   { ( )       that is consistent with the 

chosen workload process W, in the following sense: for each      one has  ( )       ( ) 

and  ( )   . The best choice is  ( )   ( ( )), where 

 ( )      { ( )                  for      . 
 

Hierarchical greedy ideal (HGI) performance   [ ( ( ))]      (  ( ))] 

(a) The workload process for each server is near its ideal minimum. That is, a server’s capacity 

is seldom underutilized while there is work for that server in the system. 

 

(b) The instantaneous cost rate  ( ( )) at each time t is near its minimum possible value given 

the current workload vector.  That is, workload is held in a nearly-least-cost configuration.  

 

Open problem Develop a dynamic allocation scheme that is maximally stable (that is, it 

stabilizes the system whenever stability is achievable), and also achieves HGI performance in the 

heavy traffic limit, where “heavy traffic” is defined in the usual way. 
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W2

0

U1

U2

W must be kept within a certain polyhedral cone,

and because of our local traffic assumption, that

cone is the entire orthant.

Thus there exists an admissible control U* in the

approximating BCP that gives a minimal work-

load process W*,

W* is a reflected Brownian motion (RBM) living

in the entire non-negative orthant, with normal

reflection from each boundary.



Krzysztof D¦bicki

Mathematical Institute, University of Wrocªaw

Long-time behavior of storage processes: beyond strong
Piterbarg property

Consider a stationary storage process {Q(t) : t ≥ 0} driven by a fractional
Brownian motion {BH(t) : t ∈ R} with Hurst parameter H > 1/2 and
drained with rate c > 0, i.e.,

Q(t) = sup
s≤t

(BH(t)−BH(s)− c(t− s)).

In [4] Piterbarg observed that, for Tu = o(u(2H−1)/H),

P ( sup
t∈[0,Tu]

Q(t) > u) ∼ P (Q(0) > u),

as u → ∞. This property is nowadays referred to as Piterbarg property; see
[1].

Recently, in [3], it was shown that, for Tu = o(u(2H−1)/H),

P ( inf
t∈[0,Tu]

Q(t) > u) ∼ P ( sup
t∈[0,T ]

Q(t) > u),

as u → ∞, which following terminology coined in [1] we refer to as the strong

Piterbarg property.
The in�uence of long range dependence on the exact asymptotics of

P ( inf
t∈[0,Tu]

Q(t) > u), (1)

as u → ∞, for Tu ∼ Constu(2H−1)/H or Tu ≫ u(2H−1)/H , is still an open
problem.

Nothing is known on strong Piterbarg property for other (than fBm)
Gaussian inputs.

For the Brownian motion case (assume that c = 1), by [2], we have

P ( inf
t∈[0,T ]

Q(t) > u) = exp(−2u)Eexp

(
−2 sup

s∈[0,T ]

B1/2(s) + s

)
,

for u, T > 0.
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The analysis of (1) for heavy-tailed Lévy inputs can be found in [2].
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Two coupled Lévy queues with independent input
Onno Boxma and Jevgenijs Ivanovs

1 Introduction

In the queueing literature, several studies have been devoted to a queueing model of two
servers, each with their own customer arrival process, with the special feature that the
speed of one server changes when the other server becomes idle. This has become known
as the coupled processor model [3]. A possibly even more popular model of two servers is
a fluid network with independent arrival processes, where fixed fractions of fluid exiting
one queue are routed into the same and the other queue, as well as out of the system.
These models are intimately related and in the case of Lévy input both can be put in our
framework below.

More specifically, we assume that our queues are driven by two independent Lévy
processes X1(t) and X2(t) without negative jumps. We model a pair of workload processes
(W1(t),W2(t)) as a 2-dimensional reflected process, see e.g. [4, 5],

W1(t) = W1(0) +X1(t) − r1L2(t) + L1(t), (1)

W2(t) = W2(0) +X2(t) − r2L1(t) + L2(t),

where Wi(t) are nonnegative, Li(t) are nonnegative and nondecreasing with Li(0) = 0,
and, in addition, it is required that if t is a point of increase of Li(t) then Wi(t) = 0.
Sometimes the latter condition is replaced by an equivalent integral condition or minimal-
ity requirement. We assume that r1, r2 ≥ 0 and r1r2 < 1, in which case workload processes
(W1(t),W2(t)) (with given initial values) and unused capacity processes (L1(t), L2(t)) sat-
isfying the above conditions exist and are unique, see [5, Sec. 5].

Remark: Interpretations It is the easiest to understand the model given by (1) in the case
of compound Poisson inputs and constant service rates ci > 0, i.e. when each Xi(t) is a
compound Poisson process (CPP) minus cit. Note that when Wi(t) hits zero it stays at
zero until the arrival of the next customer, which leads to the following four cases. While
W1(t),W2(t) > 0 these workload processes evolve according to X1(t) and X2(t). While
W1(t) = 0 and W2(t) > 0 the process L1(t) evolves as c1t resulting in an additional service
rate r2c1 in the second queue, i.e. the fraction r2 of the first server capacity is used to help
the second. Similarly, while W1(t) > 0,W2(t) = 0 the service rate in the first queue is
c1 + r1c2. Finally, when both queues are empty, the processes Li(t) evolve as certain linear
drifts canceling the negative drifts of Xi(t) and each other’s influence, which is possible if
and only if r1r2 < 1.

2 Result and open problem

In [1] we have determined the joint transform of the stationary workload distribution, in
terms of Wiener-Hopf factors corresponding to two auxiliary Lévy processes with explicit
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Laplace exponents. This generalizes the result for two coupled processors with CPP input
in [2], and complements the asymptotic result for a fluid tandem queue by Miyazawa and
Rolski [6] by an exact result.

Starting-point of our analysis in [1] has been a functional equation for the steady-state
workload LST Ee−α1W1−α2W2 . The separable structure φ1(α1)+φ2(α2) of the so-called kernel
of that functional equation remains intact when one considers the transient behavior of the
two-dimensional workload process. We would like to exploit that structure to determine
the Laplace transform w.r.t. time of the LST of the two-dimensional workload process (put
differently: the LST of the workload process at an exponential epoch).

A much more challenging problem is to consider higher dimensions than two ...
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PERFECT SHUFFLING BY RANDOM
TRANSPOSITIONS

ALEXANDER E HOLROYD

Let Sn be the symmetric group of all permutations of 1, . . . , n. For
parameters (ai, bi, pi)

m
i=1, let T1, . . . , Tm be independent random permu-

tations, where Ti equals the transposition (ai bi) with probability pi,
and otherwise equals the identity. We call (ai, bi, pi)

m
i=1 a (perfect)

transposition shuffle (of order n and length m) if the composition
T1 · · ·Tm is precisely uniformly distributed over Sn.

Question. Does there exist a transposition shuffle of order n with
length strictly less than

(
n
2

)
, for any n?

Note that for any transposition shuffle, 1/n! must be a sum of prod-
ucts of factors pi and 1− pi, so for example the pi cannot be all 1/2 for
n ≥ 3. Also note the entropy bound m ≥ log2 n! = Ω(n log n). Some
further facts follow.

Proposition 1. In any transposition shuffle of order n, we have
#{i : pi = 1/2} ≥ n− 1.

Proof. For any random permutation, consider the n-by-n matrix given
by the expectation of its permutation matrix. Composing independent
random permutations multiplies the matrices. The uniform random
permutation has matrix with all entries 1/n (as does any permutation
with each particle uniformly distributed), which has co-rank n−1. But
the matrix for T (a, b, p) has co-rank 1[p = 1

2
]. �

Here are two very different transposition shuffles with length exactly(
n
2

)
.

Date: April 2012.
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Example 1. Let m =
(
n
2

)
and let (ai, bi)

m
i=1 be any nearest-neighbour

sorting network - i.e. suppose that bi = ai + 1 ∀i, and that setting all
pi = 1 results in the reverse permutation n, . . . , 1. Let xi, yi be the two
particles that swap at step i when we set all pi = 1. Then taking

pi =
|xi − yi|

|xi − yi|+ 1

gives a transposition shuffle. Furthermore, these are the only transpo-
sition shuffles with length ≤

(
n
2

)
and only nearest-neighbour swaps.

Proof. It is easy to check this works in the case of the bubble sort
(a1, . . . , am) = (1, 2, . . . , n−1, 1, 2, . . . , n−2, . . . 1, 2, 3, 1, 2, 1). By Tits’
Lemma we can get to any other nearest-neighbour network by applying
the moves (a, a′) ↔ (a′, a) (|a − a′| ≥ 2) and (a, a + 1, a) ↔ (a +
1, a, a + 1) to the sequence of ak’s. Then one simply checks that the
given probabilities transform appropriately. Reversing the argument
proves the uniqueness. �
Example 2. Inductively apply any transposition shuffles to the first
h := ⌊n/2⌋ and the last ⌈n/2⌉ particles. Then apply the transpositions
(1, h + 1), (2, h + 2), . . . , (h, 2h), with probabilities chosen so that the
number of them that occur has the same (hypergeometric) distribution
as the number of particles 1, . . . , h that end up in positions {h+1, . . . , n}
in the uniform permutation. Then apply shuffles to the first and last
halves again.

Proof. The necessary probabilities are an affine function of the roots of
a Legendre polynomial. This implies that they are indeed real and in
[0, 1]. For example with n = 4 they are (1± 1/

√
3)/2. �



Open Question: A Probabilistic Matching Process

Burak Buke and Hanyi Chen

August 15, 2013

In this article, we discuss a probabilistic matching process in a probabilistic matching
system. A probabilistic matching system consists of two types of users, indexed by J = 1, 2.
Both of the user queues are assumed to be empty at time t = 0 and have infinite waiting
spaces. The arrival process of user j is a Poisson process with rate λj ≥ 0, j = 1, 2. Each
pair of user 1 and user 2 has a matching probability q, 0 < q ≤ 1, to match with each other
independent of other users. When a user j arrives at the system, she checks whether there is
any user in queue i, i 6= j, matching with her. If there is no user in queue i who matches with
her, she joins queue j; otherwise, she chooses an arbitrary user from queue i who matches
with her and they leave the system together. Once a suitable match is agreed, this pair of
users leave the system immediately, i.e., matchings do not take any time. We assume that
the existing users in the system do not abandon the system before being matched.

This kind of probabilistic matching system has broad practical applications. Employment
portals, rental portals and the Gumtree website are three examples. However, this type
of system has not yet been studied in the literature. The fact that the matchings occur
probabilistically distinguishes this system from conventional queueing systems. Nevertheless
we notice that when the matching probability q = 1 the probabilistic matching system
becomes an assembly like system with a zero service time (see [1] and [2]).

There are many topics of interest about this system we have been exploring. One is
the matching process, which counts the number of successful matchings that occur in a
given time interval. Let M q(t) denote the number of successful matchings that occur in a
given time interval [0, t]. For a given q, 0 < q ≤ 1, we have found an explicit formula for
P (M q(t) = k): the probability that k successful matchings occur with the primitive data
λ1, λ2 and q. However further analysis of this formula is very complicated and difficult.
We are now concerned with the following question: what is the structure of this matching
process? Does it have independent and stationary increments? What is a suitable tool to
analyze such a process?

Here is a simple idea about stationary increments. Let Xq(t) denote the number of users
in the system at time t. Based on the assumptions above, there exists some time t > 0 such
that Xq(t) > 0. Suppose at time s > 0, Xq(s) > 0. Then it is trivial that

P (M q(h)−M q(0) = 0) > P (M q(h+ s)−M q(s) = 0),

1



and hence, the process {M q(t)}t≥0 does not have stationary increments. Now what can we
say about the independent increments property?

References

[1] J. M. Harrison. Assembly-like queues. J. Appl. Probab., 1973.

[2] G. Latouche. Queues with paried customers. J. Appl. Probab., 1981.

2



PLANAR AND MINIMAL MATCHINGS

ALEXANDER E. HOLROYD

Let R and B be independent homogeneous spatial Poisson processes
of intensity 1 on R2. A matching M is a (random) bijection between
R and B. A matching is invariant if (R,B,M) and (θR, θB, θM) are
equal in law for every translation θ of R2.

(1) Does there exist an invariant matching that is planar, i.e. such
that the straight line segments joining matched pairs do not
cross?

(2) Does there exist an invariant matching that is minimal, i.e.
having no finite set of matched pairs whose points can be re-
matched so as to reduce the sum of the Euclidean distances
between matched pairs?

(3) Does there exist a (possibly non-invariant) minimal matching?
(4) Does there exist a planar matching on the strip R× [0, 1] that

is invariant under horizontal translations?
(5) Do there exist jointly ergodic simple point processes R and B

of equal intensity on R2 for which there is no planar invariant
matching?

A positive answer to (2) or (4) would imply a positive answer to (1).
For more details see:

A. E. Holroyd. Geometric properties of Poisson matchings. Probab.
Theory Related Fields, 150(3-4):511-527, 2011. arxiv:0909.0575
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Is the SINR stochastically monotone in clustering/repulsion of

node deployments?

Naoto Miyoshi∗

Tokyo Institute of Technology

Consider the following spatial stochastic model of wireless communications. Let Φ = {x0, x1, x2, . . .}

denote a simple point process on R2, which represents the locations of wireless nodes. In particular, x0

is the location of emitter and x1, x2, . . . are those of interferers. Suppose that the receiver is located at

the origin. Let S0, S1, S2, . . . denote mutually independent random variables representing the effect of

fading from the wireless nodes to the origin and let ` denote the path-loss function on R+ such that ` is

convex with `(x) ∼ c x−β as x → ∞ for c > 0 and β > 2, which represents the signal attenuation with

the distance. The signal-to-interference-plus-noise ratio (SINR) at the origin is then defined by

SINR =
S0 `(|x0|)

w +
∑∞

i=1 Si `(|xi|)
,

where w denotes a nonnegative constant representing the environmental noise divided by the signal

transmission power (w−1 is the signal-to-noise ratio).

In [1], x0 is fixed and the complementary distribution function of S0 is assumed to be convex. Then,

it is shown (in a more general form) that, when Φ \ {x0} is larger in the decreasing directionally convex

(dcx) order, SINR is larger in the usual stochastic order. This states that SINR is stochastically increasing

with clustering (with less points on average) of Φ \ {x0}. On the other hand, [3] considers that Φ is an

α-Ginibre point process and x0 is the nearest point from the origin. The α-Ginibre point process is one

of the determinantal point processes and it is the usual Ginibre process when α = 1 while it goes to a

Poisson process in distribution as α → 0; that is, Φ becomes more repulsive with the increase of α in

some weaker sense than dcx order (see [2]). In the setting that S0, S1, S2, . . . are mutually independent

exponentially distributed, it is numerically shown that SINR is stochastically increasing in α while the

rigorous proof is still open. This states that SINR is stochastically increasing with repulsion of Φ. Thus,

a conjecture is that SINR is stochastically monotone in clustering/repulsion of Φ (or Φ \ {x0}) in some

weaker sense than the dcx order.

∗Department of Mathematical and Computing Sciences, Tokyo Institute of Technology, 2-12-1-W8-52 Ookayama, Tokyo

152-8552, Japan. E-mail: miyoshi@is.titech.ac.jp
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On existence of attractor for a random sharing

processes

Anton Muratov∗ Sergei Zuyev∗

August 17, 2013

Imagine households located at the integer points on the line, each house-
hold at i ∈ Z is characterised by its ”fortune” which at time t = 0 is hi(0).
Given a distribution G concentrated on [0,1], at time t = 1 every household
shares G-distributed proportion of its fortune with its left neighbour: hi(1) =
(1− gi(0))hi(0) + gi+1(0)hi+1(0), where gi(0) are all independent distributed as
G. Call this procedure a G-sharing. If the starting state h(0) = (hi, i ∈ Z) were
i.i.d., then generally already the fist application of G-sharing produces depen-
dent h(1). However, we were able to show that if h(0) are Γ(α, λ)-distributed
and gi(0)’s are B(rα, (1 − r)α)-distributed for some 0 < r < 1, then h(1) is
again Γ(α, λ)-distributed and this is the only non-trivial case when an i.i.d. h
is preserved by G-sharing, see [1].

An equivalent formulation is the following: Consider points dividing seg-
ments of a Γ(α, λ) renewal process in proportions B(rα, (1 − r)α). Then the
division points define a new point process which is again a Γ(α, λ)-renewal pro-
cess.

The problem: numeric simulations show that whatever starting configu-
ration (perhaps, Cesáro summable) we take, B(rα, (1 − r)α)-sharing leads to
independent Γ(α, λ)-distributed fortunes. Can one prove that this is an at-
tractor? Is it unique? Can there be (as in some interacting particle systems)
non-space stationary invariant distributions for beta-sharing?

The case of a Dirichlet-sharing of a FINITE number of households is well-
studied, the limit is unique and it is a sequence of independent Dirichlet-
distributed fortunes, see [2].
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Null Recurrent Non-Lattice Renewal Processes

Hermann Thorisson

From the QUESTA 2011 paper
‘Open Problems in Renewal, Coupling and Palm Theory’

Consider a renewal process

Sn = S0 +X1 + · · ·+Xn, 0 ≤ n <∞,

where S0 [the delay] is a nonnegative random variable and X1, X2, . . . [the recurrence
times] are i.i.d. strictly positive and independent of S0. For 0 ≤ t <∞, put

Nt = inf{n ≥ 0 : Sn > t} = the number of renewals in [0, t]

and
At = t− SNt−1 = age at time t,

Bt = SNt − t = residual life at time t,

Dt = XNt = At +Bt = total life at time t,

Ut = At/Dt = relative age at time t.

The renewal process is positive recurrent if E[X1] <∞ and null recurrent if E[X1] =∞.
Assume that the distribution of X1 is non-lattice, that is, P(X1 ∈ dZ) < 1 for all d > 0;
here Z denotes the integers. Let U be uniform on [0, 1].

Theorem 1.1. If the renewal process is positive recurrent, then Ut tends in distribution
to U as t→∞.

For proof see e.g. [1], Chapter 2, Section 10.

Problem 1.1. Suppose the renewal process is null recurrent. Does Ut still tend in
distribution to U as t→∞ ?

When the renewal process is positive recurrent, let D have the distribution function

P(D ≤ x) = E[X11{X1≤x}]/E[X1], x > 0.

Theorem 1.2. If the renewal process is positive recurrent, then Dt tends in total variation
[and thus in distribution] to D as t → ∞. On the other hand, if the renewal process is
null recurrent, then Dt tends in distribution to infinity as t→∞.

For proof see e.g. [1], Chapter 2, Section 10.

1



Problem 1.2. Suppose the renewal process is null recurrent. Is there a non-decreasing
function φ such that Dt/φ(t) tends in distribution to a non-degenerate random variable
Dφ as t→∞ ? In particular, does this hold with φ(t) = E[min{X1, t}] ?

Theorem 1.3. If the renewal process is positive recurrent, then the random pair (Dt, Ut)
tends in distribution to (D,U) as t→∞, where D and U are as above and independent.

For proof see e.g. [1], Chapter 2, Section 10.

Problem 1.3. Suppose the renewal process is null recurrent and that the answers to the
above questions are positive. Does (Dt/φ(t), Ut) then tend in distribution to (Dφ, U) as
t→∞, where Dφ and U are as above and independent?

If all the answers are positive, then as a corollary we get that in the null-recurrent
case (At, Bt)/φ(t) would tend in distribution to (UDφ, (1− U)Dφ) as t→∞.

If these problems do not have positive answers in the general null-recurrent case, there
might still be positive answers in particular cases, for instance when P(X1 > x) does not
decay too slowly as x→∞.
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