
MHD in stably stratified stars

Topics:

1. Processes due to differential rotation.

2. Fossil magnetic fields vs. internally generated
   - nature of the Ap, WD fields

3. Instabilities in toroidal fields in stars

4. Dynamo process in radiative zones
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1. Magnetic stars: 
   - Ap-Bp,
    - magnetic WDs
    - pulsars, magnetars 

   Main question: structure/stability of the field

2. Internal rotation of stars
   - pulsar rotation rates
    - core rotation in collapsar scenario

   Q:  Angular momentum transport by 
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Applications
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Evolution of B in a star

B weakB strong

HCS 1999, 2002, A&A

- Bifurcation: type of
  outcome depends 
  on initial field strength:

Strong initial field: 
uniformly rotating  ‘Ap star’

Weak initial field:
small scale self-sustained field, 
initial conditions forgotten
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Strong initial field case
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- Differential rotation winds field in azimuthal 
  direction

Poloidal:
Toroidal: 

initial:
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∼ 104 yr B
−1

0τA ∼ r/VA0 =
r(4πρ)1/2

B0

Bp = (Br, Bθ)
Bφ = Bφeφ

Starting point: field in stable equilibrium
    (not axisymmetric w/r     )
     At           add                    ⇒ ?t = 0 ∆Ω(r, θ)

Ω
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Bφ = Brt r∂rΩ

∼ Brt∆Ω

Ω(r) :
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 ‘phase mixing’
Restoring force

⇒  harmonic oscillation @ period 

 Alfvén oscillations travel on magnetic surfaces
                   ⇒ damping by phase mixing
                   ⇒ uniform rotation

S ∼

BφBr

4π
∼ t∆Ω

τA = r/VA0

!Mestel 1953"

Mestel, Moss & Tayler 1988 
Charbonneau & McGregor 1993 
Sakurai 1995
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 phase mixing ctd. 

τA =

∫
S

ds/VA

- Alfvén oscillation confined to magnetic surface 
- Neighboring surfaces oscillate independently ...
- get out of phase ...
- ⇒ gradient length                        l = B/∇B

 Alfvén travel time 
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Length scale decreases as

Magnetic diffusion time scale

Amplitude                                     -

    ⇒

Damping time scale 

   

l/r =
π

t∆ΩA

td = l2/η

∂t lnA = −1/td ≈ η

(
t∆ΩA

πr

)2

A = A0e
−(t/tp)3

tp =

(
3π2r2

η∆ΩA
2

)1/3

 phase mixing ctd. 

ΩA = r/vA

≈ (τ2
Aτη)1/3
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Rotational smoothing Rädler 1980

Related to ‘convective expulsion’

gradient length of      :  

diffusion time

           ⇒
             ⇒
smoothing time

Zel’dovich 1956; Parker 1963, Weiss 1966
B = Ba + Bn ∂φBa = 0, 〈Bn〉φ = 0

td = l2/η

Bn l ≈
πR

t∆Ω

∂t lnBn ≈ 1/td = η

(
t∆Ω

πr

)2

Bn = Bn0e
−(t/tΩ)3

tΩ =

(
3r2π2

η∆Ω 2

)1/3

≈ (P 2
τη)1/3

-            -



MHD in Stars INI 14/9/04

Rotational smoothing ctd

Bn → 0Result            : field axisymmetrized around  Ω
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Outcome depends on 

           ⇔             : rotational smoothing, 

   

             ⇔            : Phase mixing, uniform       

τA0 = r(4πρ)1/2/B0

B0

B0 < B1 τA0 > tΩ

axisymmetric field
   

B0 > B1 τA0 < tΩ Ω

B1 = r(4πρ)1/2

(
η∆Ω2

3r2π2

)1/3



‘Fossil field’ hypothesis (Ap stars, magnetic WDs)
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Stability problem:  

Stable configurations ‘rare’:

   all purely poloidal fields unstable 

   all purely toroidal fields unstable   R.J. Tayler

‘Linked poloidal-toroidal field’ ?   Prendergast 1958 ....

τA ! t0

Mestel, Wright, 
Flowers & Ruderman
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Instability of poloidal fields:
Flowers and Ruderman 1977
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Initial field:
- uniform inside the star,
- matched to dipole outside
  (magnetic helicity: 0)
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Test of the fossil field hypothesis 
Numerical results

- 3D MHD simulations of global B-field in a 
   polytropic star

- Initial random field

- Evolved over ~ 100 

!J. Braithwaite and HS, 2004, Nature, in press"
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τA
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Two stages:
1. rapid evolution on 
    
       Linked poloidal-toroidal torus

- confined by gravity,
- stabilized by 
   stable stratification and
   twist of field

2. Slow evolution on
   (Ohmic) diffusion time

Evolution of a random
initial magnetic field
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τA
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Properties of the stable field

1.  torus of twisted field below the surface,
    at the surface an approximate dipole.

2.  torus somewhat decentered and 
    deformed.

3.  all initial states develop to similar configuration.

4.  final strength depends on initial 
    magnetic helicity.
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- measures degree of global ‘twist’,
- tends to be conserved
   - ‘Taylor states’
    - ‘spheromaks’

- helical field in a star can not decay 
  completely   
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Magnetic helicity

H =

∫
V

B · A (B = ∇× A)
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!K. Moffatt 1990"



- fields of the magnetic Ap-Bp stars
  probably fossil. 

- they may survive stellar evolution to 
  produce the fields of magnetic WD.

- perhaps also relevant for cores of 
  highly evolved stars, pulsars.
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Interim summary:  Ap, mWD fields
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- winding-up of field lines by differential
  rotation.

- azimuthal field            , 

- stress                 eventually reacts back on 

- but if       weak, need to worry about
  stability of       .
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Weak initial field case

Br

Bϕ

〈BrBϕ/4π〉
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Mestel and Weiss 1987

Ω

Bφ ∼ t



1. Buoyant (Parker-) instability      

 
2. Pinch-type instabilities

3. Magnetorotational instability (MRI)
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Instabilities in a toroidal field
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- happens when B decreases outward

- wavy: seaserpent displacements

- growth rate 

- requires strong field  

      :   magnetic diffusivity,        : thermal diffusivity (cm /s)
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Magnetic buoyancy instability
Newcomb 1961, Parker 1963
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2

vA/H

vA/H =
B

H(4πρ)1/2
> N (

η

κ
)1/2

κη



- small radial length scale
- any* field strength
- growth on Alfvén time
- always present near
  the pole: 
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kink instability

* without diffusion, viscosity

R.J. Tayler 1973

First instability to set in, in a toroidal field
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Note on MRI
(magnetorotational instability)

MRI is a ‘magnetically enabled shear instability’

   - growth rate independent of B, 

   - affected by stratification in same way,

   - transport properties like shear turbulence.

   - effective viscosity ~ thermal diffusivity
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νeff ∼ κt =
3

16

T 3

κRρ2cp
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(Zahn 1974)



n
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MRI MRI

magnetic instabilities in a stable stratification
(toroidal B-field)

ωA = VA/r

N

B = Beϕ

q =
d ln Ω

d ln r

TextTextText

:  Brunt-V

Rotation

B

∇µ = g
d lnµ

dr
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- weak field wound up into toroidal:

 
-       becomes unstable to Tayler inst.

- instability 
   1. starts destroying      (by reconnection at pole) 

    2. creates new 

- equilibrium when winding up (linear in time)

  balances instability (exponential)

  which wavenumbers most are unstable determines
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A ‘dynamo’ process by differential rotation 

Br

Bϕ

Bϕ = t Br rdΩ/dr

Br/Bϕ

Bϕ
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- take into account:
  - magnetic (Ohmic) diffusion    ,
   - thermal diffusion       ,
   - composition gradient              .

- result: a field with 
  global scale in     ,    ,  
  small scale in  

- acts like a (nonlinear) viscosity

- Proof of concept with 3D numerical MHD
  simulations by Jon Braithwaite (Thesis 2004)

MHD in Stars

‘dynamo’ (ctd)

dµ/dr

η

κt

ϕ θ

r

νeff(Ω, dΩ/dr, N, dµ/dr, ...)

Bϕ ! Br
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- much more effective J-transport than 
  hydro processes

- Sun: sufficient to explain uniform rotation 
  in the core 

- little mixing

- shear accumulates in the    - gradients

- predicted initial pulsar spin 

   ~ 10 ms  ! Heger, Woosley & Spruit 2004 "

MHD in Stars

consequences

µ
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I.  magnetic evolution of a star follows 1 of 2 
   distinct paths.

2. a strong initial field         uniformly rotating
   magnetic star with stable twisted torus field.
   explains stability of Ap, WD fields.
   importance of magnetic helicity

3. weak initial field        selfsustained
   (mostly toroidal) field independent of 
   initial condition.
   importance of      - gradients
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Summary

µ

INI 14/9/04


