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A Tale of Two Involutions

“Un groupe, j’espère que vous savez ce que c’est.”
Bruno Poizat
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Let G be a group.

Let u and v be two involutions in G.
(|u| = |v| = 2)

〈u, v〉 is the dihedral group

〈uv〉 o 〈u〉

Comes in two flavors...

Z o 〈u〉

Z/nZ o 〈u〉

... or as a subgroup of a richer (more divisible)
group, e.g.

C
×

o 〈u〉
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Z o 〈u〉

Taller than Z/nZ o 〈u〉

Thinner than C
×

o 〈u〉

• finite groups

• algebraic groups over algebraically closed fields
(Zariski closure)

Z/nZ o 〈u〉 and C
×

o 〈u〉 have nice Sylow 2-
theory...

... and fusion properties:

two involutions are either conjugate or commute
with a third one.
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Today’s talks:

Strong ties between involutions and the structural
properties of a group:

• geometric aspects (Cherlin)

• their absence (Zilber)

• toolbox (Jaligot)

• their “commuting” abundance (Borovik)

Future???

Groups with no involutions

The free group on several generators does not
have involutions...

and its maximal solvable subgroups are abelian and
any two distinct ones intersect trivially.
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Context

Groups definable in structures of finite Morley
rank

Question

The Cherlin-Zilber Algebraicity
Conjecture

Infinite simple groups of finite Morley rank are
linear algebraic over algebraically closed fields.
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Definable sets

Sets whose elements are described by formulas of
first-order logic

I(G) = {x ∈ G : x 6= 1 ∧ x.x = 1}

Z(G) = {x ∈ G : ∀y(y.x = x.y)}

CG(g) = {x ∈ G : x.g = g.x}

In general, subsets of cartesian products.
Definable functions and relations

Closed sets in a category with no given topology
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Definitions are not unique

G abelian

G = Z(G) = {x ∈ G : x = x}

G =

{(

t u

0 t−1

)

: t ∈ K×, u ∈ K

}

char(K) = 2

CG

((

1 1
0 1

))

= I(G) ∪ {1}
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Groups of finite Morley rank

Groups where definable sets are equipped with
a notion of dimension reminiscent of the Zariski
dimension

Closed sets in a category with no given Noethe-

rian topology

• finite groups

• algebraic groups over algebraically closed fields

Strong finiteness conditions

Descending chain condition on definable subgroups

No infinite descending chain of definable subgroups
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Consequences of the DCC

Algebraic consequences

The centralizer of an arbitrary nonempty set is a
definable subgroup.

“Topological” consequences

X ⊆ G, the definable closure d(X):
smallest definable subgroup of G containing X

H ≤ G definable, the connected component H◦:
smallest definable subgroup of finite index in H

H ≤ G arbitrary, then

H◦ := d(H)◦ ∩ H
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Recap

Objects

• Groups with a dimension

Main question

• Are the infinite simple ones linear algebraic over
algebraically closed fields?

Important actors

• Involutions

Source of inspiration

• Finite group theory

Classification of Finite Simple Ggroups
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Recap

Objects

• Groups with a dimension

Main question

• Are the infinite simple ones linear algebraic over
algebraically closed fields?

Important actors

• Involutions

Source of inspiration

• Finite group theory

Classification of Finite Simple Ggroups

Theorem (Angus Macintyre) A field of finite
Morley rank is either finite or algebraically closed.
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Involutions in groups of finite Morley
rank

Basic fusion principle
In a group of finite Morley rank two involutions u
and v are

either d(uv)-conjugate

or commute with an involution in d(uv).

Theorem (Borovik-Poizat)
1. The Sylow 2-subgroups of a group of finite Mor-
ley rank are conjugate.
2. If S is a Sylow 2-subgroup of a group of finite
Morley rank then S◦ = U ∗ T where

• U is a definable, connected subgroup of bounded
exponent (unipotent 2-subgroup);

• T is divisible and abelian (2-torus);

T ∼= ⊕l
i=1 Z2∞

l is the Prüfer 2-rank of the ambient group.
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Types of groups of finite Morley rank

S◦ = U ∗ T

Groups of even type

U 6= 1 and T = 1

The smallest simple exemple

PSL2(K), char(K) = 2

U =

{(

1 u
0 1

)

: u ∈ K

}
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Types of groups of finite Morley rank

S◦ = U ∗ T

Groups of even type

U 6= 1 and T = 1

The smallest simple exemple

PSL2(K), char(K) = 2

U =

{(

1 u
0 1

)

: u ∈ K

}

Groups of odd type

U = 1 and T 6= 1

A small simple exemple

PSL2(K), char(K) 6= 2

T =

{(

t 0

0 t−1

)

: t2
n

= 1

}
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S◦ = U ∗ T

Groups of mixed type

U 6= 1 and T 6= 1

A simple exemple
None such...

An exemple (non algebraic)

PSL2(K) × PSL2(L) charK = 2, L 6= 2
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Groups of degenerate type

U = T = 1

Such groups have finite Sylow 2-subgroups.

An infinite simple exemple
Conjecture There does not exist one.

Fact
The Sylow p-subgroups of a simple algebraic group
over an algebraically closed field are infinite.
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S◦ = U ∗ T

Groups of degenerate type

U = T = 1

Such groups have finite Sylow 2-subgroups.

An infinite simple exemple
Conjecture There does not exist one.

Fact
The Sylow p-subgroups of a simple algebraic group
over an algebraically closed field are infinite.

Theorem (Feit-Thompson)
A nonabelian finite simple group is of even order,
equivalently, it contains an involution.
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Groups of even type

Theorem
A simple group of finite Morley rank of even type is
a linear algebraic group over an algebraically closed
field of characteristic 2.
(Borovik’s talk)
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What is known... (part 1)

Groups of even type

Theorem
A simple group of finite Morley rank of even type is
a linear algebraic group over an algebraically closed
field of characteristic 2.
(Borovik’s talk)

Groups of mixed type

Corollary There exists no simple group of mixed
type.

•Absolute results, no inductive assumptions

• Proven without an analogue of the Feit-Thompson
theorem...

... i.e. one has to work in the presence of defin-
able, simple sections of degenerate type.
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Inductive approach

Analysis of a minimal counterexample to the Cherlin-
Zilber algebraicity conjecture

K∗-group

A group of finite Morley rank whose infinite, proper,
simple, definable sections are algebraic

Simple K∗-groups are algebraic
⇓

Simple groups of finite Morley rank are algebraic

Not so easy to prove that simple K∗-groups are

algebraic.

A simple K∗-group may have no infinite, proper,
definable, simple section.

No inductive information!...
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closed field of characteristic 2.
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Theorem
A simple K∗-group of finite Morley rank of even
type is a linear algebraic group over an algebraically
closed field of characteristic 2.

Even more...

Theorem
A simple group of finite Morley rank of even type
whose infinite, proper, definable, simple sections
are

either algebraic

or of degenerate type

is a linear algebraic group over an algebraically
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Nevertheless...

Theorem
A simple K∗-group of finite Morley rank of even
type is a linear algebraic group over an algebraically
closed field of characteristic 2.

Even more...

Theorem
A simple group of finite Morley rank of even type
whose infinite, proper, definable, simple sections
are

either algebraic

or of degenerate type

is a linear algebraic group over an algebraically
closed field of characteristic 2.

This inductive result avoids the need for a full-scale
inductive proof and yields the algebraicity conjec-
ture for groups of even type.
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What is known... (part 2)

Groups of odd type

Hard to avoid the K∗-hypothesis in general

Under the K∗-hypothesis, all groups with suffi-

ciently large Sylow 2-subgroups have been iden-
tified.
(Cherlin’s talk)

Theorem
The Sylow 2-subgroups of a nonalgebraic simple
K∗-group of finite Morley rank of odd type have
Prüfer 2-rank at most 2.

Very definite statement, but in group theory, the
smaller the groups are the larger the remaining
work is.
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Much work around this theorem involves the analy-
sis of minimal simple groups of finite Morley rank,
i.e. ...

simple groups of finite Morley rank which do not
have infinite, proper, definable, simple sections

equivalently,

simple groups of finite Morley rank whose proper,
definable, connected subgroups are solvable.

No inductive information from algebraic group the-
ory but...

... in return, we know a good deal about solvable
groups of finite Morley rank.

And this is useful for the last bit...
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The Sylow 2-subgroups of a simple algebraic group
over an algebraically closed field are infinite.

92



Last but not least
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The Sylow 2-subgroups of a simple algebraic group
over an algebraically closed field are infinite.

Episode 1: From finite to trivial

Target
Show that the Sylow 2-subgroups are trivial.
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Last but not least

Groups of degenerate type

Reminder
The Sylow 2-subgroups of a simple algebraic group
over an algebraically closed field are infinite.

Episode 1: From finite to trivial

Target
Show that the Sylow 2-subgroups are trivial.

Recent success stories

1. The Sylow 2-subgroups of a simple group of de-
generate type have at least two involutions.

2. An elementary abelian subgroup of a Sylow 2-
subgroup of a minimal simple group of degener-
ate type is of rank at most 2.
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In a sense, although the Cherlin-Zilber algebraicity
conjecture has not been verified,
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In a sense, although the Cherlin-Zilber algebraicity
conjecture has not been verified,

Cherlin’s Jugendtraum

The size of a Sylow 2-subgroup of a minimal non-

algebraic simple group of finite Morley rank is severely
bounded.

has been realized.
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In a sense, although the Cherlin-Zilber algebraicity
conjecture has not been verified,

Cherlin’s Jugendtraum

The size of a Sylow 2-subgroup of a minimal non-

algebraic simple group of finite Morley rank is severely
bounded.

has been realized.

So, it’s time to wake up!
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101



Episode 2: The Feit-Thompson problem

Easy homework exercice
Prove that every nonabelian finite simple group has
a solvable nonnilpotent subgroup.

Less easy exercice
Prove that the maximal, closed, connected solvable
subgroups of a simple linear algebraic group (Borel

subgroups) are not nilpotent.

Open problem
Prove (if you can!) that there exists no simple
group of finite Morley rank all of whose definable,
connected, solvable subgroups are nilpotent.

The minimal simple groups of finite Morley rank
having this property are called bad groups.
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trivial intersection.
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The Feit-Thompson problem can be seen as prov-
ing that a minimal simple group of finite Morley
rank without involutions is a bad group.
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Fact Two distinct, definable, connected, maximal
subgroups (Borel subgroups) of a bad group have
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Theorem (Ali Nesin)
A bad group does not have involutions.

The Feit-Thompson problem can be seen as prov-
ing that a minimal simple group of finite Morley
rank without involutions is a bad group.

Analysis of nontrivial intersections of
Borel subgroups

⇓
the Feit-Thompson theorem

106



Fact Two distinct, definable, connected, maximal
subgroups (Borel subgroups) of a bad group have
trivial intersection.

Theorem (Ali Nesin)
A bad group does not have involutions.

The Feit-Thompson problem can be seen as prov-
ing that a minimal simple group of finite Morley
rank without involutions is a bad group.

Analysis of nontrivial intersections of
Borel subgroups

⇓
the Feit-Thompson theorem

In the context of minimal simple groups of finite

Morley rank, one hopes to make use solvable group
theory to analyze intersections of Borel subgroup in
a similar way.
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Fact Two distinct, definable, connected, maximal
subgroups (Borel subgroups) of a bad group have
trivial intersection.

Theorem (Ali Nesin)
A bad group does not have involutions.

The Feit-Thompson problem can be seen as prov-
ing that a minimal simple group of finite Morley
rank without involutions is a bad group.

Analysis of nontrivial intersections of
Borel subgroups

⇓
the Feit-Thompson theorem

In the context of minimal simple groups of finite

Morley rank, one hopes to make use solvable group
theory to analyze intersections of Borel subgroup in
a similar way.

However...
108
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mutually disjoint.

110



The Feit-Thompson problem seems to be more dif-
ficult.

Easy homework exercice
Prove that in a nonabelian, finite, simple group the
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Prove that in a minimal simple group of finite Mor-
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(Bad fields, listen to Jaligot)
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The Feit-Thompson problem seems to be more dif-
ficult.

Easy homework exercice
Prove that in a nonabelian, finite, simple group the
conjugates of a proper, maximal subgroup are not
mutually disjoint.

Open problem
Prove that in a minimal simple group of finite Mor-
ley rank, the conjugates of a (possibly nonnilpo-

tent) Borel subgroup have infinite intersections.
(Bad fields, listen to Jaligot)

The Feit-Thompson problem
Prove that the Borel subgroups of a minimal sim-
ple group of finite Morley rank without involutions
have finite intersections.
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Do there exist linear bad groups? (Poizat, Mustafin)

Ties to the theory of the free group (Sela)
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(Zilber’s talk)
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