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1 Model theory

From one point of view model theory operates at a somewhat naive level:
that of point-sets, namely (definable) subsets X of a fixed universe M and
its Cartesian powers M× ..×M . But some subtlety is introduced by the fact
that the universe M is “movable”, namely can be replaced by an elementary
extension M ′, so a definable set should be thought of more as a functor.

Subtlety or no subtlety, model theory operates at a quite high level of
generality.

A (1-sorted) structure M is simply a set (also called M) together with
a fixed collection of distinguished relations (subsets of M × .. × M) and
distinguished functions (from M × .. × M to M). (Example: Any group,
ring, lattice,.. is a structure under the natural choices for the distinguished
relations/functions.) These distinguished relations/functions are sometimes
called the “primitives” of the structure M . From the collection of prim-
itives, one constructs using the operations composition, finite unions and
intersections, complementation, Cartesian product, and projection, the class
of ∅-definable sets and functions of the structure M . Let us call this class
Def0(M), which should be seen as a natural “category” associated to the
structure M : the objects of Def0(M) are the ∅-definable sets (certain sub-
sets of M × ...×M) and the morphisms are ∅-definable functions f : X → Y
(i.e. graph(f) is ∅-definable). The category Def(M) of definable (with pa-
rameters) sets in M is obtained from Def0(M) by allowing also fibres of
∅-definable functions as objects: if f : X → Y is in Def0(M) and b ∈ Y then
f−1(b) is a definable set (defined with parameter b). For A a subset of the
(underlying set of M) DefA(M) denotes the category of definable sets in M
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which are defined over A. By a uniformly definable family of definable sets
we mean the family of fibres of a definable map f : X → Y .

We give a couple of examples.

The reals.
Consider the structure consisting of R with primitives 0, 1, +,−, ·. Then
the natural total ordering on R is a 0-definable set, being the projection
on the first two coordinates of {(x, y, z) ∈ R3 : x − y = z2 and x 6= y}.
Tarski’s “quantifier elimination” theorem says that the definable sets in
(R, 0, 1, +,−, ·) are precisely the semialgebraic sets, namely finite unions of
subsets of Rn of the form {x ∈ Rn : f1(x) = .. = fr(x) = 0 and g(x) > 0}
where g and the fi are polynomials over R.

Algebraically closed fields
Consider the field C of complex numbers. An (affine) algebraic variety is
a subset X ⊆ Cn defined by a finite system of polynomial equations in n-
variables and with coefficients from C. If the equations have coefficients from
Q we say that X is defined over Q. A morphism between algebraic varieties
X and Y is a map from X to Y given by a tuple of polynomial functions.
Such a morphism is over Q if the polynomial functions have coefficients from
Q. View C as a structure with primitives 0, 1, +,−, ·. Then it is a theorem
(quantifier-elimination) that the category Def0(C) consists, up to Boolean
combination, of the affine algebraic varieties defined over Q with morphisms
defined over Q. Likewise Def(C) is (up to Boolean combination) just the
category of algebraic varieties and morphisms. Everything we have said
applies with any algebraically closed field K in place of C and with the
prime field in place of Q.

Given a structure M , the language or signature L = L(M) of M is an index-
ing of the primitives, or rather a collection of (relation/ function) symbols
corresponding to the primitives of M . We call M an L-structure or structure
for the signature L. There is a natural notion of an L-structure M being
a substructure or extension of an L-structure N (generalizing the notions
subgroup, subring,...). But somewhat more crucial notions for model the-
ory are those of elementary substructure and elementary extension. We may
take the Tarski-Vaught criterion as a definition: So assume that M, N are
L-structures and M is a substructure of N (notationally M ⊆ N). Then M
is an elementary substructure of N if whenever X ⊆ Nn, X ∈ DefM(N),
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and X 6= ∅, then X ∩Mn 6= ∅.
It is usual to begin by introducing first order formulas and sentences

of L, define the notion of their satisfaction/truth in L-structures, and de-
velop the rest of the theory afterwards. So the first order formulas of L
are built up in the obvious syntactically correct way from primitive formu-
las R(x1, .., xn), f(x1, .., xn) = y (where R, f are relation/function symbols
of L and x1, .., xn, y are “variables” or ”indeterminates”) using ¬,∧,∨, and
quantifiers ∃x, ∀x. Among the L-formulas are those with no unquantified
variables. These are called L-sentences. An L-formula with unquantified
variables x1, .., xn is often written as φ(x1, .., xn). Given an L-structure M
and L-sentence σ there is a natural notion of “σ is true in M” which is writ-
ten M |= σ, and for φ(x1, .., xn) an L-formula, and b = (b1, .., bn) ∈ Mn, a
natural notion of “φ is true of b in M”, written M |= φ(b).

As the logical operations ¬,∨... correspond to complementation, union,...
we see that for M an L-structure the 0-definable sets of M come from L-
formulas: if φ(x1, .., xn) is an L-formula, then {b ∈ Mn : M |= φ(b)} is a
0-definable set in M and all 0-definable sets of M occur this way. Depending
on one’s taste, the syntactic approach may be more easily understandable.
For example if M is a group (G, ·), then the centre of G is a 0-definable set,
defined by the formula ∀y(x · y = y · x).

Likewise the definable sets in M are given by L-formulas with parameters
from M .

With this formalism M is an elementary substructure of N (N is an
elementary extension of M) if M ⊆ N are both L-structures and for each
L-formula φ(x1, .., xn) and tuple b = (b1, .., bn) ∈ Mn, M |= φ(b) iff N |= φ(b).

The compactness theorem of first order logic gives rise to elementary
extensions of M of arbitrarily large cardinality, as long as (the underlying
set of) M is infinite. Such an elementary extension N could be considered
as some kind of “nonstandard” extension of M , in which all things true
in M remain true. If X is a definable set in M then X has a canonical
extension, say X(N) to a definable set in N (in fact X(N) is just defined in
the structure N by the same formula which defines X in M). The usefulness
of passing to an elementary extension N of a structure M is that we can
find such elementary extensions with lots of symmetries (automorphisms)
and “homogeneity” properties. Such models play the role of Weil’s universal
domains in algebraic geometry (and Kolchin’s universal differential fields in
differential algebraic geometry). The relative unfashionability of such objects
in modern algebraic geometry is sometimes an obstacle to the grasp of what
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is otherwise the considerably naive point of view of model theory. Another
advantage of such nonstandard models is that uniformly definable families of
definable sets have actually existing“generic fibres”.

Given a cardinal κ, a structure M is κ-compact if whenever {Xi : i ∈ I}
is a collection of definable subsets of M with the finite intersection property,
and |I| < κ, then ∩i∈IXi 6= ∅.

Under some mild set-theoretic assumptions, any structure M has κ-
compact elementary extensions of cardinality κ for sufficiently large cardinals
κ.

Let κ be any uncountable cardinal. Then any algebraically closed field K
of cardinality κ is κ-compact. Moreover let λ < κ, let K[xi : i < λ] be the
polynomial ring in λ unknowns over K, and let S be any proper ideal of this
ring, then there is a common zero (ai)i<λ of S whose coordinates lie in K.

We finish this section with some additional notation, conventions, and ex-
amples (aimed at the nonlogician).

Fix a language (or vocabulary) L. An L-theory is a set Σ of L-sentences
which has a model. If σ is an L-sentence we wrote Σ |= σ to mean that every
model of Σ is a model of σ. The L-theory Σ is said to be complete if for every
L-sentence σ either Σ |= σ or Σ |= ¬σ.

A complete theory is often denoted by T . If T is such then we are in-
terested in models of T and definable sets in such models. It has been a
convention to choose a κ-compact model M̄ of T of cardinality κ for some
large κ. Then every model of T of cardinality < κ is (up to isomorphism) an
elementary substructure of M̄ . So when we speak of a model of T we refer
to a small (cardinality < κ) elementary substructure of M̄ . A, B, .. denote
small subsets of (the underlying set of) M̄ .

Complete types play an important role in model theory, especially in
stability theory. If a is a tuple (usually finite) from M̄ and A a subset of
M̄ then tp(a/A) denotes the set of formulas φ(x) with parameters from A
which are true of a in M̄ . Working rather with definable sets, tp(a/A) can be
identified with the collection of A-definable subsets of M̄n which contain the
point a, and is an ultrafilter on the set of A-definable subsets of M̄n. Then
tuples a and b have the same type over A if there is an automorphism of M̄
fixng A pointwise and taking a to b.

A basic example of a complete theory is ACFp the theory of algebraically
closed fields of characteristic p (where p is a prime, or is 0). The language
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here is the language of rings (0, 1, +,−, ·). (Note it is easy to write down first
order sentences giving the axioms.)

A theory Σ (complete or not) in language L is said to have quantifier-
elimination if every L-formula φ(x1, .., xn) is equivalent (in models of Σ) to
a quantifier-free L-formula. For example the (incomplete) theory ACF has
QE. For specific theories it is important to have some kind of quantifier-
elimination or relative quantifier elimination theorem so as to understand to
some extent definable sets. But as far as the general theory of definability
goes one can always assume quantifier-elimination by expanding the language
by new relation symbols Rφ(x1, .., xn) for each formula φ(x1, .., xn).

The origin of stability theory was the (abstract) study of theories T which
are uncountably categorical. The convention here is that the language L is
countable, and then T is said to be uncountably categorical if for every
(equivalently some by Morley’s theorem) uncountable λ, T has exactly one
model of cardinality λ up to isomorphism. ACFp is uncountably categorical.

Differentially closed fields.
An important example in this series of talks will be differentially closed fields.
The relevant complete theory is DCF0. The language here is the language
of differential rings, namely the language of rings together with a new unary
function symbol ∂. The axioms are the axioms for fields of characterisitic
0 with a derivation ∂, together with axioms which “state” that any finite
system of differential polynomial equations and inequations with parameter
(in finitely many indeterminates) which has a solution in differential field
extension already has a solution in the model in question. It is a nontrivial
fact that one can find such axioms, and in fact there are much simpler axioms
(referring just to single differential equations in one indeterminate) which
suffice, as shown by Blum. The theorem is that DCF0 is complete and has
quantifier-elimination.

Other important complete theories with interest are the theory of separa-
bly closed closeds of characteristic p with Ersov invariant e (meaning that
the dimension of K over Kp is pe), and the theory of nontivially valued al-
gebraically closed fields of a given pair of characteristics. The latter is an
important first order context for dealing with “infinitesimals”.

Many-sorted structures
It is natural to consider many-sorted structures and theories in place of one-
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sorted ones. In the more general context, a structure M will be a family
(Ms : s ∈ S) of universes. The primitive relations and functions will be be
on and between Cartesian products of universes. The language L of the struc-
ture will include the set of sorts S. Quantifiers will range over designated
sorts. The whole machinery of first order logic (elementary extensions, sat-
uration, formulas, theories) generalizes without problem to the many-sorted
context. In fact this fits in very well with the above-mentioned notion of
the category of definable sets in a given structure. For example, given a
one-sorted structure M , form a new many-sorted structure Def0(M) whose
sorts are the ∅-definable sets of M and whose relations are those induced by
∅-definable sets in M . For example, if X and Y are ∅-definable sets of M , and
R ⊆ X×Y is a ∅-definable relation of M , then we have a corresponding basic
relation in Def0(M) between the sort of X and sort of Y . (Note Def0(M)
will automatically have quantifier-elimination in this presentation.) In fact
one can go further: we can consider not only ∅-definable sets in M but also
quotients of such by ∅-definable equivalence relations. So we take as sorts all
sets of the form X/E where X is ∅-definable in M and E is an ∅-definable
equivalence relation on X. Again we take as relations things induced by
∅-definable relations on M . Note that among the new basic functions will be
the canonical surjections X → X/E. We call this new many-sorted structure
M eq. The point is that M eq is the “same” as M . (The technical term for
sameness here is “bi-interpretable”)

A typical (semi-)example is obtained when we start with ACF0 say and
form the category of algebraic varieties defined over Q (again with the in-
duced structure). We call this many-sorted structure AG0 (algebraic geom-
etry in characteristic 0).

In many cases, it is not necessary to pass to M eq in that the qutotient
sets are already present in M . This is when M (or Th(M)) has so-called
elimination of imaginaries). So the structure M is said to have elimination of
imaginaries if whenever X and E are ∅-definable sets in M (X ⊂ Mn say and
E an equivalence relation on X) then there is another ∅-definable Y ⊂ Mk

and a ∅-definable surjective function from X to Y such that f(x1) = f(x2)
iff E(x1, x2).

Both ACFp, DCF0 and SCFp,e eliminate imaginaries (the latter after
naming a p-basis).

The notions of algebraic and definable closure are important in what
follows: Given a possibly many-sorted structure which eliminates imaginaries
(for example M eq), and a subset A of M , dcl(A) = {f(a) : a a finite tuple
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from A and f a ∅-definable function}. acl(A) is the union of all finite A-
definable sets.

2 Stability

We will fix a many-sorted structure M = (Ms : s ∈ S), which we assume to
be saturated (κ-compact of cardinality κ for some large κ)) for convenience.
We also assume “elimination of imaginaries”. X, Y, .. denote definable sets.
A, B, .. denote sets of parameters.

What kind of relationships between definable sets can be formulated at
this general level?

Definition 2.1. (i) X and Y are fully orthogonal if every definable Z ⊆
Xn × Y m is up to Boolean combination of the form Z1 × Z2.
(ii) At the opposite extreme: X is internal to Y if there is a definable sur-
jective map f from Y n to X (some n).

A slight weakening of internality is almost internality where the map f
above is replaced by a definable relation R ⊂ Y n×X such that for any x ∈ X,
there are only finitely many, but at least one, y ∈ Y n such that R(y, x). In
any case internality is a fundamental model-theoretic notion. The subtlety
is that X and Y may be ∅-definable, and X may be internal to Y but only
witnessed by a definable function defined with additional parameters. In
such a situation there will be an associated nontrivial Galois group arising:
a definable group naturally isomorphic to the group of permutations of X
induced by automorphisms of M which fix Y pointwise.

Note that if X is finite then X is fully orthogonal to any Y . In AG
orthogonality is vacuous. In fact in AG if X,Y are infinite definable sets,
then each is almost internal in the other. (Why?)

Stability is an assumption on M (or on Th(M)) which played a very
large role in Shelah’s classification theory program, but also has many con-
sequences for the structure of definable sets. For stable structures the study
of complete types plays an important role.

Definition 2.2. M is stable if there is no definable relation R(x, y) and ai, bi

in M for i < ω such that for all i, j < ω, R(ai, bj) iff i < j.

As the ordering on R in the structure (R < +, ·) is definable we see that
this structure is unstable. On the other hand AG is stable.
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Independence (also called nondividing, nonforking.
Under the assumption of stability, a notion of freeness can be developed,
giving meaning to a is independent (free) from B over A where A ⊂ B are
sets of parameters and a is a finite tuple of elements of M . In the case of
AG (as a 1-sorted structure) assuming A ⊂ B are subfields F1 < F2 of K
this will mean precisely that tr.deg(F1(a)/F1) = tr.deg(F2(a)/F2). We may
as well give the precise definition.

Definition 2.3. Let a, b be possibly infinite tuples, and A a set of parameters.
We say that p(x, b) = tp(a/A, b) divides over A if there is an A-indiscernivble
sequence (bi : i < ω with b0 = b such that {p(x, bi) : i < ω} is inconsistent
(not realized in M).

For T stable (or more generally “simple”) nondividing is our notion of
freeness and it has good properties: so a is free from b over A if tp(a/A, b)
does not divide over A, and we have properties such as
symmetry: a is free from b over A iff b is free from a over A.
free extensions: for every a, A and b there is a′ with tp(a′/A) = tp(a/A) and
a′ is free from b over A.
small bases: for any finite tuple a and set A, there is A0 ⊆ A of cardinality
≤ |L| such that a is free from A over A0.

Stationarity. A characteristic property of independence in stable theories
is “uniqueness of generic types” or “uniqueness of free extensions”

Fact 2.4. Assume M stable. Let A ⊆ B be sets of parameters. Assume A is
algebraically closed. Let a1, a2 be tuples such that tp(a1/A) = tp(a2/A) and
each of a1, a2 is independent from B over A. Then tp(a1/B) = tp(a2/B).

We express the above fact by saying that complete types over algebraically
closed sets are stationary.

In the case of AG, any stationary type is the “generic” type of an (ab-
solutely) irreducible variety: Fact 2.4 says that if V is an irreducible variety
over F , and a1, a2 are generic points of V over F then there is an automor-
phism of K fixing F pointwise and taking a1 to a2.

The notion of a “general” or “generic” point of a definable set may make
sense in many contexts, especially where there is a notion of “dimension”
for definable sets. However the characteristic property of stable theories is
“uniqueness of generic points or types”. This leads to an independence-
theoretic characterization of full orthogonality:
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Lemma 2.5. (T stable.) Let X, Y be ∅-definable sets. Then X is fully
orthogonal to Y iff for any set A of parameters, and a ∈ X and b ∈ Y , a is
independent from b over A.

There is a notion of orthogonality for stationary types: p and q are or-
thogonal iff for any set A of parameters including the domains of p and q,
and a realizing p independent from A over dom(p) and and b realizing q in-
dependent from A over dom(q) then a is independent from b over A. So the
lemma above can be restated as: X and Y are fully orthogonal if and only if
for every complete stationary types p(x) containg x ∈ X and q(y) containing
y ∈ Y , p is orthogonal to q.

Generalizing the notion of smallest field of definition of an algebraic va-
riety, is the notion of the canonical base of a stationary type:

Fact 2.6. (T stable.) Assume tp(a/A) is stationary. Then there is smallest
A0 ⊂ A such that a is independent from A over A0 and tp(a/A0) is stationary.
A0 is called the canonical base of p.

Morley rank and t.t. theories.
The notions of stability theory are a little clearer for so-called totally tran-
scendental (t.t.) or ω-stable theories. T is said to be t.t if every definable set
has an ordinal valued Morley rank.

Again work in a possibly many sorted saturated structure M . Let X be
a definable set in M . Then we define RM(X) ≥ 0 if X is nonempty, and
RM(X) ≥ α + 1 if there are disjoint definable subsets X1, X2, .... of X such
that RM(Xi) ≥ α for all i < ω. (Obvious definition at limit ordinals.) Note
that RM(X) = 0 iff X is finite and nonempty. It is a fact that if RM(X) = α
then there is a greatest positive integer d such that X can be partitioned into
d definable sets of rank α. d is called the Morley degree (or multiplicity) of
X. Note that X has Morley rank 1 and Morley degree 1 just if X is infinite
but cannot be partitioned into two infinite definable sets. Such X is also
called strongly minimal.

Any t.t. theory T is stable.
Assume T to be t.t.. Let X be a definable set of Morley rank α and

degree 1, and let A be any set of parameters over which X is defined. Then
a generic point of X over A is (by definition) some c ∈ X such that c /∈ Y for
any definable set Y defined over A such that RM(Y ) < α. Our assumptions
on X imply that tp(c/A) is unique or equivalently any two generic points of
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X over A are conjugate by an automorphism of M fixing A pointwise. In
any case, this generic type of X over A is stationary, and its free extension
over any B ⊇ A is simple the generic type of X over B.

Algebraic examples.
(i) In AG any definable set X has finite Morley rank which coincides with
the algebraic-gemetric dimension of the Zariski closure of X. In particular if
we consider AG as a 1-sorted structure then the universe is strongly minimal.

(ii) Assume T to be stable. Then any infinite field definable in M is both
additively and multiplicatively connected namely has no definable additive
or multiplicative subgroup of finite index. Hence any infinite ultraproduct of
finite fields is unstable.

(iii) If T is t.t. then any definable group G in M has the DCC on definable
subgroups. So SCFp,e is not t.t.

(iv) If (A, +) is a commutative group then Th(A, +) is stable. Th(A, +) is
t.t iff A has the DCC on definable subgroups.

(v) If V is a vector space over a field F , then Th((V, +, 0, λ)λ∈F ) is strongly
minimal.

Differentially closed fields continued.
Fix a saturated model (U , 0, 1, +,−, ·, ∂) of DCF0. Let C denote the field
of constants. An (affine) differential-algebraic variety, or Kolchin closed (or
differential Zariski closed), set is some X ⊂ Un which is the common zero set
of a finite system of differential polynomial equations P (x̄, ∂(x̄), ., ∂r(x̄)) = 0.
(So here P (....) denotes a polynomial over U .) As DCF0 has QE any definable
set Y ⊆ Un is a finite Boolean combination of Kolchin closed sets, namely is
a finite union of locally differential Zariski closed sets.

Let X be a Kolchin closed set, defined over k. We call X finite-dimensional
if for all a ∈ X, tr.deg(k(a, ∂(a), .., ∂r(a))/k) is finite.

Fact 2.7. X is finite dimensional if RM(X) is finite.

A typical example of a finite-dimensional set is C (which is in fact strongly
minimal). The subsets of Cn definable in U are just those definable in the
structure (C, +, ·). So C with the “induced structure” is AG0.

Typical examples of infinite-dimensional sets are positive-dimensional al-
gebraic varieties: if X ⊂ Un is an algebraic variety, then RM(X) = ω · d

10



where d is the algebraic-geometric dimension of X (or equivalently RM(X)
in the structure (U , +, ·)).

Independence in DCF0 has the following description: a is independent
from b over k if k(a, ∂(a), ..) and k(b, ∂(b), ...) are algebraically disjoint over
k (equivalently independent over k in the sense of AG).

The 1-sorted structure U has infinite Morley rank, but nevertheless we
can build from U a very rich many-sorted structure of finite Morley rank,
the algebraic-geometric significance of which will examined in subsequent
lectures.

So fix some small differential subfield k of U . Consider the family of
all finite-dimensional Kolchin closed sets, defined over k (or alternatively
the family of all sets of finite Morley rank definable over k). Make this
into a many-sorted structure, whose sorts are the Kolchin closed sets under
consideration, and whose relations are those induced from k-definable sets in
U . Call this many-sorted structure Dk.

As mentioned above C is one of the sorts of Dk, and can be identified with
AG0. We will see that orthogonality is a nonvacuous notion for D.

Theories/structures of finite Morley rank.
We consider a many-sorted (saturated) structure M such that every sort
(as a definable set) has finite Morley rank. It follows that every definable
set in M has finite Morley rank. The general picture is that the structure
of definable sets in M is controlled by strongly minimal sets in M modulo
“fibrations”. What we mean by this is: (i) any infinite ∅-definable set X of
Morley degree 1 (but Morley rank arbitrary)is (generically) nonorthogonal
to some definable strongly minimal set Y , and moreover (ii) let Y be as in
(i), then there is a ∅-definable map f from X onto a ∅-definable set Z, such
that RM(Z) > 0 and Z is internal to Y .

This picture is not completely true, for some technical but important
reasons. Strongly minimal sets should be replaced by definable sets whose
generic type is “minimal”. We will see later that the category of compact
complex spaces has finite Morley rank, and there is a pre-existing notion of
the definable sets we have in mind. In the CCM context these are called
simple ccm’s. So we could call a definable set Y of Morley rank m > 0 and
Morley degree 1, simple if there is no definable subset Y ′ of Y of Morley rank
0 < m′ < m passing through a generic point of Y . In any case, replacing
strongly minimal by simple, the picture above is true.

Nonorthogonality is an equivalence relation between strongly minimal
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sets:

Fact 2.8. (T stable.) Let X, Y be strongly minimal sets. Then the folowing
are equivalent:
(i) X is not fully orthogonal to Y .
(ii) The generic types of X and Y are nonorthogonal,
(iii) X and Y are mutually almost internal (that is there some definable
R ⊆ X × Y such that R projects onto X and onto Y and R is finite-to-
finite.)

3 Modularity

The stability-theoretic notion “modularity” stems from matroid theory. How-
ever it has a substantial “geometric” content.

Let us work with a stable theory T , and let X be a ∅-definable set in M .
The most abstract definition of modularity is: “ X is modular if for any tuple
a from X and any b from M , a is independent from b over acl(a) ∩ acl(b)”.

However this description may be rather inaccessible. So let us specialise
to the case where T has finite Morley rank (or is just t.t). By a normalized
definable family of definable sets, we mean a definable family {Yz : z ∈ Z}
of definable sets such that for some fixed m, each Yz has Morley rank m and
Morley degree 1 and for z 6= z′, RM(Yz ∩ Yz′) < m.

Then X is modular if for any n whenever {Yz : z ∈ Z} is a normalised
definable family of definable subsets of Xn and a ∈ Xn, then {z ∈ Z : a
is a generic point of Yz} is finite. (So intuitively only finitely many Yz pass
through a given point of Xn.)

Modularity is a robust notion. For example (i) if X is modular and Y is
almost internal to X then X is modular, (ii) If f : X → Y is definable, Y is
modular, and every fibre is modular then X is modular.
It follows from the observations made above that if T has finite Morley rank
and every strongly minimal set is modular then T is modular (namely every
definable set is modular).

Notice that any positive-dimensional algebraic variety (as a definable set
in an ambient algebraically closed field) is nonmodular as we can find a
definable family of curves on X all passing through the same (generic) point.

As a positive consequence of modularity we have:
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Fact 3.1. If X is ∅-definable and modular and has a ∅-definable group oper-
ation, then every definable subset of X is a Boolean conbination of translates
of acl(∅)-definable subgroups.

The old Zilber conjecture stated roughly that (in the context where T
has finite Morley rank) any nonmodular definable set X is related in some
fashion to algebraic geometry.

One formal version is:
Conjecture (T of finite Morley rank.) If X is a nonmodular definable set,
then there is a strongly minimal algebraically closed field internal to X.

In the special case where X is strongly minimal, the conjecture is equiva-
lent to: X is nonmodular iff X is nonorthogonal to some strongly minimal
algebraically closed field.

The conjecture is false (counterexamples were given by Hrushovski), but in
the algebraic examples to be studied in this tutorial, the conjecture is true
in a very strong way.

Strong conjecture (T of finite Morley rank.)
(i) Let (Yz : z ∈ Z) be a normalized definable family of definable subsets of
a definable set X. Let a ∈ X and let Za = {z ∈ Z : a is generic on Yz}.
Then Za is internal to some strongly minimal definable algebraically closed
field K.
(ii) Let K be an algebraically closed field definable in M |= T . Then any
subset of Kn definable in M is definable in (K, +, ·).

The strong conjecture can be seen as an “algebraicity” conjecture: certain
definable sets are “algebraic varieties”. The strong conjecture will be true
in both the structure D, as well as the structure A of complex compact
spaces which will be studied in lecture 5. In D there is (up to definable
isomorphism) only one definable algebraically closed field, namely the field
of constants. The truth of the strong conjecture is thus related to the issue
of when an algebraic variety over U “descends” to the field of constants, and
as such connects to diophantine geometry over function fields.

Appropriate versions of the strong conjecture are also valid in separably
closed fields and generic difference fields.

Moreover in all these examples there will exist infinite modular definable
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sets (as opposed to the situation in AG).
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