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1 Introduction

We study in more detail finite-dimensional definable sets in DCF0, that is
the many-sorted structure D introduced in Lecture I. We outline in section
2 a proof of the strong algebraicity conjecture. We discuss in section 3
the Grothendieck conjecture concerning linear algebraic differential equations
over Q(t), as well as nonlinear generalizations.

We start by recalling a more algebraic-geometric description of definable
sets of finite Morley rank in DCF0.

Work in a saturated differentially closed field (U , 0, 1, +, ·, ∂). K, L, ...
will denote small differential subfields of U . If a = (a1, .., an) is a n-tuple of
elements of U , ∂(a) denotes (∂(a1), .., ∂(an)).

If P (x1, .., xn) is a polynomial over K, then dP denotes the sequence
of partial derivatives (∂P/∂x1, ..., ∂P/∂xn), and P ∂ denotes the polynomial
obtained by applying ∂ to the coefficients of P .

The basic observation which follows from the definition of a derivation,
is:
(*) If P (a) = 0, then dP (a) · ∂(a) + P ∂(a) = 0.

Let V ⊆ Un be an irreducible algebraic variety defined over K. Let IK(V )
be the set of polynomials over K vanishing on V . Let T∂(V ) denote the
algebraic subvariety of U2n defined by the equations P (x) = 0 together with
dP (x) · u + P ∂(x) = 0, for P ranging over a set of generators of IK(V ). Here
u = (u1, .., un). The projection to the first n coordinates gives a surjective
morphism π : T∂(V ) → V . From (*) we see that if a ∈ V then (a, ∂(a)) ∈
T∂(V ).
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An important (and even defining) property of differentially closed fields
is:

Fact 1.1. Let V ⊆ Un be an irreducible algebraic variety over K and W an
algebraic subvariety (also defined over K) of T∂(V ) which projects onto V ,
then there is a generic point a of V over K such that (a, ∂(a)) ∈ W .

If the variety V above is defined over the constants of K (that is IK(V )
is generated by polynomials over CK) then the P ∂ terms in the defining
polynomials of T∂(V ) disappear and one has precisely the (Zariski) tangent
bundle T (V ) of V , a “classical” object.

Definition 1.2. (i) By a D-variety (V, s) defined over K, we mean an alge-
braic variety V defined over K, together with a morphism (polynomial map)
s : V → T∂(V ) also defined over K such that π ◦ s = id.
(ii) Give a D-variety (V, s), (V, s)] (or just V ] is s is understood) is {x ∈
V : s(x) = (x, ∂(x)}.

Again in the case that V is defined over CK , s is what is called a vector
field (but defined over K) of V . In any case V ] is obviously a definable set
of finite Morley rank in U , and in fact every finite-dimensional definable set
is essentially of this form:

Let X be a definable set over K of Morley rank n say and Morley degree 1.
Let p(x) = tp(a/K) be its “generic type”. So tr.deg(K(a, ∂(a), .., ∂r(a), ..)/K)
is finite. It follows that for some tuple b = (a, ∂(a), .., ∂r(a), c) where c ∈
K(a, ..∂r(a)), we have ∂(b) = s1(b) where s1 is a polynomial function over
K. Let V be the (irreducible) algebraic variety over K whose generic point
is b. Let s(x) = (x, s1(x)). Then s is a morphism from V to T∂(V ) and a
section of π : T∂(V ) → V , and b is a generic point of (V, s)] over K. As a and
b are interdefinable over K, we obtain a definable bijection between X \ Y
and (V, s)] \ Z for Y, Z of Morley rank < n.

Given an (irreducible) algebraic D-variety (V, s) over K, we are usually
interested in the (unique) generic type of (V, s)]. In that case all we really
care about is the fact that s is a rational section of π (so not necessarily
everywhere defined).

Likewise given an arbitrary definable set of Morley rank n and degree 1
we are in general interested in whether X is generically internal to C, rather
than internal to C. So generically internal to C just means that X \ Y is
internal to C for some Y of Morley rank < RM(X), or equivalently the
generic type of X is internal to C.
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There is a natural notion of a morphism (or rational map) f between
algebraic D-varieties (V, s) and (Y, t). f should be a morphism (or rational
map) defined over U between the algebraic varieties V and W , and (df+f∂)◦s
should equal t ◦ f . (In general, d∂(f) =def df + f∂ is to df as T∂(V ) is to
T (V ).)

Definition 1.3. Let (V, s) be an irreducible algebraic D-variety. Then
(i) (V, s) is isotrivial if there is an algebraic variety V0 over C such that (V, s)
is isomorphic to (V0, 0) over U .
(ii) (V, s) is generically isotrivial, if there is a Zariski open set U ⊂ V such
that (U, s|U) is isotrivial.

Lemma 1.4. (V, s) is generically isotrivial if and only if (V, s)] is generically
internal to C.

It is a delicate issue to determine when an algebraic variety over U admits
the structure of a D-variety, and to classify the possible D-variety structures.
Buium examined this issue in some detail. Among his results is:

Theorem 1.5. (Buium.) Let (V, s) be a projective D-variety over U (namely
the underlying algebraic variety V is projective). Then (V, s) is isotrivial.

So far we have seen that (for any differential subfield k of U) the any-
sorted structure Dk “essentially” coincides with the category whose objects
are of the form (V, s), V a variety over k and s : V → T∂(V ) a regular (or
rational) section defined over k, and with morphisms as described above. (In
the case of definable groups, this relationship is very tight.)

However such objects (V, s) are still quite far from “geometry”. In fact a
small restriction will enable us to considerably geometrize the picture. Let us
assume that our saturated model U has size the continuum, whereby so does
C and so we may suppose C to be the field C of complex numbers. Let (V, s)
be a D-variety, where V is defined over C(a) say where tp(a/C) has finite
Morley rank (equivalently tp(a) has finite Morley rank). We may assume
that ∂(a) ∈ C(a). Then a is the generic point of an (irreducible) variety B
over C, and if ∂(a) = s0(a) then s0 is a rational section of the tangent bundle
T (B), defined over C. Let b be a generic point of (V, s)] over C(a). Then
(a, b) is the generic point of an algebraic variety X say defined over C, and we
have a natural projection q : X → B defined over C. As ∂(a, b) ∈ C(a, b), X
is equipped with a (rational) vector field s1 defined over C lifting s0. Namely
the image of s1 under the differential of q is s0. So to (V, s) we have associated
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a dominant morphism q : (X, s1) → (B, s0) of varieties over C with (rational)
vector fields over C. From the latter we can reconstruct (V, s)] as the fibre
of (X, s1)

] → (B, s0)
] over a. So in this context, (V, s) can be considered as

the generic fibre of q : (X, s1) → (B, s0). Now the lifting of s0 to s1 is more
or less a “connection” on the fibration q : X → B.

So the general point is that the many-sorted structure DC DOES have
a geometric interpretation as the category of varieties with vector field over
C, and by considering generic fibres of maps we obtain arbitrary D-varieties
over U as long as they are defined over “finite-dimensional” parameters. We
now have a reasonably geometric account of internality/isotriviality.

Lemma 1.6. Let (V, s) be the generic fibre of (X, s1) → (B, s0) where (X, s1)
and (B, s0) are over C. Then (V, s)] is generically internal to C (or (V, s) is
generically isotrivial), if and only if there are complex varieties with vector
field (B′, s′0) and (F, 0), and a dominant map (B′, s′0) → (B, s0) over C, such
that (X, s1)×(B,s0) (B

′, s′0) birationally embeds (over C) into (F, 0)× (B′, s′0).

In section 3, we will consider the situation when (V, s) is defined over C(t)
(where ∂(t) = 1). So (V, s) is the generic fibre of some (X, s1) → (A1, 1).
The property that (V, s) is generically internal to C witnessed by parameters
from C(t)alg, will be equivalent to the integrability in a suitable sense of the
vector field s1.

Linear differential equations
We work in U . Let K be a differential subfield with algebraically closed field
of constants CK . An nth order (homogeneous) linear differential equation
over K is something of the form:
(*) an∂

n(y) + an−1∂
n−1(y) + ...a0y = 0, where ai ∈ K.

Fact 1.7. The set of solutions of (*) in U is an n-dimensional vector space
over C. (So in particular, the set of solutions is internal to C.)

We can easily rewrite (*) as a first order system
(**) ∂(y) = Ay
where y is a column vector (y1, .., yn)t and A is an n× n matrix over K. We
redefine a linear differential equation of degree n over K to be something of
the form (**). A solution is a column vector with entries from U . Now ∂−A
is a “derivation” on Un with respect to ∂, namely is additive and obeys the
Leibniz law with respect to scalar multiplication by elements of U . This is
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also called a connection on the U -vector space Un, or a ∂-module over U . So
this gives another “definition” of a linear DE.

Again the solution set V of (**) is an n-dimensional vector space over
C. We are interested in finding a fundamental system of solutions to (**),
namely a C-basis of V . In fact such a basis will form a nonsingular n × n
matrix U over U . So the columns of U will form a basis of Un consisiting
of solutions of (**). For such a matrix U we have ∂(U) = AU . So we can
redefine a linear DE over K to be something of the form
(***) ∂(X) = AX,
where A is an n × n matrix over K and X is a unknown matrix ranging
over GLn. Note that the map X → AX is an invariant vector field on GLn,
defined over K, and any invariant vector field on GLn has this form.

Now assume K = CK(t) where ∂(t) = 1. So K is the function field of
the affine line (or the projective line) over CK , which is equipped with the
constant (rational) vector field 1. Write A = At to reflect the dependence
on t. So as in the previous analysis, we obtain a bundle q : GLn × P1 →
P1, with a lifting of the constant vector field to the (rational) vector field
(t,X) → (1, AtX), and this vector field is GLn-invariant on each fibre. This
is precisely what is called a connection on a principal GLn-bundle over P1,
which is yet another “definition” of a linear DE over C(t). This can be done
for any curve in place of the projective line. If we want to work over a higher
dimensional base and maintain the language of connections on a principal
bundle, we would need to work with several commuting derivations in place
of just the one.

This discussion of linear DE’s will figure strongly in the next two sections.

2 The strong conjecture for D.

We will sketch a proof of:

Theorem 2.1. Let X be a definable set of finite Morley rank in U , defned
over an algebraically closed differential field K. Let (Yz : z ∈ Z) be a nor-
malized definable family of definable subsets of X. Let z0 ∈ Z and a ∈ Yz0 be
generic over z0. Then {z ∈ Z : a ∈ Yz} is generically internal to C.

Corollary 2.2. Let G be a connected group of finite Morley rank definable in
U . Suppose G has a definable subset X of Morley degree 1 such that Stab(X)
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is trivial, and X generates G in finitely many steps. Then G is internal to
C. Thus there is a connected algebraic group H defined over C such that G
is definably isomorphic to H(C).

Proof of Theorem 2.1. (Very sketchy.)
We have definable sets of finite Morley rank, X, (Yz : z ∈ Z), a ∈ X, and
more or less have to prove that Za = {z ∈ Z : a is (generic) on Yz} is internal
to C.

X is defined over a the differential field K, and we may assume a to be a
generic point of X over K.

By the discussion in section 1 we may assume that X = (V, s)], where
(V, s) is an irreducible D-variety defined over K. Likewise we may assume Yz

to be of the form (Wz, s|Wz)
]. Here (Wz)z is an algebraic family of irreducible

algebraic subvarieties of V . So Yz1 = Yz2 iff Wz1 = Wz2 (so we may assume
that z is a generator of the field of definition of Wz).

The first remark concerns just the algebraic varieties V and Wz. Fix
z and we have a ∈ Wz ⊆ X. We have the local ring O(V )a of rational
functions on V defined at a. Likewise we have O(Wz)a as well as a surjective
homomorphism (of U -algebras) fz : O(V )a → O(Wz)a. The kernel of fz is
the set of rational functions on V defined at a which vanish on some Zariski
open subset of W . It is rather easy to see that the subvariety Wz of V is
determined by ker(fz).

But the ring O(V )a has a filtration by powers of its maximal ideal M(V )a

(the set of rational functions on V vanishing at a). Namely ∩r(M(V )a)
r) = 0.

Likewise with O(Wz)a. For each r, fz induces a surjective linear map between
the finite-dimensional U -vector spacesO(V )a/(M(V )a)

r andO(Wz)a/(M(Wz)a)
r.

Let us call this map fz,r. By compactness it follows that
Claim I. There is r such that the map taking z ∈ Za to ker(fz,r) is generically
injective.

On the other hand as a ∈ (V, s)], the local ring O(V )a is equipped with a
derivation extending ∂, and (M(V )a)

r will be a differential ideal, soO(V )a/(M(V )a)
r

is equipped with the structure of a ∂-module over U . So we have a linear
differential equation as in section 1. After fixing a fundamental system of
solutions, this ∂-module can be identified with (Um, 0). Now Ker(fz,r) turns
out to be a ∂-submodule of (Um, 0), and thus a vector subspace which is
defined over C.

Hence the map given in Claim 1 will be a definable embedding of Za into
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Gr(Um)(C). (Here Gr(Um) is the Grassmanian, namely the algebraic variety
whose elements are vector subspaces of Um.) This proves the theorem.

3 Grothendieck’s conjecture and generaliza-

tions.

Consider the differential field K = (Q(t)alg, d/dt) viewed if one wants as a
differential subfield of U . Consider a linear DE over K, ∂(X) = AX in the
sense of (***) above (namely where X ranges over GLn). The matrix A will
be over a finite extension K0 of F0(t) for some number field F0. For almost
all primes p of (the ring of integers of) F0 we can reduce the coefficients of A
modulo p, to get a matrix Ap over a finite separably algebraic extension of
Fq(t) for q some power of the rational prime p. Now (Fp(t)

sep, d/dt) is also a
differential field, in fact Fp(t)

sep is a separably closed field of Ersov invariant
1, and d/dt has a unique extension to a derivation over this field, which is
definable with parameter t. In any case for almost all primes p of F0 after
reducing modulo p the prime we obtain the linear DE:
∂(X) = ApX.

Grothendieck’s conjecture on the arithmetic of linear algebraic differential
equations is:
Conjecture A. With the above notation, ∂(X) = AX has a solution with
coordinates in Q(t)alg iff and only if for almost all primes p of F0, the reduced
equation ∂(X) = ApX has a solution with coordinates in (Fp(t)

sep, d/dt).

Remark 3.1. (i) Note that for ∂(X) = AX to have a solution in Q(t)alg

means that the solution set V of the corresponding linear DE, ∂(y) = Ay
in sense (**), has a C-basis of vectors over Q(t)alg, which implies that the
internality of V to C is witnessed essentially without additional parameters.
It is equivalent to demanding that the differential Galois group of the equation
over Q(t)alg is trivial.
(ii) Suppose (L, ∂) is elementarily equivalent to (Fp(t)

sep, d/dt), and (V, s) is
a D-variety over L. Then there is a natural condition on s for {x ∈ V (L) :
∂(x) = s(x)} to be Zariski-dense in V . s corresponds to a derivation Ds on
the finction field L(V ) of V . The pth iterate Dp of D is also a derivation on
L(V ). The corresponding section is denoted s(p). The natural condition we
are referring to is that s(p) = 0.
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One can obviously try to replace GLn by any algebraic group in Conjec-
ture A, to obtain:
Conjecture B. Let G be a connected algebraic group defined over a number
field F0, and s be an invariant vector field on G defined over a finite extension
of F0(t). Then there is g ∈ G(Q(t)alg) such that ∂(g) = s(g) iff for almost all
primes p of F0, there is g ∈ Gp(Fp(t)

sep) such that ∂(g) = sp(g).

Conjecture B restricted to linear algebraic groups is equivalent to Conjecture
A.

But in general Conjecture B goes beyond Conjecture A. The kind of
differential equations on algebraic groups figuring in Conjecture B belong
to Kolchin’s “strongly normal” differential Galois theory (generalizing the
Picard-Vessiot theory).

A more general “nonlinear” generalization of Conjecture A was formu-
lated in the language of “algebraic leaves” of foliations by Ekedahl and oth-
ers. Chatzidakis and Hrushovski gave what I understand to be the following
differential-algebraic restatement (but see Lemma 1.6 for an equivalent geo-
metric statement):
Conjecture C. Let V be an algebraic variety over K0, a finite extension of
F0(t), where F0 is a number field, and s : V → T∂(V ) a rational section also
defined over K0. Then the following are equivalent:
(i) (V, s)] is almost internal to C witnessed with parameters from Q(t)alg.
(ii) For almost all primes p, {x ∈ Vp(Fp(t)

sep) : ∂(x) = sp(x)} is Zariski-dense

in Vp. (Equivalently, for almost all primes p of F0, s
(p)
p on Vp is 0.)

Jean-Benoist Bost gave a proof of a special case of Conjecture C, yielding as
a corollary Conjecture B in the case where G is solvable. (For G linear the
solvable case of Conjecture B was proved by André ??)

Our only contribution to this circle of ideas is the observation that Con-
jecture C is equivalent to the conjunction of Conjecture B (in fact modulo
Bost, Conjecture A) and a rather more differential-algebraic/model-theoretic
statement.

Proposition 3.2. Conjecture C is equivalent to the conjunction of the state-
ments:
(i) If (V, s) is over Q(t)alg and for almost all relevant primes p (of a suit-
able number field), {x ∈ Vp(Fp(t)

sep) : ∂(x) = sp(x)} is Zariski-dense in Vp,
THEN (V, s)] is almost internal to C.
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(ii) Conjecture B.

9


