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Abstract
Hilbert’s 10th problem asked:
Give a procedure which, in a finite number of steps, can determine whether a polyno-

mial equation (in several variables) with integer coefficients has or does not have integer
solutions.

The answer by Matiyasevich ([42]), following work of Davis, Putnam and J. Robin-
son, was negative.

Analogous questions can be asked for domains other than the ring of integers. Our
presentation will consist of four parts.

Part A will deal with positive (decidability) results for analogues of Hilbert’s tenth
problem for substructures of the integers and for certain local rings.

Part B will focus on the ‘parametric problem’ and the relevance of Hilbert’s tenth
problem to conjectures of Lang.

Part C will deal with the analogue of Hilbert’s tenth problem for rings of Analytic
and Meromorphic functions.

Part D will be an informal discussion on the chances of proving a negative (or could
it be positive?) answer to the analogue of Hilbert’s tenth problem for the field of
rational numbers.

Some familiarity with [12], [13], [50], [51] and [58] will be assumed.

1 Part A: Decidability results

1.1 Presburger arithmetic

A basic, old result is the decidability of Presburger arithmetic, i.e. the theory of the
ordered additive group of integers. Pressburger showed that Z admits elimination of
quantifiers in a language which extends the language LP = {+,≥; 0, 1} with predicates
for a ≡ b mod m for every integer m (actually Presburger considered the theory of
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natural numbers, not the integers, and in a language slighly different from LP : instead
of + it contained a function-symbol for the ‘successor function’ S(x) = x + 1; but the
expressive powers of these two languages are obviously the same).

Exercise 1.1 Show that the theory of Z in the language LP is ‘model-complete’ in the
following way:

(a) For each k ∈ N with k ≥ 2 define the one-place predicate Mk to mean ‘Mk(x)↔
xis a multiple of k’. Extend the language LP by the predicates Mk to obtain the language
LM

P .
(b) Observe that each quantifier-free formula of LM

P is equivalent to a finite disjunc-
tion of formulas of the form∧

i

fi(x) = 0
∧
j

Mkj
(gj(x))

∧
i

hi(x) ≥ 0

where each fi and gj is a polynomial of degree 1 in the variables of the tuple x.
(c) Prove that every formula existential formula, i.e. of the form ∃x φ(x, y) where

φ(x) with φ quantifier free, is equivalent to a quantifier-free LM
P - formula. You can do

this by eliminating the existential quantifiers, one at a time. For example, to eliminate
the quantifier ∃x from

∃x[a− x ≥ 0 ∧ x ≥ b ∧M2(x+ c)]

(a, b and c can be polynomials in some variables and x does not occur in any of them)
observe that it is equivalent to the disjunction of the formulas that correspond to the
cases (A) a ≥ b+ 1, (B) a = b and b is even and c is even, and (C) a = b and a is odd
and c is odd.

(d) Show that if any existential formula of a language is equivalent (in a given
theory) to some quantifier-free formula then all formulas of that language have the
same property.

One can ask how one can enrich the Pressburger language LP and still retain decid-
ability for the existential theory of Z in this enriched language. Of course, as soon as
multiplication is definable from the functions and predicates in the language, one gets
undecidability. The bibliography on this subject is quite extensive. For some informa-
tion see [8] and the bibliography of [50]. Below we will see some results of this kind, as
well.

1.2 Addition and divisibility

The results we present are from [37], [38] and [39].
A natural extension of LP consists of adding a binary predicate for the divisibility

relation | (that is, a|b if and only if ∃c : b = ac). J. Robinson showed that multiplication
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can be defined from addition and divisibility by a first-order formula and hence, the first-
order theory of Z in this language is undecidable. In contrast, Lipshitz, in [37] (and,
independently, Bel’tyukov) showed that the existential theory of Z in the language
L = LP ∪ {|} is decidable. The same is true for any ring of integers of an imaginary
quadratic extension of the rationals (in this case the predicate > has to be excluded
from the language). This result is optimal in several ways: multiplication is positive-
existential in the L|-theory of any ring of algebraic integers in a number field other than
the rationals and imaginary quadratic ([38] and [39]); hence the L|-existential-theory
of those rings has the same decidability property as the ring theory which has been
conjectured -by Denef and Lipshitz, but not yet proved - to be undecidable. These
results were later generalized to polynomial rings over fields: the existential theory
of addition and divisibility in a polynomial ring k[t] over a field k (in the language
L = LP ∪ {t, |}), is decidable if and only if the existential theory of k is decidable; the
positive existential theory of A[t1, t2] in the language L = LP ∪{t1, t2, |} is undecidable
for any commutative domain A.

We give a short account of the proof of [37]:
Let L| = LP ∪ {|} where | will be interpreted by ‘a|b↔ ∃c[b = ac]’.

We say that a class of quantier-free formulas ‘satisfies the local-to-global principle’
if it is satisfiable when and only when it is satisfiable in every completion of Z with
respect to a prime (including the ‘prime at infinity’). Observe that the quantifier-free
formulas of L| do not satisfy the local-to-global principle, e.g. x + 2|2x + 3 ∧ x ≥ 0 is
satisfiable in each completion (in each Qp and in R) but not in Z.

(a) Show that every existential sentence of L| is equivalent to a disjunction of for-
mulas of the form ∃xφ(x) where

φ(x) :
∧
i

fi(x)|gi(x)
∧
j

hj(x) ≥ 0 (1)

where each fi, gi and hj is a polynomial of degree at most 1 in the variables of the tuple
of variables x = (x1, . . . , xm). To do this one has to

(a1) Eliminate non-divisibilities: observe that ¬a|b is equivalent to ‘a greatest com-
mon divisor of a and b is different from a and −a’ which is equivalent to

∃x, y [s|a ∧ s|b ∧ a|x ∧ b|y ∧ s = x+ y] .

(a2) Eliminate equations, e.g. if the equation 2x − y = 0 occurs then one can
substitute all occurences of the variable x by y

2
, clear denominators by multiplying all

terms by 2, and add the divisibility 2|y.
In the rest work with notation as in (1).
(b) Impose all possible relative orderings on the variables of x, e.g. x1 ≥ · · · ≥ xm,

and all possible orderings on the terms fi, gi and hi. Each one of these cases gives a
sentence (the disjunction of all these is equivalent to the initial sentence). So assume
that 1 corresponds to such a sentence.
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Draw conclusions that eliminate some variables, for example, if a divisibility x +
f(y)|x + g(y) occurs and x, x + f(y), x + g(y) ≥ 0 and the variable x is ≥ to all the

variables of the tuple y, then draw the conclusion that either x+g(y)
x+f(y)

is an integer ≤M+1

where M is the maximum absolute value of the coefficients of f −g (Exercise: Why?);
Consider the cases and eliminate the variable x (conclude with fewer variables).

(c) Impose certain ‘implied’ divisisbilities, foe example, from f1|f2 and f2|f3 conclude
that f1|f3 (and add it to the given list of divisibilities).

(d) Iterate (b) and (c). Show that a finite number of iterations concludes with
systems which are ‘diagonal’, in the sense that in each divisibility f |g there is a variable
that occurs in g, which is ‘bigger’ than all variables of f ; in addition these systems are
closed under the operations mentioned in (c).

(e) Show that diagonal systems satisfy the local-to-global principle. In fact show
that to each diagonal system φ(x) one can effectively associate a natural number N
such that φ(x) is satisfiable in Z if and only if it is satisfiable in each Qp with p ≤ N .
Then use the decidability of the theory of each Qp to conclude.

Exercise 1.2 The following give some of the main ideas in [38].

Consider the ring of integers O of a real quadratic number field K (e.g. K =
Q(
√

5)). Consider known the following fact: There is a unit ε0 which is ‘fundamental’
i.e. all units of O are of the form ±εn0 with n ∈ Z.

(a) Show that if n|m in Z then εn0 − 1|εm0 − 1 in O.

It can be shown that a sort of converse is also true: There is a d ∈ Z such that
setting ε = εd0 we have that n|m in Z if and only if εn − 1|εm − 1 in O. For the rest
assume that one has in the language a name (constant-symbol) for a unit ε with these
properties and assume that the set {εn : n ∈ Z} is positive existential in the language
L| ∪ {ε} (all the mentioned facts are true).

(b) Assume that m,n 6= 0 and m 6= n. Show that εm = ε2n if and only if

εn − 1|εm − εn ∧ εm − εn|εn − 1 .

(c) Show: If x ∈ O\{0} then there is an n 6= 0 such that x|εn−1 (hint: if x is not a
unit then the ring O/(x) is finite, hence the natural image of ε has finite multiplicative
order).

(d) Let φ(x) denote the formula x 6= 0 ∧ x 6= 1 ∧ x 6= −1 ∧ x|εn − 1 ∧ x− 1|εn − 1 ∧
x+ 1|εn− 1. Assume that if n 6= 0 and φ(x) is true then 2|x2| < εn (|w| is the absolute
value of w).

Show: For x, y ∈ O \ {0, 1,−1} the following is true: y = x2 if and only if for some
n ∈ Z \ {0} we have

φ(x) ∧ φ(y) ∧ εn − x|ε2n − y .

(e) Consider known the following: The relation x 6= 0 is positive-existential in
L| ∪ {ε}.
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Use (a)-(d) to produce a formula ψ(x, y) of L| ∪ {ε} such that for any x, y ∈ O the
following is true in O:

ψ(x, y)↔ y = x2 .

thus squaring over O is positive-existential in L| ∪ {ε}. Prove that this implies that
multiplication over O is positive-existential in L| ∪ {ε}. Conclude that the positive-
existential theory of L| ∪ {ε} is undecidable.

1.3 Addition and exponentiation

The following are results from [57].
The first-order theory of N in the language L = LP∪{exp2}, where exp2 the function

which sends a natural number n to 2n, is decidable.
Towards proving this, one has to study the behavior of ‘exponential polynomials’,

e.g. of the form 223x−1 − 25x+5 + 1. We will not go into the details.

Exercise 1.3 Show that there is an algorithm which, given any diophantine equation
f(x) = 0 (x is a tuple of m variables and f a polynomial in x over Z), decides whether
that has or does not have solutions in the set {2n : n ∈ N}m.

1.4 The analogue of Hilbert’s tenth problem for algebraic groups

The following (among several) result can be found in [31].

Theorem 1.4 There is an algorithm which, given any algebraic group G defined over
Z and any positive integer k, decides whether G contains a subgroup of index k.

Two examples of algebraic groups defined over Z are:

1. Z, Z× Z e.t.c. with the group structure of component-wise addition.

2. The solution set of the equation X2 − dY 2 = 1 where d is a square-free integer;
The group law ⊕ is defined by

(x1, y1)⊕ (x2, y2) = (x1x2 + dy1y2, x1y2 + x2y1) .

This justifies the claim that ‘the more structure one has, the more likely decidability
is’.

1.5 The results of Ax for ‘almost all primes’

We will present results from [1] and [2].
• Solving equations modulo all primes

In [1] Ax gave an algorithm which, for any given diophantine equation, tests whether
the equation has a solution modulo every prime number. In [2] he extended this to
an algorithm that decides the truth of a sentence of LR in all finite fields. For further
results in this direction see [28] and [24].
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1.6 Model-completeness

The theory of a structure (model) A in language L is model-complete if every formula
of L is equivalent to an existential formula of L over A.

The following is a classical decidability argument in Model Theory:
Assume:
(a) A is a countable and recursive structure in the countable language L.
(b) The theory of A in L is effectively model-complete, that is, there is an algorithm

which to any sentence of L associates an equivalent (over A) existential sentence.
Conclude: The theory of A in L is decidable.
Proof : Let σ be a sentence of L. Find an existential sentence, say ∃x φ(x), equivalent

to σ, and an existential sentence, say ∃y ψ(y), equivalent to ¬σ where x is a tuple of
m variables, y is a tuple of n variables and the formulas φ and ψ are quantifier-free.

Enumerate the tuples of m elements of A and the tuples of n elements of A. By
day plug in φ(x) tuples of m elements and check whether they make it true. By night
do similarly with ψ.

One of σ or ¬σ is true, hence either we will satisfy φ on a day (in which case σ is
true) or we will satisfy ψ on a night (in which case ¬σ is true). 3

1.7 Power-series and germs of analytic functions: existential
decidability and Artin approximation

The ring-theories of Qp (p is a prime number) are decidable (results of Nerode, Ax and
Kochen [3], Ershov [27], also cf. [41], [9], and [17]).

If F is a field of characteristic 0 then the ring-theory of the field of formal fractional
power series F ((T )) in one variable T (and that of F [[T ]]) is decidable ([35] and [63]).

But if T is two or more variables then we have undecidability ([14]).
For more relevant results see [5] and [20].
We wish to address the question of the decidability of the existential theory of a ring

Hz(D) of functions of a variable z, analytic on a set D (i.e. analytic on an open super-
set odf D), We will address first the question for D =(a singleton, say {0}). Already
in [35] it was shown that the ring-theory of Hz({0}) is decidable. But the techniques
of that paper do not transfer to bigger D, so we will look into other approaches. One
approach is via ‘Approximation Properties’.

Definition 1.5 (i) Let R be a local ring and R̂ be its completion. We say that R has
the Approximation Property if every system of polynomial equations over R, which has
a solution in R̂, has a solution in R.

(ii) C{z1, ..., zq} is the ring of formal power series, in the variables z1, ..., zq over C,
which converge in some neighborhood of the origin.

(iii) Let k be a field. Then k〈z1, ..., zq〉 denotes the ring of formal power series in
z1, ..., zq over k which are algebraic over k[z1, ..., zq].
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Artin proved:

Theorem 1.6 Let k be any field. The following two rings have the Approximation
Property:

(i) k〈z1, ..., zq〉 and
(ii) C{z1, ...zq}.

that: (z = (z1, ..., zq) and (z) is the ideal generated by z1, ..., zq)

Theorem 1.7 Let k be an arbitrary field. Then, a system of polynomial equations,
with coefficients in k[[z]], has solutions in k[[z]] if and only if, for any n ∈ N+, it has
solutions modulo (z)n.

By Theorem 1.6, a system of equations, with coefficients in C[z], has solutions in
Hz({0}) if and only if it has solutions in C〈z〉.
A much stronger version of Theorem 1.7, suitable for algorithmic computation of so-
lutions of equations, is true: for each system of equations, there is a constant N ,
depending on the system (actually: algorithmically computable and depending only on
the number of variables and the degrees of the involved polynomials), such that the
system has solutions in k[[z]] if and only if it has solutions modulo (z)N . Results of this
type occur in the literature under the name ‘Strong Approximation theorems’.
Strong Approximation implies decidability of the positive existential theory of k[[z]]
(in order to see whether a system of equations has solutions, compute the constant N
of the previous paragraph and check whether the system has solutions modulo (z)N).
But, since our main interest is to investigate the possibility of adapting our arguments
to Hz(D) for D not a singleton, and because there is no known analogue of Strong
Approximation for these rings, we will now present a decidability result, based only
on Theorems 1.6 and 1.7. We will show how one can use these Theorems in order
to detect whether a given system of polynomial equations, with coefficients in Q̃[z]
(z = (z1, ..., zn) and Q̃ denotes the algebraic closure of Q), has solutions over Hz({0}n).
Let such a system be given; by Theorem 1.6 it suffices to check whether the system
has solutions over C〈z〉. First, observe that if the system has solutions over C〈z〉
then it has solutions whose constant coefficients are algebraic numbers, that is, the
system has solutions over Q̃〈z〉. So, here is an algorithm that decides whether the
system has solutions over Hz({0}n): We run in parallel the following two processes.
The first process lists the tuples of Q̃〈z〉 and determines whether each one of them is
a solution. The second process determines whether the system has solutions modulo
zm for m = 1, 2... (observe that the reduction of the system modulo any zm reduces to
solving a new system over Q̃, which can be done by an algorithm, since the existential
theory of any algebraically closed field, such as Q̃, is decidable) . If the system has
solutions over Q̃〈z〉 then the first process will find them, eventually. If the system has
no solutions, then the second process will eventually find an m for which the system
has no solution modulo zm. We note that a similar algorithm works for systems of
algebraic differential equations (cf. [21]).
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It is evident that, in the domains where one has analogues of Theorems 1.6 and 1.7,
one may expect decidability results, similar to the above. Unfortunately, analogues of
Theorem 1.7 in rings Hz(D), for D not a singleton, are not known. Theorem 1.6 has
been extended to the very general case of a regular ring (by Spivakovski). Surprisingly
perhaps, there is a similar result for compact domains D by van den Dries:

Theorem 1.8 Assume that D is a compact subset of C and denote by CD〈z〉 the ring
of functions on D, in the variable z, which are algebraic over C(z) and analytic on an
open superset of D. Let x = (x1, ..., xm), fi ∈ CD〈z〉[x]. Let ε > 0.
Assume that the system of equations

∧
i fi[x1, ..., xm] has a solution α = (α1, ..., αm) in

Hz(D). Then it also has a solution β = (β1, ..., βm) with βi ∈ CD〈z〉 and such that
|β − α|∞ < ε where | · |∞ denotes the supremum norm on D.

It is easy to see that Theorem 1.6 reduces the question of decidability of the existential
theory of Hz(D), for D compact, to the similar question for the existential theory of
the ring of algebraic functions which are analytic on D. But the problem remains open:

Question 1.9 Is the existential theory of Hz(D) decidable for D = C? for D =(the
open unit disc)? for D =(the closed unit disc)?

In a later section we give more information on this problem.

2 Part B: A qualitative analogue of HTP and the

Conjectures of S. Lang

We want to address the following

Question 2.1 Is there an algorithm which, given any variety V over Q, decides whether
V has infinitely many points over some number field K?

For example, due to the proof by Faltings of Mordell’s Conjecture, the question has a
positive answer for curves:
Any curve of geometric genus ≥ 2 has only a finite number of points over any given
number field K.

And it is known that curves of genus 0 or 1 have infinitely many points over some
number field K. Hence the algorithm is: Compute the genus of the curve V (the genus
is a geometric invariant and known to be computable). If it is ≤ 1 reply YES, otherwise
NO.

In [36] (and more extensively in [61] and from a different point of view in [6]) S.
Lang announced a number of conjectures, which, if true, would imply that varieties
that have infinitely many points over some number field are characterized by certain
geometric properties. As an example,
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Conjecture 2.2 (Lang) Any hyperbolic variety has only a finite number of points over
any number field.

A variety V is hyperbolic if every complex analytic map f : C→ V is constant (this is
one of several equivalent definitions). For example, the (irreducible) curves (varieties
of dimension 1) that are hyperbolic are precisely those with geometric genus ≥ 2.

What are the implications of this for Question 2.1? If true, Conjecture 2.2 reduces
Question 2.1 to deciding whether a given variety has certain geometric properties. Some
of those properties (e.g. genus) are known to be decidable; but some other properties
are not known (to be decidable or undecidable). As an example of the second kind (to
the best of the authors’ knowledge), we ask

Question 2.3 Is there an algorithm which, given a variety V over Q, decides whether
that is hyperbolic?

In the following sub-section we will address this question.
Even if the answer to it turns out to be positive, there still remain certain geometric

properties which have to be decidable if the answer to Question 2.1 is positive.
As we will see in the next sub-section, there is a undecidability result for some type

of ‘geometric problem’; but it is probably too early to conjecture that Question 2.1 has
a negative answer.

2.1 A language for geometric problems

When we study the decidability question for a ring of functions of on (or more) variable
t, we usually augment the language of rings by a name (constant-symbol) for t. This
has as a result that the varieties that we study have coefficients in Z[t] (or a bigger
ring) and are not invariant under even the most elementary geometric transformations,
for example t 7→ t + β with β in the base field (field of constant functions). Since we
want a language that does not have this defect, we define the languge

LT = {+, ·, T ; 0, 1}

which augments the language of rings by the one-place predicate T , which will be
inerpreted by

T (x)↔ (the function x is not a constant) .

Notice that, given a variety V through a finite set of defining polynomials, the sentence
‘The variety V is hyperbolic’ can be expressed in LT over Hz(C).

We ask:

Question 2.4 Is the theory (resp. existential theory, positive-existential theory) of LT

over Hz(C) decidable? over C(z)? over C[z]?

The only known relevant results are given by the following two theorems:
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Theorem 2.5 ([49]) The positive-existential theory in LT of a polynomial ring F [z]
over a field F is undecidable.

Theorem 2.6 ([55]) The existential theory in LT of the ring Hz(U) is decidable, where
U is either the open or the closed unit disc.

The analogous question for fields of rational functions and for Hz(C) are open.

3 Part C: Hilbert’s tenth problem for analytic and

meromorphic functions

We will look more closely into Question 1.9. The main existing results are:

Theorem 3.1 (R. Robinson) Assume that D contains a real open interval. Then the
first order theory of HD(z) in Lz,C is undecidable.

Proof : First we state:

Lemma 3.2 (Huuskonen) Assume that D ⊂ C has nonempty interior. Then the set of
constants (i.e. of constant functions) in Hz(D) is first order definable in the language
{+, ·; 0, 1, z}.

For simplicity work in the case q = 1 so that z = z1 and assume that the line
segment [0, 1] is contained in D; the general case is left to the reader. The following
formula is equivalent to α ∈ N− {0}:

C(α) ∧ ∃ x : x(0) = 1∧x(1) = 0∧ ∀ y : (y ∈ C ∧ y 6= 0 ∧ y+1 6= 0)→
(
x

(
1

y

)
= 0→ (x

(
1

y + 1

)
= 0) ∨ y = α

)
Of course the expressions of the form 1

z
do not belong to Lz but they can be replaced

by new variables w preceeded by ∃w : z · w = 1.
The ← direction holds because if α 6∈ N, then the formula implies that each point
1
n
, with n ∈ N − {0}, is a zero of the analytic function x, while x(0) = 1, which is

impossible by the continuity of x; for the → direction, observe that, for n ∈ N − {0},
the formula is realized by taking

x = (−1)n−1(n− 1)!(z − 1)(z − 1

2
) . . . (z − 1

n− 1
) .

3

It is obvious that the proof of this Theorem shows the similar result for any ring of
functions which are continuous on [0, 1], containing the identity function.

Theorem 3.3 ([40]) The positive-existential theory of the ring Hp,z(Cp) of functions
of the variable z which are analytic on the p-adic complex plane Cp, in the language
which extends the language of rings by a constant-symbol for z, is undecidable.
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Theorem 3.4 (Vidaux, [60]) The positive-existential theory of the field Mp,z(Cp) of
functions of the variable z which are meromorphic on the p-adic complex plane Cp, in
the language which extends the language of rings by a constant-symbol for z and by a
predicate symbol for the property ‘the function x has z = 0 as a zero’, is undecidable.

The analogous questions over the field of complex numbers C are open.

4 Part D: Comments on the analogue of Hilbert’s

tenth problem for Q
We will make a number of comments on Mazur’s Problem [43] (cf. [10]), and on how
the undecidability results for addition and divisibility (also cf. [11]) may be used, in
conjunction to techniques from the theory of Elliptic Curves towards the main open
problem in this area, the analogue of Hilbert’s tenth problem for the field Q of rational
numbers. (see [34],[48] and [34]).
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