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The aim of the talk is to present the main ingredients and steps in the proof of the
following result by Moosa, Pillay and Scanlon.

Theorem. Let (K,+, ·, δ1, . . . , δn) be a differentially closed field of characteristic 0 with n
commuting derivations δ1, δ2, . . . , δn. If p is a regular type over K, then either p is locally
modular, or there is a definable subgroup G of Ga(U), whose generic type is regular and
non-orthogonal to p.

Recall first that a differential field K is differentially closed if every finite system
of differential equations over K which has a solution in a differential field extending K,
already has a solution in K. One knows that the theory of differentially closed fields
eliminates quantifiers and is ω-stable. We will work inside a large differentially closed field
U containing K, large meaning that it satisfies this same condition for systems of equations
of bounded (but maybe infinite) size.

The Kolchin topology on Um is defined as the topology obtained by taking as basic
closed sets the sets of solutions of systems of differential equations over U in m unknowns.
The Kolchin topology is Noetherian. Because U is differentially closed, there is a Nullstel-
lensatz: Kolchin closed subsets of Um correspond to perfect differential ideals of the ring
U [X1, . . . , Xm]∆ of differential polynomials in X1, . . . , Xm.

Before giving the definitions of the concepts involved, we will say what it means in a
particularly simple context, types of rank 1.

We take an element a ∈ U . Let acl(Ka) denote the set of elements of U which
are algebraic over the differential field generated by K(a). Then tp(a/K) has rank 1 if
whenever L is a differential subfield of U containing K, then either a is algebraic over L,
or acl(Ka) and L are linearly disjoint over K, and we will say in that case that a and L
are independent over K.

If tp(a/K) has rank 1, then it is locally modular if whenever a1, . . . , an are realisa-
tions of tp(a/K) (i.e., each ai satisfies exactly the same differential equations over K that
a does), and L is an algebraically closed differential subfield of U containing K, then
acl(Ka1, . . . , an) and L are independent over their intersection (i.e., they are linearly dis-
joint over their intersection).

In the case of types of rank 1, local modularity has strong consequences. It means
that the structure on the set S of realisations of tp(a/K) is at most as complicated as a
group. In particular, assume that the Kolchin closure S̄ of S is a differential subgroup A
of an algebraic group G (both will then be defined over K), and let Z ⊂ Gn be a Kolchin
closed set. Then Z ∩ An is a finite union of cosets of differential subgroups of An, and
moreover these subgroups are all defined over K.

A contrario, the non-local modularity of this set will mean that there is for instance
a family of definable curves Ca on S × S, whose parameter set ranges over a “large”
set. In general, one wishes to show that in that case, there is a strong connection (non-
orthogonality, to be defined precisely later) between the set S and some definable subfield
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of U , which in our case would be the field of absolute constants {x ∈ U | δ1(x) = . . . =
δn(x) = 0}.

The theorem gives us therefore a first reduction: if tp(a/K) is not locally modular,
then actually, there is a definable subgroup G of Ga(U), and a definable finite-to-one map
f : S → G. In case the transcendence degree of acl(Ka) over K is finite, the jet space
techniques used by Pillay and Ziegler for differentially closed fields with a single derivation
should (in principle) generalise and allow one to conclude that indeed G can be taken to
be the subfield of absolute constants.

The proof of Moosa, Pillay and Scanlon, should in fact generalise to other fields with
operators, and we will try to present it in a more general context. But here I will simply
explain what the various concepts mean in the case of differentially closed fields.

Let a ∈ U . For each m, consider the set of operators δi11 δ
i2
2 . . . δinn where i1 + i2 +

· · · + in ≤ m, and denote it by ∆m. For each m, we then consider the tuple Φm(a) =
{D(a) | D ∈ ∆m). If Vm is the variety defined over K and of which Φm(a) is a generic,
then we have natural projection maps πm+1,m : Vm+1 → Vm for each m. Then there is
a polynomial pa/K(Z) ∈ N[Z] such that for all m sufficiently large one has dim(Vm) =
pa/K(m). Then tp(a/K) has two important invariants: the degree of pa/K , called the
∆-type of a over K and denoted by m(a/K) (this clashing terminology was introduced by
Kolchin) and its leading coefficient, denoted by dim∆(a/K). If b ∈ acl(Ka), one will then
have (m(b/K),dim∆(a/K)) ≤ (m(a/K),dim∆(a/K)) in the lexicographical ordering. By
convention, the degree of the 0-polynomial is −1. The sequence (Vm, πm+1,m | m ∈ N) is
called the prolongation sequence of the differential variety V defined over K and of which
a is a generic (i.e., V is the Kolchin closure of S).

The proof of the theorem reduces to the case where tp(a/K) is minimal regular, i.e:
whenever L is a differential field which is linearly disjoint from acl(Ka) over K, and
b ∈ acl(La), then m(a/acl(Lb)) < m(a/K) (= m(a/L)). Note in particular that this
implies that if b ∈ acl(Ka), then (m(b/K),dim∆(b/K)) = (m(a/K),dim∆(a/K)).

In that case, tp(a/K) will be locally modular if whenever a1, . . . , am realise the same
type as a over K (i.e., each ai satisfies exactly the same differential equations over K that a
does), and L is a differential subfield of U containing K, then there is some tuple c such that
m(c/L) < m(a/K), m(c/acl(Ka1, . . . , am)) < m(a/K), and the fields acl(Ka1, . . . , am, c)
and acl(Lc) are linearly disjoint over acl(Kc).

Note that in the case when tp(a/K) is finite dimensional, we have m(a/K) = 0, so
that the element c will necessarily be in acl(Ka1, . . . , am) ∩ acl(L).

The conclusion of the theorem then asserts that if tp(a/K) is not locally modular,
there is a definable subgroup G of Ga(U), and a Kolchin closed subset R of S̄ ×G defined
over some (small) differential subfield L of U containing K, and such that for any (b, c) ∈ R
with m(b/L) = m(a/K), we have m(b/acl(Lc)) < m(b/L) and m(c/acl(Lb)) < m(c/L) =
m(a/K).

To be continued . . .
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