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Introduction

Will focus primarily on mathematical/geometrical aspects of

dynamical horizons. For more details about physical aspects,

see, e.g.,

Ashtekar and Krishnan, Dynamical horizons and their

properties, PRD 68 (2003) 261101, gr-qc/0308033.

Ashtekar and Krishnan, Isolated and dynamical horizons and

their applications, Living Reviews in Relativity (2004),

gr-qc/0407042.

Hayward, General Laws of black hole dynamics, PRD 49

(1994) 6467, gr-qc/gr-qc/9303006.
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Heuristics

Classically, a black hole is a region of spacetime from which no

signal can escape to infinity.

B = black hole region

= M \ I−(I +)

E = event horizon

= ∂I−(I +)

In principle, to determine the event horizon, one needs to know

the entire future evolution of spacetime out to infinity.

Quasi-local notions of black holes are based on the null

expansions of 2-surfaces.
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Heuristics

Null Expansion

M4 = 4-dim spacetime

Σ = spacelike 2-surface in M

ℓ = future directed orthogonal

null vector field along Σ

θ(ℓ) = null expansion scalar wrt ℓ

= trχℓ

= divΣ ℓ
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Heuristics

ℓ = u + v

θ(ℓ) = divΣ ℓ

= H + trΣ K

where H = mean curvature of Σ in V and K = second

fundamental of V .
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Heuristics

Roughly speaking a dynamical hori-

zon is a spacelike hypersurface foli-

ated by marginally trapped surfaces.

Or, in more physical terms, a DH is the

superluminal history of a marginally

trapped surface.
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Dynamical horizons

Some terminology

Let S be a closed 2-surface in a 4-dim

spacetime M4. Under suitable orien-

tation assumptions, S admits two fu-

ture null normal vector fields ℓ (“out-

ward”) and n (“inward”).

Then,

S is a trapped surface if both null expansions are negative,

θ(ℓ), θ(n) < 0 (weakly trapped if θ(ℓ), θ(n) ≤ 0).

S is marginally trapped if θ(ℓ) = 0 and θ(n) < 0.

A marginally trapped tube (MTT) is a smooth hypersurface

foliated by marginally trapped surfaces (MTSs).

A dynamical horizon is a spacelike MTT, i.e., a smooth spacelike

hypersurface H foliated by MTSs. . – p.7/27



Dynamical horizons

More explicitly,

H = (R1, R2) × S such that

SR = {R} × S is a MTS for each R ∈ (R1, R2).

H =
⋃

R∈(R1,R2)
SR

Remark: θ(ℓ) ≡ 0 on H implies,

mean curvature of SR = −θ(n) > 0 .

Hence, the area of SR increases montonically with R, and one

can in fact choose R to be an areal coordinate on H.
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Dynamical horizons

For some results will require DHs to satisfy two additional mild

conditions.

A DH H is said to be regular provided

H is achronal.

(Genericity) The quantity,

Ric (ℓ, ℓ) + σ2 = Rabℓ
aℓb + σabσ

ab

is strictly positive along each MTS of H.
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Dynamical horizons

Example: Vaidya Spacetime

Metric in in-going Eddington- Finkelstein coordinates:

ds2 = −(1 −
2m(v)

r
)dv2 + 2dvdr + r2dΩ2

EM tensor (in-falling null dust): Tab = ṁ(v)(dv)a(dv)b

m(v) = 0 for v ≤ 0, then m(v) ↑ M0

Condition for MTT: r = 2m(v)

This defines the Vaidya DH H.

For futher examples see, e.g., Booth,

Brits, Gonzalez, Van Den Broeck, gr-

qc/0506119
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Uniqueness issues

There has been a lot of progress in developing the physical

theory of dynamical horizons (e.g., extension of laws of black

hole mechanics to DHs, ‘balance laws’, development of

Hamiltonian methods).

But, until recently, very basic mathematical questions such as

questions concerning existence and uniqueness have not been

addressed.

Would like to discuss some results with Ashtekar concerning

uniqueness issues. Hope also to mention recent progress

concerning existence (Schoen, Andersson-Mars-Simon).
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Uniqueness of DH structure

Q: Can a DH be foliated by MTSs in more than one way?

A: No.

Prop (Maximum Principle for MTSs) Let V be a spacelike

hypersurface, and let S1 and S2 be surfaces in V configured as

follows:

If the null expansions θ1 and θ2 of S1 and S2, respectively satisfy,

θ1 ≤ 0 ≤ θ2

then S1 and S2 agree near q.

Proof: Strong maximum principle. . – p.12/27



Uniqueness of DH structure

Prop (Uniqueness of DH structure) Let Σ be a WTS in a DH

H =
⋃

R∈(R1,R2)
SR. Then Σ coincides with one of the SRs.

Proof: Let R0 = supx∈Σ R(x), and let q ∈ Σ achieve this sup. Then

have:

Max prin ⇒ Σ = SR0
.
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Causal constructs

A ⊂ M , J+(A) = causal future of A,

I+(A) = timelike future of A

Time-dually, J−(A), I−(A)

H achronal spacelike hypersurface in M ,

D+(H) = future domain of dependence of H

H+(H) = future Cauchy horizon H

Time-dually, D−(H), H−(H)

Fact: D(H) := D+(H) ∪ D−(H) is

globally hyperbolic.

By def, H is Cauchy hypersurface

for M if D(H) = M .
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Constraints on the occurrence of MTSs and DHs

Q: Can a MTS be contained in D−(H)?

A: No. (assuming NEC and genericity)

Theorem 1 Let H =
⋃

R∈(R1,R2)
SR be a regular DH in a spacetime

(M, g) satisfying the NEC, Ric(X, X) = RabX
aXb ≥ 0, ∀ null vectors

X . Then there is no WTS contained in D−(H) \ H.

Sketch of proof: WLOG may assume spacetime M is globally

hyperbolic and H is a Cauchy surface for M .

Suppose Σ is a WTS in D−(H) \ H. Consider the set A = J+(Σ) ∩H:
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Constraints on the occurrence of MTSs and DHs

Set R0 = supx∈A R(x). Since A is compact, this sup is achieved by

some point q ∈ SR0
. Since q ∈ ∂J+(Σ) = J+(Σ) \ I+(Σ), there exists

a null geodesic η from a point p ∈ Σ to q ∈ SR0
.

Now consider the two null hypersurfaces N and N0 determined

by (Σ, η) and (SR0
, ℓ), respectively:
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Constraints on the occurrence of MTSs and DHs

Remarks:

There are also restrictions on the existence of MTSs in D+(S),

but the statement is somewhat more technical.

Even without the genericity condition, an MTS Σ can exist in

D−(H) \ H only under special circumstances. Such an MTS Σ

must be joined to an MTS SR0
of H by a null hypersurface with

vanishing expansion and shear, and Ric(ℓ, ℓ) = 0.

Theorem 1 does not rule out the possibility of a WTS being

partially contained in D−(H). But there are constraints on how

this can happen. For example ...
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Constraints on the occurrence of MTSs and DHs

Theorem 2 Let H be a regular DH in a spacetime (M, g) satisfying

the NEC. Let Σ be an WTS in M that does not meet H−(H). If Σ

meets H in a fixed MTS SR0
then the portion of Σ in D−(S) cannot

meet the past of HR>R0
=

⋃
R∈(R0,R2)

SR.

I.e., the following configuration is NOT allowed:

This is of relevance to DHs determined by spacelike foliations.
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DHs determined by spacelike foliations

Suppose a DH H is contained in an open set U ⊂ M that is

foliated by spacelike hypersurfaces Vt, t1 < t < t2, (given by the

level sets of a time function on U ) such that for each t ∈ (t1, t2),

Vt meets H in a unique MTS SR(t) of H,

SR(t) separates Vt into an ‘inside’ and ‘outside’ (determined

by the projection of ℓ into Vt),

and such that R = R(t) is an increasing function of t:

Then we say that H is determined by the spacelike foliation {Vt}.
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Outermost MTSs

Theorem 3 Let H be a regular DH in a spacetime (M, g) satisfying

the NEC. Suppose H is determined by a spacelike foliation {Vt}

that does not meet H−(H). Then for each t, the MTS SR(t) is the

outermost WTS in Vt. That is, if Σ is any other WTS in Vt, Σ does not

meet the region of Vt outside of SR(t).

Proof: Follows from Theorems 1 and 2.
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Initial value uniqueness

Theorem 4 Let H1 and H2 be regular DHs determined by the

same spacelike foliation {Vt} in a spacetime satsfying the NEC. If

H1 and H2 have a common MTS then H1 = H2.

Proof: Apply Theorem 3 to both H1 and H2.
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DHs asymptotic to the event horizon

Let M be a black hole spacetime with classical event horizon

E = ∂I−(I ). Say that a DH H is asymptotic to E if, after

restricting to the future of some spacelike hypersurface V ,

H−(H) = E

Asymptotic region = region to the future of V
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Outermost MTSs II

Theorem 5 Suppose H is a regular DH asymptotic to the event

horizon E in a black hole spacetime satisfying the NEC. Suppose,

further, that H is determined by a spacelike foliation {Vt} in the

asymptotic region. Then for each t, the MTS SR(t) is the outermost

WTS in Vt.

Proof: Follows from Theorem 3.
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Asymptotic Uniqueness

Theorem 6 Suppose H1 and H2 are regular DHs asymptotic to

the event horizon E in a black hole spacetime satisfying the

NEC. Suppose, further, that H1 and H2 are determined by the

same spacelike foliation {Vt} in the asymptotic region. Then

H1 = H2 (in the asymptotic region).

Remark: Event horizon E does not play an essential role.

Sufficient to assume H1 and H2 are asymptotic to each other.

. – p.24/27



Comments on existence

Schoen’s result on existence of MTSs
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Comments on existence

Schoen’s result on existence of MTSs
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Comments on existence

Schoen’s result on existence of MTSs

Result of Schoen guarantees existence of a regular outer

marginally trapped surface homologous to a boundary compo-

nent. Proof uses the Jang equation.
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Comments on existence

Existence result of Andersson-Mars-Simon:

Let {Vt} be a spacelike foliation of a spacetime M . Let S be an

OMTS contained in some time slice Vt0 which is strictly stably

outermost. Then S is contained in a smooth hypersurface H

foliated by OMTSs, such that each OMTS is contained in some

time slice Vt. (gr-qc/0506013)

S is strictly stably outermost means there exists an outward

foliation u → Su of S in Vt0 such that θ = θ(u) satisfies ∂θ
∂u

|S > 0.

. – p.26/27



Concluding comments

Extensions of uniqueness results

Can avoid condition θ(n) < 0.

Can avoid genericity condition; obtain rigidity statements.

Versions for timelike MTTs.

Open issues

Long term evolution of MTTs? (Dafermos and Rodnianski)

Horizon jumps in MTTs a slicing effect? (Booth et al.)

Canonical DH? (Hayward vs. Eardley)
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