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I. General background

Finitely connected random graphs

Spin models on nitely connected random graphs

Equilibrium replica theory
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Finitely connected random graphs

? nodes and links: nodes :

links :

? degreek of a node:
total nr of links to that node

T

k=1

degree distribution: P (k)
average connectivity:

? clustering coe of nodei:

link j !
link j !

i present
i absent

actual nr of links amongst thek; neighbours ofi

= possible nr of links amongst the; neighbours ofi

? i - length of shortest path connecting node§;j )

distance distribution: ( °)
mean path-length:

X



Examples

Poissonnian (Erdes-Renyi) random graphs
for each pair(i;j ): form a link with probability c=N

ki random for alli

N large: P(k)= ce ®=kl ~ log(N)

“small-world' networks' (epidemics, etc)
nearest neigbours on a ring + Poissonnian random graph
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“small world e ect".
due to even very small¢ 1) number of random links

(i) reduction of distances:™ O (N) ! ~ O (logN)
(ii) greater robustness of processes against noise
(iif) phase transitions

processes on nitely connected random graphs:

spin models, percolation, error correcting codes, K-SAT,
graph partitioning, graph colouring, social and economicetworks,
internet tra c, neural, proteomic and immune networks, ...




Spin models on random graphs

N spins on random graphg; 2f 0;1g

X X
H = GJj i j+ V(i)

i<j i

I::'(Cij ) = N£ Gj ;1 + (1 Ni) cij ;0 c= O(No)
indep random bondsJ;; N =100 c= 2

disorder: D = fg;;Ji g

to calculate:
disorder-averaged free energy per spin

_— . 1 ——— : H
f = NIl!gn WlogZ(D) Z(D)=Tr e

replica trick/method

x" =1+ nlogx + O(n?)

— . 1
logZ (D) = Irllr!noﬁ logZ"(D)

n integer: =
n

h i
Z'"D)= Tr e ") " =Tr LT e 2 RO )

partition function of n independent replicas of system



disorder average:

= . ) 1 h . N
f= limlim——log Tr +:::Tr ne He ( 7 )
NIZ nl 0 Nn
DFI
He ( %:::; ™= ‘lloge  =MC )

n interacting replicas, no disorder

exchangeN!1 andn! O

replica order parameters

spins order param RS 1RSB 1 RSB
c= O(N) discrete fq g q @ % P(d)
c= O(N) continuous fq g Q;q Q@ P ()
1 ¢ N discrete fq ¢ q Q; b P(Q)
1 ¢ N continuous fq g Q;q Q;q; P (0
c=0() discrete P( 1005 0)  P(h) WI[fP(¢]
c=0() continuous  P( 1;:::; 1) WI[fP(g]
P o . . .
q =limy. Ni h o 1RSB: divide n replicas into subsets of sizen
L (1 o) 1=1:::n=m subset label
P( 1001 )= Vb2 ,=1::1m internal label
limy iy Nlpih cotin gl g1=1 g1=2 gl = N=M

&% &% &%



Example:

Finitely connected Ising system on Poissonnian random grap

W (h) : e ective eld distr

0
1]
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02|

1 X
H = _ CIJ . .= 1
Ci<j jYijoij i
Solution, with P( )= P( 1;:::; )
8
| <1 X hZ P
f:lr“n()?extrfpg: 5¢ oP( WYP( 9 dIPQ)ev 1 log
RS ansatz:
Z eh P
Prs( 1;:::; n)= dh W(h)m
cok Z h X [
W (h) ek'ck [dJ~dh9P(J\)W(h9)] h } atanh[tanh(hf’)tanh(EJ\)]
Kk o " =1 ok
c=3
08 P
Jij 2f \],Jg 06
T=J
P(J)= 31 )
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Example:

Finitely connected Ising system on random graph with degredistr p(k)

1 X
H = c. GjJij i j i= 1
Solution, with P( )= P( 1;:::; 1)
8
_ 1 <1 X z ;o X hx
f =lim —extripg. =c P( )P( 9 dIP@)ev p(k) log
n 0 n D2 0 K 0
RS ansatz:
Z eh P
Prs( 1;:::; n)= dh W(h)m W (h) : e ective eld distr
X Z ¥ h X i
W (h) = w [dJ-dh°P (3 )W (h%)] h 1 atanh[tanh(hp)tanh(EJ\)]
k 0 =1 ok
c=3
p(k): Ce k 10 ; : :
P
Jij 2f \],Jg 06
P( =32 ) = =
0.2 F —
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Example:

Ising system on “small world' (ring + Poissonnian random) @ph:

X 1X

H= Jo | ii+l Ei<j JiGj i j i= 1
Solution, with P( )= P( 1;:::; 1)
8 _ 9
. ) 1 < c X hZ 3 o 1 =
f=lim —extripg. o P()P( ) dIP@)ec 1 log n[P].
! : o ;
n[P]:  largest eigenval of 2 2" h

P J i
. . 0 S) d = S
replicated transfer matrix T oJP]=e’® ¢ sP® Pk !
RS ansatz:
z

h i h [
W(h)y= dxdy (x)(y)[h x yl (x)=F x ;W (X)=F x; ;W

c=1c=3c= &
solid:
Lo} g1 P! Ftransition
3 forc= 75;%;1;,4;16
PUij)= Gy J) | dashed:
=) Jo=log(l= ¢
- for c= f5:7:1,4,16

-1.0 -0.5 0.0 0.5 1.0 15 2.0



Example:

Finitely connected XY spins on Poissonnian random graph:

H= 3" gicos(i j 'y); i2[02] !y random P( !)=P(!)

i<j
Solution, with P( )= P( 1;:::; 1)
_ 1 14 hZ P oy
f = lim —extripy Sc d d PP Y dP(1)e? oo Do
z R o o R J P cos( 0y
log d e ¢ PC AP (e 1]
RS ansatz:
z ¥
Prs( 1;:::; n)= fdPgWI[fP(] P( ) functional measure W[fPg]
=1
" Qp R 0o,y #
e CCkZ Y Y k. 'd q:)( (beJ cos( 1)
WI[fPg] = fdP-gWIfP-gld! -P(! - P R—&—R
[ g] < o k' . k[ g [ g] ( )] 2102 ] ( ) d oowl\(:l d (P‘( (De‘] cos( 0 0 1.)
1.0 T T T ‘\'_\:\0\ T T 10 T T w1\_=\ % T T T 10 [ i % T
2l 2
L 1 *ISG. 1 o
P)=3( nD+z+nH 70 | o IS N
F L \ " se
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[1. Analysis of spin dynamics on random graphs

Spherical models

Generating functional analysis

Dynamical replica theory
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more information than statics

phase diagrams for non-equilibrium systems



Spherical models
(G Semerjian, L Cugliandolo, Europhys. Lett. 61 2003)

nitely connected graph, real-valued spins constrained othe sphere:

d X
at i(t) = GJdi j(+ (1) )+ (t)

i

(t) : enforces spherical constrainh 2(t)i = N
i(t) : Gaussian noisg h(t)i =0; hi(t) ;(t% =2T  (t t9

Solution:
rotate to eigen-basis of ¢; J; 0:

S o=+ m o
(t): Gaussian noiseh (t)i =0; h (t) o(t%)i =2T o (t t9

solve microscopic eqgns:
- z

t S R
M (v= (m€+-o“e“$q(9 (5 (n=e? o™
nd (t)viah 2(t)i = N:
1 X Z Zy
20)t +2T d %( ) Odsez(t 9(s)= (1)

N

calculate observables, e.g.
X 2 (t+19 z in(t;t9
C(tt9 = Ni e’ 2 T
(D19 (D(tY ©

Z
ds (s) d % )e ™t 2




problem reduced to nding

Eigenvalue spectrum of sparse random matrix

X o8-
%)=lm ~ [ ~

i - ev of matrix A with entries Aj = ¢; Jj;

Examples: J; =1 for all (i;] )
(Dorogovtsev et al, 2004)

. Erdes-Renyi, p(k) = e °c¢=k!
u: scale-freep(k) Kk 3; kmin =5
methods:
cluster expansions foc small (tree-like graphs)
path counting for c small (tree-like graphs)

replica method (general):

%)= lim Ni'.igg Im@@m z()=

T AT H 1 n
logZz( +i") ! rIlllmoﬁlogZ”( +i")

results for Erdes-Renyi graphs:

symmetric central band, similar to semi-circular law
tails of the form exp[ ¢ 2log( )] as ! 1




Generating functional analysis (‘"dynamic mean eld theory )|

consider all possible paths dN -spin system
f (t)g through phase space

(0)
target:
generating functional
N B D -
ZT 0= € o 1 191
paths
‘generates' all relevant macroscopic
multiple-time observables via
(functional) di erentiation, e.g.
— . Z[ ]
hi(t)ipahs = i Il!mow
?Z[ ]
hi(t) ;(t9i = im —————
|() J(%paths 10 i(t) j(t%

theory involving path integrals

c!1l : closed egns for correlation and response functions

N -spin system on random graph one non-disordered "e ective' spin

new forces: non-trivial noise, retarded self-interaction

(tend)



Synchronous dynamics on nitely connected random graphs
(J Hatchett, B Wemmenhove, | Rerez-Castillo, T Nikoletopo ulos, NS Skantzos & ACCC, J. Phys. A37 2004)

nitely connected Ising model with
parallel stochastic dynamics (Markov chain):

i X | . _ % e ihiC %)
P ()= OWt[ ;I ) Wi 5 9= . 2cosh[hi( S1)]

local elds:
1X
hi( ;== ¢Jj j+ i(t)
Cisi
Poissonnian directed graph
with controlled symmetry:

. . C C
I <J : PrOb(CIJ ) = N cj ;1 + (1 W) cj ;0

. Nc
>] PrOb(CIJ ) = Cij ;Cji + (1 ) N

C [0}
Gj ;1 + (1 W) cj ;0

Jij = J;i random
detailed balance: =1

technicalities in generating functional analysis:

(i) advantage of synchronous dynamics: path sums rather thapath integrals
(ii) at the end of derivation: set (t)! O

(iif) no longer closed eqgns foC and G

(iv) more complicated dynamic order parameters



result of generating functional analysis

P(j): fraction of sitesi which exhibit single spin path =( (0); (1); (2);::
given a local eld perturbation path = ( (0); (1); (2);::2)
to be solved from
e ective single spin problem:
. X e ock?
P( 1) = po( (0) i @iP(J) :1ddP (Ji)
k 0 ' 150k p
J: e DL (Mg o3 ()]
P( j= )+@ )P( ‘jo P
A A R L Ly s IO LM R )
exact, but very hard to solve in practice ...
nr of order parameters grows exponentially withpax ..
exception:
=0: asymmetric graphs
can be reduced to
P
(=" e e © a0 )
Pr+ - 1 adkP (Jk o ip( - =
! k 0 k' ! ! 100 k ! ZCOSh% o< k\]‘ ‘)

(as in Derrida, Gardner & Zippelius, 1987)

)



Some applications:

asymmetric Poissonnian graphs, =0
random bonds,P(J9 = 3(1+ ) (3° J)+ 3(1 ) (I%J)

phase diagram Wb dynamics .
g 06 - L P N
P! F transition T m= = i j m
J N
lines for ] at c=5, =1, T=)= % os
C=2;4;8,16,3264;1 -1 simulations: N =16:10°

symmetric Poissonnian graphs, =1
random bonds,P(J9 = 3(1+ ) (3° J)+ 3(1 ) (I%J)

05

: _ 4
dynamics =5 |
P 03
m= Nl i m
- — 2.4 791
at c=2, =& 130=3
simulations: N =64:10° "
-5
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Dynamical replica theory

objective: closed dynamical laws for macroscopic obserie
e.g. for Markov chains:

observables: ( )= O(1)
z

=( 10 ) Per( )= d "W ; 9P 9 Wi( 5 9=
macroscopic observabledimy;; Puaa( )= | ]
_ o X . S OIS
v lmo OWE ORCT 0 RO )= P o

(i) assume forN !'1  that is self-averaging over disorder
(i) assume forN 11 that p( )=p( Oif ()= ( 9:

p( ] )Y plj )=+ [ [ ( ()] 9 closure of macroscopic laws (max entropy)
0
replica identity for disorder average:
P
g w( ) _ .~ X Y
w0 = lim_ ng( ) w( )

End result:
(exact if obey closed deterministic laws,
otherwise: best closed theory in terms of )

= i li X OW OlY]
v = limlim “ (ow(es b [« ()

0..: n =1



Dynamical replica analysis { Ising ferromagnets on regular random graphs
(G Semerjian, M Weigt, J. Phys. A37 2004)

nitely connected Ising model with Glauber dynamics (masteeqn):

d X
apt( )= [pe(Fk IWk(Fk ) pe( )wi( )]

k=1

w( )= 21 tanhih(Olg m()= o Feo=( i
i6i

regular random graph:P(K) = .

chosen observables ( )g:
(analysis with cavity method instead of replicas)

magnetization & energy per spin:
P P
m()=N?*; i E()= N g ij

joint spin- eld distribution:

P 031 ‘HHM‘l “Hml‘e‘»fm‘ T ez T
pr()=N 1§ o
= 1,h2f c;c+t2;:::;¢ 2,9

0.7p

joint spin- eld distribution for connected pairs: T
P 0.5?

Pin;ono( )=(CN) 1 4G hn o nen N
;%= 1, hh%2f ¢ c+2;:::;¢ 2;cg £

03f 0

02f

Simulations:
N =3:1F, =1:In3:1:2

0.1F




Dynamical replica analysis { bond-disordered Ising system s on arbitrary random graphs
(J Hatchett, | Rerez-Castillo, ACCC, N Skantzos, Phys. Rev. Lett. 95 2005)

nitely connected Ising model with Glauber dynamics (masteeqn):

d X
PO = PR w(Fc ) )wi( )]

k=1

1 X
wWi( )= §f1 «tanh[ h «( )lg hi( )= Jjg | Fe =( 1000
j6i

random graph & bonds, degree distp(k)

observables: magnetization & energy per spin:

P P
m()=N*'; iE()= N gGdjij

regular connectivity, random bonds:

p(k) = 3

PU)= (@ D+A ) Q+1)
=095 T=3=2

Poissonnian graph, uniform bonds:
p(k) = e °ct=k!

PJ)= (3 1)

c=2,T=J=0:75

Simulations: N = 104 e e s



New directions

Find solutions of the (closed) GFA equations

Construct exact formulation of DRT

Develop alternative dynamical methods

2P ,.ku ..‘./r
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Exact formulation of dynamical replica theory?

Choosep macroscopic observables ( ) = O(1)
if deterministic & self-averaging forN ! 1

if obey closed laws, due to either
(@) pe( j ) dropping out of macroscopic laws, or
(b) probability equi-partitioning in  -subshells, i.e.p;( J ) depends only on

then putp( j ) [ ( )], and use replica identity for disorder average
result, for e.g. Markov chains

= i li X OW OlY]
wi = limlim “ (ow(es b [« ()

0~-: n =1

drawback:
theory as good/bad as one's choice of observables ...

Relevant questions:

1. can DRT in principle be exact?
i.e. does a set of observables( ) exist that for N!1 obey closed laws?

2. If yes: can we devise a method with which to construct suchset?

3. If yes: can we de ne and construct the simplestuch set?
(since if there is one, there is an in nite number ...)

tentative answers:

1. yes
2. yes
3. working on at the moment ...



Partitioning phase phase 1 1
according to the value -

of macroscopic observables: .
] N
~
?
~— |
()= P9 ) e )= o
information theory picture of
probability equi-partitioning in  -subshells
adding one observable:
, ¥ , L
p( ) [ (! Prew( ] ) [ ()l
=1 =1
canonical instead of micro-canonical version (exponerititamilies):
N () - oo ()
p( ) e = ! Prew( ] ) € =
equipartitioning exact for = ( ;:::; ),
fort=1:: tma:
n NPp )
8t tmax: P inmanifold M,= pip( ) e = Ch gy ) 2 RP

our problem: nd M ,



existence & construction of () such that
probability equi-partitioning is exact:

()= logr( ) ()= log W 9

(nr of required order parameters grows as t)

nding the simplest set:
develop formalism to “project' new probability measures ¢m previous ones

linear algebra of probability measures on phase space

n X 0
H= p: ! R'jp( )>08 2 ; p( )=1
2
_ . pO)a) _ () o
(p+a)( )= P » p( 90( 9 (p)( ) Pm Op)( )=2

null-element02 H :
Po( )=1jjtforal 2

inner product onH:
2 32 3

N X 1 X 1 X
hpjgi = 4logp( ) —  logp( 954logg( ) —  logg( 95
2 J) o I') o



Summary

Spin models on nitely connected random graphs:
interesting & nontrivial, even in equilibrium

In the last three years attention has turned towards their dgamics
Three main approaches:

{ pseudo-linear spherical models
(easily to solve, but arti cial spin variables)

{ generating functional analysis
(exact, but rather nasty macroscopic laws, nr of order paraeters grows as €')

{ dynamical replica theory
(relatively easy, similar to equil calculations, but not yé manifestly exact)

exact formulation possible? (nr of order parameters wouldgw as t)
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