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Constraint Satisfaction Problems

Informally Computational Problems, where the task is to
find an assignment of values to a given set of
variables such that a given set of constraints
is satisfied.

CSPs appear in computational linguistics, bioinformatics,
database theory, type systems of programming
languages, graph theory, Boolean satisfiability,
artificial intelligence, automatic theorem
proving etc.

Closely related
conjunctive query problem in database theory
homomorphism problem in graph theory



Examples

1. 2-Colourability
Given Graph G

Question Is G bipartite?

2. Acyclicity
Given Directed graph D

Question Is D acyclic?

3. Betweenness
Given A set of triples of variables (x1, x2, x3) (x1, x2, x3),

Question Is there an assignment s.t. for each triple (x1, x4, x5),
either x1 < x2 < x3 or x3 < x2 < x1? (x2, x3, x4)



Examples Inspired by this Workshop

4. Spacial Constraints
Given A directed graph

whose edges are labelled by Egenhofer relations
Question Can we assign regions to the vertices

such that the given relations are all satisfied?

5. T-Colouring
Given Three-uniform hypergraph H = (V ;T )

Question Can we find a graph G = (V ;E) such that
every hyperedge in T contains one
or two edges from E?



The Class CSP

Relational structure Γ = (D;R1, R2, . . . ) – the template
Signature τ = {R1, R2, . . . }
Examples Graphs, coloured graphs, edge-coloured graphs,

digraphs, hypergraphs, etc.

CSP(Γ)
Given A finite τ -structure S

Question Is there a homomorphism h from S to Γ?

Observation C := CSP(Γ) closed under taking disjoint unions.
Complement of C closed under homomorphisms.
Every such C can be formulated as CSP(Γ)
for countable Γ



Examples of CSP’s

2-Colourability CSP(K2)

?

S Γ = K2

Acyclicity CSP((Q;<))

S Γ = (Q;<)

?

Betweenness CSP((Q; Betw)) where Betw = {(x1, x2, x3) ∈ Q3 |
x1 < x2 < x3 ∨ x3 < x2 < x1}



Examples of CSP’s

Let (R;E) be the countable random graph

T-Colouring CSP((R;T ))
where T is the ternary relation defined by

T (x, y, z) ⇔ (R(x, y) ∨R(y, z) ∨R(x, z))
∧ (¬R(x, y) ∨ ¬R(y, z) ∨ ¬R(x, z))



Part I:
the algebraic approach

1 Complexity results
2 Primitive positive definability
3 Polymorphisms
4 Tractability results
5 Cores



Computational Complexity

?

Restricted signature [Hell+Nešeťril JCTB’90]: For every finite graph G
CSP(G) is either tractable or NP-hard

Restricted domain [Schaefer STOC’78]: If Γ has two elements,
then CSP(Γ) is either tractable or NP-hard
[Bulatov FOCS’02]: If Γ has three elements,
then CSP(Γ) is either tractable or NP-hard

Conjecture (open) [Feder+Vardi STOC’93]: (Dichotomy)
For finite Γ, CSP(Γ) is either tractable or NP-hard



Primitive Positive Definability

A primitive positive formula has the form

∃x1, . . . , xn. ψ1 ∧ · · · ∧ ψl, where ψi is atomic

Observation [Jeavons+al.]: Adding pp-definable relations to the
signature of Γ does not change the computational
complexity of CSP(Γ)

Question Which relations are pp-definable?



Polymorphism Clones

Definition A polymorphism of Γ is a homomorphism from Γk to Γ

Examples
(x, y) �→ max(x, y) and (x, y, z) �→ median(x, y, z)
are polymorphisms of (Q;<)

Observations Every projection is a polymorphism.
Polymorphisms are closed under composition

Example If f is a unary and g a binary polymorphism of Γ,
then (x, y) �→ g(f(x), y) is a polymorphism as well

The set of polymorphisms of Γ is called
a clone in universal algebra



Fundamental Theorems

Theorem [Krasner’45]: For finite Γ, a relation has a first-order
(existential positive) definition in Γ if and only if it is
preserved by all automorphisms (endomorphisms) of Γ:

〈Γ〉fo = Inv(Aut(Γ)), 〈Γ〉∃+ = Inv(End(Γ))

Theorem [Geiger’67, Bodnarcuk+al’68]: For finite Γ, a relation
has a primitive positive definition in Γ if and only if it is
preserved by all polymorphisms of Γ:

〈Γ〉pp = Inv(Pol(Γ))

Informally More polymorphisms → less pp-definable relations →
CSP is simpler

Observation For infinite structures the theorems are in general false



Tractability Results

Definition An operation f is a near-unanimity operation iff
f(y, x, . . . , x) = f(x, y, x, . . . , x) = . . .

= f(x, . . . , x, y) = f(x, . . . , x) = x
A ternary operation f is called a Maltsev operation, iff
f(x, y, y) = f(y, y, x) = f(x, x, x) = x

Example Consider Γ = ({0, 1}, {(0, 1), (1, 0)})
Then (x, y, z) �→ x XOR y XOR z is Maltsev

Theorem [Feder+Vardi STOC’97, Jeavons+al AI’99]
Let Γ be an finite relational structure with a
near-unanimity polymorphism. Then CSP(Γ) is tractable

Theorem [Bulatov’01, Dalmau’05]
Let Γ be an finite relational structure with a
Maltsev polymorphism. Then CSP(Γ) is tractable

Reference Bulatov+Jeavons+Krokhin SIAM J. Comput.’05



Cores of Relational Structures
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Definition A relational structure Γ is a core
if every endomorphism of Γ is an embedding

Proposition Every finite structure Γ has an endomorphism e such that
e(Γ) is a core. This core is unique up to isomorphism

Observations CSP(Γ) and CSP(e(Γ)) are equal.
For infinite structures the proposition is in general false
(Bauslaugh JCTB’96)



Part II:
the infinite-valued CSP

1 Preservation theorems
2 ω-categorical templates
3 Cores
4 MMSNP
5 Tractability results
6 A classification for equality constraints



The Countably Infinite Case

Γ: relational structure with countably infinite domain

Facts 〈Γ〉fo = Inv(Aut(Γ)) if and only if Γ is ω-categorical

〈Γ〉∃+ = Inv(End(Γ)) if Γ is ω-categorical

Remarks The first statement is essentially Ryll-Nardzewski.
The second statement follows from a combination of the
preservation theorems of Lyndon and �Los-Tarski:

Theorem [Homomorphism preservation theorem; see Hodges’93]
A fo-formula φ is equivalent to an ∃+ formula in Γ
if and only if φ is preserved by homomorphisms
between models of the first-order theory of Γ



ω-categorical Structures

Definition A structure is called ω-categorical if its first-order theory
has only one countable model (up to isomorphism)

Theorem [Engeler/Ryll-Nardzewski/Svenonius – see Hodges’93]:
A structure Γ is ω-categorical if and only if
Aut(Γ) has finitely many orbits of n-tuples, for all n

Examples (Q;<), (Q; Betw), (R;T )

Theorem [see Hodges’93] If Γ is ω-categorical, all structures with
a first-order interpretation in Γ are also ω-categorical

Theorem [Fräıssé] For every amalgamation class C of structures
with a finite relational signature there is an
ω-categorical structure that is univeral for C



A Preservation Theorem

Theorem [B.+Nešeťril CSL’03]: For ω-categorical Γ, a relation
has a primitive positive definition in Γ if and only if it is
preserved by all polymorphisms of Γ

Informally Smaller Pol(Γ) ↔ harder CSP(Γ)

Example
(x, y) �→ max(x, y)
is binary polymorphism of (Q;<)
Do not have pp-definition of Betw in (Q;<)



SNP

An SNP sentence has the form:

∃R1, . . . , Rl.∀x1, . . . , xk.Φ, Φ quantifier free

Observation If Γ has finite domain, CSP(Γ) is contained in SNP

Conjecture [Feder+Vardi SIAM J.Comput.’99]:

Monotone monadic SNP (MMSNP) has a dichotomy

Example ∀x, y, z.¬(E(x, y) ∧ E(y, z) ∧ E(x, z))
“Graph G = (V ;E) does not contain a triangle”

Observation MMSNP strictly contains CSP’s with finite templates;
also see [Madelaine,Stewart]



MMSNP and CSP

Theorem [B.+Dalmau STACS’06] Let C be a MMSNP problem
that is closed under disjoint unions.
Then C = CSP(Γ) with ω-categorical Γ

Theorem [Cherlin+Shelah+Shi Adv.Appl.Math.’99,
Covington Illinois J.Math.’90] For every finite set N

of finite connected structures there is an ω-categorical
structure ∆ that is universal for Forb(N)

Examples N = {C3}, N = {C3, C5}, N = {K4}

Fact Acyclicity, i.e., CSP((Q;<)), is not in MMSNP



Cores of ω-categorical Structures

Theorem [B. STACS’05] Every ω-categorical structure has a
core, which is unique, and finite or ω-categorical.
The expansion of an ω-categorical core by all
primitive positive definable relations admits quantifier
elimination

Examples (Q;<)
core of (R;E) isomorphic to Kω

Corollary To classify the tractable CSPs with ω-categorical
template Γ, we can wlog. that Γ is a core

Corollary If we expand a core Γ by a finite number of singleton
relations, we do not change the complexity of CSP(Γ)



Exercise

Question What is the computational complexity of CSP(Q,Sep),
where Sep(x, y, u, v) ⇔
(x<u<y<v) ∨ (x<v<y<u) ∨ (y<u<x<v) ∨ (y<v<x<u)
∨(u<x<v<y) ∨ (v<x<u<y) ∨ u<y<v<x) ∨ (v<y<u<x)?

Solution Observe that Γ := (Q, Sep) is a core.
Expand Γ by singleton relations {a}, {b}, {c} with a < b < c.
On the pp-definable set {x : x > c},
we have a pp-definition of Betw.



Tractability Results

Definition An operation f is a weak near-unanimity operation iff

f(y, x, . . . , x) = f(x, y, x, . . . , x) = . . .
= f(x, . . . , x, y) = f(x, . . . , x)

Example The median operation for (Q;<)
The homogeneous universal triangle-free graph

Theorem [B.+Dalmau STACS’06] Let Γ be an ω-categorical
core with a weak near-unanimity operation. Then
CSP(Γ) is tractable (can be solved by Datalog)



Classification Result

Definition An equality constraint language is a CSP
with a template Γ = (N;R1, R2, . . . )
where Ri is first-order definable with atoms of the form x = y

Remark Such templates Γ are ω-categorical

Examples CSP((N; =, �=))
CSP((N; {(x, y, z) | x = y ∨ x = z}))
CSP((N; {(x, y, z) | x �= y ∨ x �= z}))
CSP((N; �=, {(x, y, z) | x = y ∨ x = z}))

Theorem [B.+Kara, 05] An equality constraint language is tractable
if the template has a constant unary or a binary
injective polymorphism, and is NP-complete otherwise



Summary

• Constraint satisfaction with ω-categorical templates
– 2-colourability, Acyclicity, Betweenness
– Problems in MMSNP
– Equality constraint languages

• The algebraic approach
– Primitive positive definitions
– Polymorphism clones
– Cores
– Tractability results
– Dichotomy for equality constraints


