
Complete axiomatisation for PDLpath

Natasha Alechina and Dmitry Shkatov

University of Nottingham

1



Motivation for PDLpath

• Consider data represented as a graph with labelled edges.

• Edge labels come from some set L, which is finite but very
large, or even countably infinite. For example, L could be the
set of all URLs, or all possible phrases in English (link names).

• Suppose we want to reason about constraints on possible paths
in a graph, expressed as inclusions of regular expressions:

a; (b+ c); (#)∗; d ⊆ e; f

(if a data item is reachable by a path defined by
a; (b+ c); (#)∗; d, then it is also reachable by a path e; f).

• Then we would need to know what is the complexity of the
implication problem for such constraints, evaluation, etc.
(Abiteboul and Vianu 1999)
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PDLpath

• Joint work with Stéphane Demri and Maarten de Rijke (KRDB
2001, J. Log.Comp. 2003): express such constraints in a
suitably modified PDL (Propositional Dynamic Logic) and
obtain upper bounds on complexity for those problems (and
whatever other constraints are expressible).

• That’s how PDLpath came about...
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The language of PDLpath

• propositional letter � (tautology) and propositional letter r
(root);

• A (possibly infinite) set of edge labels L

Program (or path) expressions:

l ∈ L | id | # | π1 + π2 | π1;π2 | π∗ | π−1

(basic label, identity, wild card, union, composition, Kleene star,
converse)

Formulas: � | r | ¬φ | φ1 ∧ φ2 | 〈π〉φ | (the latter means that a
φ-node is reachable by a π-path). As an afterthought, in this talk
we also add @rφ (φ holds at the root).
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Flavours of PDL

Many flavours of PDL for talking about data rather than programs
were studied before; for example De Giacomo (PhD thesis,1995), or
Maarten Marx’s talk on Monday.

The essentially new thing in PDLpath is #.
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Interpretation of path expressions

Consider a graph (W,E) with edges labelled by labels from L.

• Rl is the set of edges labelled by l

• Rid is the identity relation on W

• R# is
⋃

l∈LRl

• Rπ1+π2 is Rπ1 ∪Rπ2

• Rπ1;π2 is Rπ1 ◦Rπ2

• Rπ∗ is the reflexive transitive closure of Rπ,

• Rπ−1 is the converse of Rπ
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Models of PDLpath

M = (W, {Rl : l ∈ L}, root) where W is a set, root ∈W and each
Rl ⊆W ×W

• M,w |= �
• M,w |= r iff w = root

• M,w |= ¬φ iff M,w 	|= φ

• M,w |= φ ∧ ψ iff M,w |= φ and M,w |= ψ

• M,w |= 〈π〉φ iff ∃v(Rπ(w, v)&M, v |= φ)

• M,w |= @rφ iff M, root |= φ
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Examples of PDLpath expressions

• r defines root

• ¬〈#〉� defines leaf nodes

• 〈(# + #−1)∗〉r - defines nodes connected to the root
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Expressing path constraints in PDLpath

Define [π]φ (all nodes reachable by π satisfy φ) as ¬〈π〉¬φ.

To express π1 ⊆ π2 (everything reachable from the root by a path
π1 is reachable by a path π2):

@r[π1]〈π−1
2 〉r
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What this talk is about

Adding # to PDL (or multi-modal K):

• Completeness

• Decidability

• Complexity

• Special case: deterministic graphs
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Wild card

• I could not find if 〈#〉 was studied anywhere; 〈#∗〉 is called
‘master modality’ in (Blackburn, de Rijke, Venema 2001) and
is used to make some logic badly undecidable.

• If L = {l1, . . . , ln}, then 〈#〉 is definable as 〈l1 + · · · + ln〉
• If L is infinite, then 〈#〉 not definable by any subset L′ of L

(proof to follow)

• But even if L is finite, we may not want to write very large
formulas... For example, consider the difference between 〈#〉�
and the alternative expression if L is the set of all URLs.
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Simple preservation facts: 1

Fact 1 Let φ be a PDLpath formula not containing 〈#〉, and let all
labels occurring in φ be in the set L′. Then φ is preserved with
respect to the operation of removing Rl edges (where l 	∈ L′).

Sketch of proof Let M,w |= φ, and let M ′ be obtained from M

by removing all edges with labels not in L′. Then M and M ′

are bisimilar with respect to {Rl : l ∈ L′}, hence M ′, w |= φ.
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Simple preservation facts: 2

Fact 2 Let φ be a PDLpath formula which does contain 〈#〉, and
let all labels occurring in φ be in the set L′.

1. φ is not preserved with respect to removing non-L′ edges

2. φ is preserved with respect to renaming non-L′ edges,
provided that the new names are also not in L′.

Corollary 〈#〉 is not definable in a language with the infinite set
of labels L.
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Previous work

(A, Demri, de Rijke 2001,2003): PDLpath (version without @r) is
decidable (EXPTIME-complete).

Proof idea: a PDLpath formula φ which contains labels l1, . . . , ln
is satisfiable if and only if a formula φ′ is satisfiable, where φ′ is
obtained from φ by replacing 〈#〉 with 〈l1 + l2 + · · · + ln+1〉. (From
Fact 2: rename all labels which don’t occur in φ to ln+1.)

Note that φ′ is a formula of CPDL (PDL with converse) and with
nominals; CPDL with nominals is decidable in EXPTIME (De
Giacomo 1995). Reduction above is polynomial (quadratic in the
size of φ).
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Open problem

The same trick does not work for deterministic models (where each
node has at most one outgoing edge labelled l, for each l).

Renaming each label not occurring in the formula to be the same
fresh label would not work for deterministic models.

However, if we knew the bound on the size (number of nodes) of a
satisfying model for φ, say 2|φ|, we could always replace 〈#〉 with a
sum of φ’s labels and 22|φ| new labels.

But I don’t know of any results on bounded model property for
CPDL with nominal(s) on deterministic graphs.
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Model-checking for PDLpath

(A, Demri, de Rijke 2003): linear time reduction to model-checking
for PDL (so, the model-checking problem is in P).

Proof idea: Given a formula φ and a model M , push all converses
in φ to the atomic labels. Call the resulting formula φ′.

For every edge Rl(w, v) in M , add edges R#(w, v), Rl−1(v, w) and
R#−1(v, w). Call the resulting model M ′. It is easy to show that
M,w |= φ iff M ′, w′ |= φ′, and the latter problem is model-checking
for PDL (we just treat l−1 and # as basic labels).
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Completeness

Adding the axiom schema and an inference rule below to
multi-modal K (or PDL axioms) yields a sound and complete
system:

(ER) 〈l〉φ→ 〈#〉φ.

(EL) From 〈l〉φ→ ψ infer 〈#〉φ→ ψ,
provided l does not occur in ψ.
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Multimodal K axioms

Below, π stands for l ∈ L or #:

(A0) All classical tautologies;

(K) [π](φ→ ψ) → ([π]φ→ [π]ψ);

(MP) From φ→ ψ and φ infer ψ;

(N) From φ infer [π]φ;

Let us call multimodal K plus (ER), (EL) K#.
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Proof sketch of completeness for K#: 1

We prove weak completeness (and decidability via bounded model
property): every K# consistent formula φ has a model.

The proof follows an idea from (Blackburn, de Rijke, Venema 2001).

Let us call the set of all subformulas of φ, Subf(φ) and the set of
all labels in φ, L(φ). Let us build Mφ satisfying φ.

• The set of nodes Wφ is the set of all maximal consistent
subsets of Subf(φ) (call them atoms).

• Rφ
l (A,B) holds iff

∧
A ∧ 〈l〉∧

B is consistent, for every
l ∈ L(φ) ∪ {lnew} (where lnew 	∈ L(φ) and

∧
A is the

conjunction of formulas in A, same for
∧
B).

• For other labels l, Rφ
l is set to be empty.

• Rφ
#(A,B) holds iff

∧
A ∧ 〈#〉∧

B is consistent.
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Proof sketch for multimodal K: 2

Now in a standard way we can prove that for every atom A and a
subformula ψ of φ, M,A |= φ iff φ ∈ A.

Since φ is consistent, it also belongs to one of the atoms, so it is
satisfied.

Finally, we need to check that Rφ
# = ∪l∈L(φ)∪{lnew}R

φ
l .

Using (ER) and (EL), we can show that
∧
A ∧ 〈#〉∧

B is
consistent iff

∧
A ∧ 〈lnew〉

∧
B is consistent. By (ER),

Rφ
# = ∪l∈L(φ)∪{lnew}R

φ
l .
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Deterministic K# (DK#)

Restrict possible models to deterministic ones.

A complete axiomatisation is obtained by adding to K#

(F) 〈l〉φ→ [l]φ for every l ∈ L
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Completeness and decidability of DK#

Completeness proof is similar to the proof above.

The bounded model property (and decidability) also hold. (At
some point we need to unravel the model into an infinite tree, but
without the transitive closure we can always prune the tree at the
modal depth of φ.)
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Axiomatisation of PDLpath

Axioms and rules for K# (for all programs π)

Regular expression axioms:

(A1) 〈π1;π2〉φ↔ 〈π1〉 〈π2〉φ;

(A2) 〈π1 + π2〉φ↔ 〈π1〉φ ∨ 〈π2〉φ;

(A3) 〈π∗〉φ↔ φ ∨ 〈π〉 〈π∗〉φ;

(A4) [π∗](φ→ [π ] φ) → (φ→ [π∗]φ);

(A5) φ→ [π−1 ] 〈π〉φ;

(A6) φ→ [π ] 〈π−1〉φ;

(A7) φ↔ 〈id〉φ;
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Axiomatisation of PDLpath continued

(A8) @r(φ→ ψ) → (@rφ→ @rψ);

(A9) @rφ↔ ¬@r¬φ;

(A10) r ∧ φ→ @rφ;

(A11) @rr;

(A12) 〈π〉@rφ→ @rφ.
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Connectedness

If we want to only consider connected graphs, add:

(A13) 〈(# + #−1)∗〉r
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Completeness and decidability of PDLpath

The proof of completeness is essentially the same as for K#.

Also gives decidability via bounded model property, but less good
upper bound than what we already know (NEXPTIME).
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And finally...

... we have not got completeness and decidability for PDLpath on
deterministic graphs yet.
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