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Introduction: computational tasks on infinite structures

Computational tasks, such as model-checking of a formal specification, are generally

undecidable (if algorithmically definable at all) on infinite structures.

However, if an infinite structure admits a suitable finitary representation, such

computational tasks may become effective on it.

Some examples:

• Tree-unfoldings of finite transition systems.

• Configuration graphs of computing devices, e.g., pushdown graphs.

• Equational representations, e.g. HR-equational and VR-equational graphs;

• Representations by means of rewrite systems, e.g. prefix-recognizable graphs, etc.

• All these extend to Caucal’s hierarchy, by closing the family of finite graphs under

unfoldings and (essentially) MSO interpretations.

• Internal representations, recognizable by computing devises:

automatic structures, recursive structures.

Infinite state model checking and modal logic
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The trade-off: effectiveness vs expressiveness

The more expressive a logical language L, the less amenable it is to effective model

checking; in particular, the smaller the class of infinite structures with decidable L-theory.

Much has been studied on structures with decidable MSO. Caucal’s hierarchy seems to

cover ‘most’ of them.

Much is known on the other end of the spectrum, too, i.e., about recursive structures.

Less is known in the middle, with one notable exception: automatic structures.

Notable gaps in the expressiveness hierarchy of decidable model checking, both above and

below first-order logic. Two approaches:

i) start with a logical language L and identify as large as possible class of (infinite)

structures C, each with a decidable L-theory.

ii) start with a natural class of (infinite) structures C and identify as expressive as possible

logical language L such that each structure in C has a decidable L-theory.

In this talk I will discuss both approaches, in relation to (generic) modal logic .

Infinite state model checking and modal logic
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The basic propositional modal logic

Formulae:

ϕ = p | ⊥ | ϕ1 → ϕ2 | ¤ϕ

The other connectives are defined as usual, incl. 3ϕ = ¬¤¬ϕ.

Kripke frame: a pair (W, R) where W is a non-empty set of states and R ⊆ W 2 is an

accessibility relation (or, better thought of as transition relation) between states.

Kripke model over a frame F : a pair (F, V ) where V : AT→ 2W is a valuation which

assigns to every atomic proposition the set of possible worlds where it is true.

Truth of a formula ϕ at a state u of a Kripke model M = (W, R, V ):

. . .

M, u ² ¤ϕ if M, w ² ϕ for every w ∈ W such that Ruw.

Respectively, M, u ² 3ϕ if M, w ² ϕ for some w ∈ W such that Ruw.

The set [[ϕ]]M = {u ∈ W | M, u ² ϕ} is called the extension of ϕ in M .

Infinite state model checking and modal logic
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Standard translation

L0: a FO language with =, a binary predicate R, and individual variables VAR = {x0, x1, ...}

L1: a FO language extending L0 with a set of unary predicates {P0, P1, ...}, corresponding

to the atomic propositions p0, p1, ....

The formulae of ML are translated into L1 by means of the following standard translation:

• ST(pi) := Pix0 for every pi ∈ Π;

• ST(¬φ) := ¬ST(φ).

• ST(φ1 → φ2) := ST(φ1) → ST(φ2);

• ST (¤φ) := ∀y(Rx0y → ST(φ)[x0/y]),

where y is the first variable in VAR not used yet in the translation of ST (φ).

Now, for every Kripke model M, w ∈ M and φ ∈ ML:

M, w |= φ iff M, w |=FO ST(φ)(x0 := w).

Infinite state model checking and modal logic
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Modal logic as a fragment of classical logic

Satisfiability of a modal formula φ in a Kripke model M is expressed in FO as:

M |=FO ∃xST(φ)(x).

Thus, in terms of satisfiability in Kripke models, basic modal logic is a (guarded,

two-variable) fragment of first-order logic without equality.

Satisfiability of a modal formula φ(p0, ..., pn) in a Kripke frame F is expressed in MSO:

F |= ∃P0...∃Pn∃xST(φ)(x).

Thus, in terms of satisfiability in Kripke frames, modal logic is a fragment of existential

monadic second-order logic (EMSO).

Respectively, frame validity of a modal formula is in UMSO.

Example: Gödel-Löb formula ¤(¤p → p) → ¤p is valid in a frame 〈W, R〉 iff the relation

R is transitive and has no infinite chains.

Infinite state model checking and modal logic
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Some extensions of basic modal logic

• universal modality [U ] with semantics:

M, u ² [U ]φ iff M, w ² φ for every w ∈ M , i.e. iff M ² φ.

• inverse modality ¤−1 with semantics:

M, u ² ¤−1φ iff M, w ² φ for every w ∈ M such that R−1uw, i.e. Rwu.

We will call the resulting extension the basic tense language.

• transitive closure (reachability) modality [∗] with semantics:

M, u ² [∗]φ iff M, w ² φ for every w ∈ M reachable from u by a finite R-path.

Likewise, backwards reachability.

• Until U with semantics: M, u ² φUψ iff M, w ² ψ for some w ∈ M reachable from

u by a finite R-path u = u0, . . . , un, and such that M, ui ² φ for every i < n.

Likewise, Since.

• path quantifiers, etc.

• Many modal operators, corresponding to different transition relations, as well as their

inverses, transitive closures, etc., possibly indexed in some structured way, e.g. by a

Kleene algebra of relations (in PDL).

Specific important extensions: PDL, LTL, CTL, CTL∗, modal mo-calculus, etc.

Infinite state model checking and modal logic
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Computational tasks in modal logic

On Kripke models:

1. Local model checking: for a Kripke model M, state w in M, and formula ϕ,

determine whether M, w |= ϕ.

2. Global model checking: for a Kripke model M and a formula ϕ, determine (in

some effective way) the set [[ϕ]]M of states where ϕ is true.

3. Satisfiability checking: for a Kripke model M and a formula ϕ, determine

whether [[ϕ]]M 6= ∅.

On Kripke frames:

1. Local satisfiability / validity checking: for a Kripke frame F , state w, and

formula ϕ, determine if 〈F , V 〉, w |= ϕ for some / for all valuations V on F .

2. Global satisfiability / validity checking for a Kripke frame F and a formula ϕ,

determine the set of states w in F such that 〈F , V 〉, w |= ϕ for some / for all

valuations V on F .

Infinite state model checking and modal logic
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Why model checking modal logic on infinite structures?

• Modal languages are ubiquitous, and often used on infinite structures, e.g.:

⊲ Temporal logics over infinite time flows.

⊲ Modal logics over transition systems of devices with unbounded memory (stacks,

unbounded queues) or state space (parameterized network systems, counter

systems, Petri nets, etc.)

⊲ Description logics on infinite domains.

• Modal languages are simple and natural frameworks to specify important properties

of (infinite state) transition systems, such as pre- and post-conditions, reachability,

liveness, safety, fairness, precedence, etc., without invoking expressive general

purpose language, such as FO or MSO.

• Many natural properties of graphs can be expressed in terms of satisfiability or

validity of modal formulae in relatively weak languages, e.g.: k-colorability,

existence of a kernel, existence of an infinite path, connectedness, etc., only require

the basic modal language extended with the universal modality.

Infinite state model checking and modal logic
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Warming-up: model checking modal logic in the finite

Automata based techniques, initiated by work of Vardi and Wolper in 1980s: model

checking and satisfiability checking in temporal logics of computations, such as LTL and

CTL, over finite transition systems.

Tree unfoldings of finite transition systems are simple examples of infinite state systems,

where model checking can be done effectively. The idea in a nutshell:

Paths in transition system are representable as infinite words in a suitable alphabet.

The set of all paths in a finite transition system forms an ω-regular language, and can

therefore be recognized by a Büchi automaton on infinite words.

On the other hand, for any LTL formula a Büchi automaton can be effectively constructed,

which accepts precisely those paths on which the formula is true.

Thus, model checking and satisfiability checking can be reduced to checking inclusion and

non-emptiness of ω-regular languages.

This method extends likewise to model checking of branching time logics by using automata

on infinite trees.

Infinite state model checking and modal logic
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Model checking modal logic in infinite structures

The automata-based methods readily extend to infinite Kripke models which are finitely

presentable and effectively bisimilar to finite transition systems.

What to do when that is not the case?

We need an effective representation, which is robust with respect to all modal operators.

An idea: use labelling of the states by words in a regular language, and a suitable encoding

of the transition relations, allowing for their effective generation or recognition, e.g., by a

rational word transducer.

Infinite state model checking and modal logic
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Rational transducers and rational relations

Rational transducers (studied by Eilenberg, Elgot and Mezei, Berstel, Nivat, Johnson,

Frougny and Sakarovich, etc.) are asynchronous finite automata on pairs of words.

Formally: T = 〈Q,Σ, qi, F, ρ〉, where:

• Q is a finite set of states, Σ is a finite alphabet,

• qi ∈ Q is an initial state, F is a set of accepting states,

• ρ ⊆ Q × (Σ ∪ {ε}) × (Σ ∪ {ε}) × Q is the transition relation;

Alternatively, one can take ρ ⊆ Q × Σ∗ × Σ∗ × Q.

Rational relations are relations, recognizable by rational transducers.

Equivalently: given an alphabet Σ, a (binary) rational relation over Σ∗ is rational subset of

Σ∗ ×Σ∗, i.e., a relation generated by a rational expression from a finite subset of Σ∗ ×Σ∗.

Nivat’68: a relation R ⊆ Σ∗ × Σ∗ is rational iff there is a (locally) rational set Z ⊆ Σ∗ and

(alphabetic) morphisms α : Σ∗ → X∗ and β : Σ∗ → Y ∗ for some alphabets X, Y , such that

R = {(α(w), β(w)) | w ∈ Z}.

The class of rational relations is closed under unions (but not intersections and

complements), compositions, inverses.

Infinite state model checking and modal logic
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Rational transition systems

A labelled transition system (W, {Ra}a∈A) is rational if:

• W ⊆ Σ∗ is a rational language in some finite alphabet Σ,

• Every Ra ⊆ Σ∗ × Σ∗ is a rational relation in Σ.

Rational transition systems have been recently studied by Christophe Morvan.

Some examples:

• Automatic graphs; in particular, the configuration graph of any Turing machine.

• Counter systems: transition systems with states labelled by vectors of integers (in e.g.

binary representation), and transition relations defined on tuples of integers.

• Two important particular cases: Presburger transition systems, with relations definable in

Presburger arithmetic, and transition graphs of Petri nets.

Infinite state model checking and modal logic



13'

&

$

%

Some properties of rational relations and graphs: the bad news

Reachability in a rational graph (mono-transition system) is generally undecidable.

Things are even worse. Johnson, TCS’86: testing a rational relation for any of: reflexivity,

transitivity, symmetry, is not decidable (by reduction of Post Correspondence Problem).

Morvan: the query ∃xRxx is undecidable, either.

Thus, the first-order theory of a rational graph is generally undecidable.

Inclusion and equality of rational relations are undecidable.

So, after all, what are rational transition systems good for?

A: For model checking of modal logic!

Infinite state model checking and modal logic
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Model checking of modal logics over rational Kripke models

A Kripke model (W, {Ra}a∈A, V ) is rational if:

• (W, {Ra}a∈A) is a rational transition system;

• V is a rational valuation, i.e. every V (p) is a rational subset of W .

Proposition: If X ⊆ Σ∗ is a rational set and R ⊆ Σ∗×Σ∗ is a rational relation, then the set

[R] X = {w ∈ Σ∗ | R(w) ⊆ X}

is an effectively computable (from the automata for X and R) rational set, too.

Theorem (VG’05): For every rational Kripke model (W, {Ra}a∈A, V ), and every modal

formula φ in the modal language L({[Ra]}a∈A, [−Ra]}a∈A, {
[

R−1
a

]

}a∈A, {
[

−R−1
a

]

}a∈A):

[[φ]]M is an effectively computable rational subset of W .

Consequently, local and global model checking in M of formulae from Lt are decidable.

Thus: rational Kripke models form a large and natural class of models with decidable modal

logic extended with modalities over the inverse and complementary transitions.

But, how good is this modal logic for practical model checking?

Infinite state model checking and modal logic
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A theoretical application: rational model property

A modal logic L (defined axiomatically, or semantically, by a class of frames) has the

rational model property if every formula satisfiable in a model of L is satisfiable in some

rational model of L.

The rational model property generalizes both the finite model property and the tree model

property. In fact, there are modal logics with the rational model property but without the

finite model property.

In particular, a modal logic has the rational model property if it has a class of pointed

Kripke models M with respect to which it is complete, such that for every pointed model

(M, w) ∈ M and every integer k > 0, there is a rational pointed model (M ′, w′) which is

k-bisimilar to (M, w).

Theorem: If a modal logic is finitely axiomatizable and has the rational model property,

then it is decidable.

Infinite state model checking and modal logic
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Modal logic is ‘adequate for symbolic model checking’

So, how good is the basic modal logic for practical model checking?

In a TCS, 2001 paper ‘Symbolic model checking with rich assertional languages’, Kesten,

Maler, Marcus, Pnueli, and Shahar formulate the following minimal requirements for an

assertional language L to be adequate for symbolic model checking:

1. The property to be verified and the initial conditions (i.e., the set of initial states)

should be expressible in L

2. L should be effectively closed under the boolean operations of negation and disjunction,

and possess an algorithm for deciding equivalence of two assertions.

3. There should exist an algorithm for constructing the predicate transformer pred, where

pred(φ) is an assertion characterizing the set of states that have a successor state

satisfying φ. (In modal logic terms, pred(φ) = 〈R〉φ.)

The basic modal logic is the minimal natural logical language satisfying these requirements,

so it is good enough at least for model checking pre-conditions and post-conditions specified

over regular sets of states. For more, reachability must be definable.

Infinite state model checking and modal logic
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Some cases of decidable reachability in rational Kripke models

• Finite bisimulation index.

If a finite bisimulation exists for a given rational model, it can be computed effectively.

Then, the whole mu-calculus is decidable.

Question: is existence of a finite bisimulation decidable?

• Well-structured transition systems (Finkel, Schnoebelen, TCS’01).

• In particular:

Regular model checking: length-preserving rational relations;

(Morvan): length monotone rational relations.

• rational models over regular ground tree rewriting graphs (Löding, ThCompSys’2004).

• rational models over VRP-equational graphs ( vertex replacement graphs with

asynchronized product, Colcombet, ICALP’2002).

Infinite state model checking and modal logic
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Possible practical applications

◮ Regular model checking: proposed by Boigelot and Wolper, CAV’98; Bouajjani, Jonsson,

Nilsson, Toulli (CAV’00); Kesten et al TCS’2001, and others, as a framework for algorithmic

verification of unbounded/infinite state systems, such as parameterized systems.

The set of states is represented by a regular language, in which a regular set of initial states

is identified, and the transitions are determined by a length preserving regular relation.

◮ Bounded model checking: proposed by Biere, Cimatti, Clarke, Strichman, and Zhu

(Advances in Computers, Vol. 58, 2003), to deal with the possible exponential growth of

the size of the BDD, by restricting the depth of the search for reachable states and using a

propositional SAT solver rather than BDD manipulation techniques.

Infinite state bounded model checking on rational Kripke models can thus provide a

framework for partial verification.

Infinite state model checking and modal logic
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Connectedness and reachability as modal frame validities

Note that a Kripke frame (directed graph) F is connected iff

F |= q ∧ [U ](q → [U ](q → ¤q) → [U ]q.

Consider ’program frames’ S = (W, R, Si, Sf ) where F = (W, R) is a Kripke frame with

domain W a regular set in some finite alphabet, and Si, Sf are two regular subsets of W

representing initial and final states.

Add two propositional constants, si and sf , to the basic modal language extended with

universal modality [U ].

Then, in any program frame S = (W, R, Si, Sf ), the set Sf is reachable from Si iff

S |= [U ](si → p) ∧ [U ](p → ¤p) → 〈U〉 (p ∧ sf ).

Thus, it is worth identifying a large class of finitely presentable infinite frames where validity

of modal formulae (a fragment of UMSO) is decidable.

Infinite state model checking and modal logic
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Some (other) open problems and further directions

◮ Description of the strongest modal language with decidable model checking on all

rational transition systems.

◮ Description of the rational transition systems with rationality preserving reachability.

◮ Logical characterization of rational transition systems (e.g, in terms of suitable logical

interpretability in ‘universal rational graphs’).

◮ Efficient extension of automata-based model checking techniques to rational Kripke

models.

◮ Bisimulation between rational Kripke models: when is it decidable?.

◮ Generalize to tree-rational Kripke models (with states encoded by finite trees, and

relations recognized by rational tree transducers), and ω-rational models.

◮ Complexities: generally bad, but still how bad? . . .

Infinite state model checking and modal logic
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Conclusion

• Model checking of modal logic on finitely presentable infinite structures is still at its

status nascendi (excluding cases such as LTL, CTL, mu-calculus, etc. over unfoldings of

finite transition systems, and in general, over structures with decidable MSO).

• The main objective of this project is: for each of the main model-checking tasks on

Kripke models and frames to identify large and natural classes of effectively presentable

structures where that task is algorithmically computable/decidable, for the basic modal

language and for important extensions, e.g., with reachability modalities.

• The project draws motivation from three major fields:

⊲ modal logic itself;

⊲ finitely presentable infinite structures;

⊲ theory and applications of infinite state model checking.

• It presents many theoretical and practical challenges, has various potential applications,

and so, it is interesting and worth exploring.
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