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1. Modularity
A (computational) system is modular if

• it is divided into units (‘modules’)

• which have well-defined interactions, so that

• the response of the system to any input is determined by
(a) the responses of the modules to the input, and
(b) the interactions of the modules.

Soustrup (C++) explains modularity in terms of
‘hiding data within modules’.
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Thus a system is modular if it allows
a particular kind of analysis.

In practice a system is called modular if
the bulk of the computation takes place
‘inside the modules’,
so that the interactions between modules are
particularly straightforward and higher-level.
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IS: There is a roughly one-one correspondence between
words and meanings.

AF, Frege: Meanings compose, and we compose words into
sentences so as to copy the composition of meanings.

Wittgenstein’s picture theory of meaning is
a late flowering of the same idea.
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In the classical theory there is a mismatch between the
composition of words and the composition of meanings.

Composition of words is just concatenation.
Composition of meanings is more like cooking:
the meanings act on each other (like heat on sugar).

Note the threat to modularity: a word adopts a new
behaviour as a result of its place in the sentence.
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If a system is modular,
the behaviour of the system is not altered
when we replace one module by a new module
with the same behaviour and interactions.

So there is a close relationship between
modularity and replaceability.
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2. Historical background
The classical example of a system:

A sentence, composed of words.

The ‘meaning’ of the sentence is its behaviour
in terms of passing information.

The classical Aristotelian analysis of sentence meaning
(above all Al-Fārābı̄, Ibn Sı̄nā, Abaelard, Leibniz, Frege)
lies behind many of our metaphors for analysing systems.
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The classical account of composition of meanings is
heavily metaphorical (i.e. inaccurate).
For example adding heat to sugar
permanently caramelises the sugar;
meanings that are combined aren’t permanently altered.

The metaphors appear at the same place as
the threat to modularity.

Since the classical account explains syntax in terms of
combination of meanings,
metaphors at this point are particularly bad.
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Solution (Leibniz, Boole, Frege etc.): Invent a new language
with an autonomous syntax.
I.e. define the formulas etc. before explaining their
meanings.

Mid 20th century linguists (Chomsky etc.) began taking
natural language syntax as autonomous.
(Not universally accepted.)

In computing systems we choose our own syntax anyway.
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Classical examples of mismatch 1:
Reference is altered by context

For example ‘the Prime Minister’ refers to different people
according to the time of the events referred to.

Frege: In ‘belief’ contexts the sense of a word becomes
its reference.
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Classical examples of mismatch 2:
Context can coerce a word into a new meaning

Thus metaphor as in ‘The hills are alive with the sound of
music’.

Thus type coercion in programming.



15

A few dissidents (Ibn Sı̄nā, Frege) noticed that the behaviour
of a simple element of a compound
includes its behaviour under combination.

Gottlob Frege (1884):

Look for the meanings of the words in a sentence,
not in the words in isolation (Vereinzelung),
but in the interconnections of the sentence (dem
Satzzusammenhange).
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3. The theory
We assume:

• syntax (i.e. formal decomposition into constituents)
is given independently of meaning;

• systems as a whole have meanings (i.e. behaviours).
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Then we can define meanings by induction on syntactic
complexity.

This becomes explicit around 1920.
(PhD theses of Emil Post, Ludwig Wittgenstein;
quantifier elimination algorithm of Thoralf Skolem.)

1933, Alfred Tarski proposes it as the appropriate general
form for semantics. (§4 of his Truth paper.)

In the 1950s the slogan becomes ‘semantics is a
homomorphic image of syntax’. (Rasiowa and Sikorski in
logic; Katz and Fodor ‘compositionality’ in linguistics.)
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How to construct a definition of semantics
by induction on complexity?

The classical theory is idiotically bottom-up:
‘Of course we know the meanings of the words,
because we can understand sentences,
and words are simpler than sentences.’
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Definition. By a constituent structure we mean an ordered
pair of sets (E,F), where the elements of E are called the
expressions and the elements of F are called the frames,
such that the four conditions below hold.

(e, f etc. are expressions. F , G(ξ) etc. are frames.)

1. F is a set of nonempty partial functions on E.

(‘Nonempty’ means their domains are not empty.)
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2. (Nonempty Composition) If F (ξ1, . . . , ξn) and
G(η1, . . . , ηm) are frames, 1 � i � n and there is an
expression

F (e1, . . . , ei−1, G(f1, . . . , fm), ei+1, . . . , en),

then

F (ξ1, . . . , ξi−1, G(η1, . . . , ηm), ξi+1, . . . , ξn)

is a frame.

Note: If H(ξ) is F (G(ξ)) then the existence of an expression
H(f) implies the existence of an expression G(f).
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The mathematical result will be that this data canonically
induces a notion of meaning on the constituents,
and the induced meaning has a definition
by induction on complexity.

The result will be stated as for sentences.

But it is formally precise
and applies to any model of the assumptions.
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Sentences break down into constituents.

We can separate out

(a) a constituent C of a sentence S,

(b) the rest of S when C is removed.

The rest of the sentence is a frame,
i.e. an expression with a variable, that becomes a sentence
when the variable is replaced by a suitable expression.

This is recursive;
we can also separate out constituents of constituents.
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Let X be a set of expressions (for example the sentences)
and µ : X → Y any function (e.g. sentence meanings).

We will define a relation ∼µ so that

e ∼µ f

says that expressions e and f make the same contribution
to µ-values of expressions in X .

The fact that ∼µ must be an equivalence relation
more or less forces us to the following definition.

24

Definition We write e ∼µ f if for every 1-ary frame G(ξ),

• G(e) is in X if and only G(f) is in X ;

• if G(e) is in X then µ(G(e)) = µ(G(f)).

We say e, f have the same ∼µ-value, or for short the same
fregean value, if e ∼µ f .
We write |e|µ for this fregean value
(determined only up to ∼µ).
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3. (Nonempty Substitution) If F (e1, . . . , en) is an
expression, n > 1 and 1 � i � n, then

F (ξ1, . . . , ξi−1, ei, ξi+1, . . . , ξn)

is a frame.

4. (Identity) There is a frame 1(ξ) such that for each
expression e, 1(e) = e.
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We say e is a constituent of f if
f is G(e) for some frame G.

F (e1, f, e3) is the result of replacing the occurrence of e2

in second place in F (e1, e2, e3) by f .
(This notion depends on F , of course.)

Every bare grammar in the sense of
Keenan and Stabler, Bare Grammar, CSLI 2003,
has a constituent structure in an obvious way.
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Proof that F (e) ∼µ F (f).
Let G(ξ) be any 1-ary frame such that G(F (e)) is an
expression in X .
By Nonempty Composition G(F (ξ)) is a frame J(ξ).
Since e ∼µ f and J(e) is in X ,
J(f) is in X and µ(J(e)) = µ(J(f)).
So µ(G(F (e)) = µ(G(F (f)) as required. �
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We say that X is cofinal if every expression is
a constituent of an expression in X .

Basic example:

• L is a language,

• (E,F) is the constituent structure of L,

• X is the set of sentences of L,

• for each sentence e, µ(e) is the class of contexts
in which e is true.
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LEMMA. Suppose F (e1, . . . , en) is a constituent of some
expression in X , and for each i, ei ∼µ fi. Then:

(a) F (f1, . . . , fn) is an expression.

(b) F (e1, . . . , en) ∼µ F (f1, . . . , fn).

For the proof, by Nonempty Substitution we can
make the replacements one expression at a time.
So it suffices to prove the lemma when n = 1.
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Assume F (e) is an expression, H(F (e)) is in X
and e ∼µ f .

Proof that F (f) is an expression.
By Nonempty Composition H(F (ξ)) is a frame G(ξ).
Since e ∼µ f and G(e) is in X , G(f) is in X .
But G(f) is H(F (f)), so F (f) is an expression.
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Definition Let φ be a function defined on expressions.
A definition of φ is called compositional if
for each expression F (e1, . . . , en),

φ(F (e1, . . . , en))

is determined by F and the values φ(ei).

So fregean values are compositional.
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One can construct counterexamples to the converse
implication:
there are compositional semantics that don’t yield
fregean values,
because they carry up redundant information.

E.g. game-theoretic semantics, where two different games
can correspond to the same fregean value.
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Assume X is cofinal. Then by (b) of the Lemma,
if ei ∼µ fi for each i then F (e1, . . . , en) ∼µ F (f1, . . . , fn)

provided these expressions exist.
So F and the fregean values of the ei

determine the fregean value of F (e1, . . . , en).

Hence there is, for each n-ary frame F , an n-ary map
hF : V n → V , where V is the class of ∼µ-values,
such that whenever F (e1, . . . , en) is an expression,

|F (e1, . . . , en)|µ = hF (|e1|µ, . . . , |en|µ).
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|F (e1, . . . , en)|µ = hF (|e1|µ, . . . , |en|µ).

We call hF the Hayyan function of F .

Abu H. ayyān al-Andalusı̄ (Egypt, 14th c.)
argued that such functions must exist,
from the fact that we can create and use new sentences.

Using the Hayyan functions,
the values |e|µ are definable by recursion on the syntax,
starting from |f |µ for the smallest constituents f .
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A major problem is to prove the existence of (weaker)
extensions of µ under weaker hypotheses.

Dag Westerståhl proves: If

• µ is compositional on a set X of expressions of L,

• domain of µ is closed under constituents,

• L is a subset of a term algebra,

then µ can be extended to a compositional function on L.
The hard part is to circumvent the failure of

µ(e) = µ(f) and F (e) ∈ X ⇒ F (f) ∈ X.
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Since Tarski 1933, the semantics of languages of logic
is in terms of

necessary and sufficient conditions for a sentence φ
to be true under a given interpretation.

Define

µ(φ) = {A : A an interpretation of L which makes φ true}.

This function is normally compositional on the set X of
sentences.
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When is the lifting an extension?

PROPOSITION. Suppose e ∼µ f and e is an expression in X .
Then f is in X and µ(e) = µ(f).

Proof. This is immediate from the definition,
by applying the identity frame 1(ξ). �

So on X the relation ∼µ is a refinement of the relation
µ(ξ1) = µ(ξ2).

This guarantees that the information carried up through ∼µ

is enough to determine µ on expressions in X .
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PROPOSITION. The relation ∼µ extends the relation
µ(ξ1) = µ(ξ2) if and only if:

For all e, f in X and every frame F (η),

µ(e) = µ(f) and F (e) ∈ X

⇒ F (y) ∈ X and µ(F (e)) = µ(F (f)).

Proof again immediate from the definition. �
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By the lifting lemma there is a compositional function ν
defined on all the expressions of L, such that
if φ and ψ are in X and ν(φ) = ν(ψ) then µ(φ) = µ(ψ).

To build up necessary and sufficient conditions for a
sentence to be true, we need only

• define ν(e) for each atomic expression e,

• define the Hayyan function of each frame F ,

• define the set of ν-values of true sentences.
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In practice the conditions for the fregean cover function ν
to be an extension of µ are nearly always met, and the
values ν(e) for atomic expressions are the obvious ones.

For example if R is a binary relation symbol,
ν(R) is normally (essentially) the function taking each
interpretation A to the set RA of all ordered pairs satisfying
R in A.

The Hayyan functions rarely give problems.

Tarski’s truth definitions follow exactly this pattern
(though he never said so).


