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STEPS ON A VICINAL SURFACE

n0 n

f

f0f0

Step edges → fluctuating lines; interactions between
steps neglected
[Pictures provided by Ellen Williams]
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EQUILIBRIUM FLUCTUATIONS OF STEPS

• High T: Attachment-detachment of adatoms →
Non-conserved dynamics

• Low T: Diffusion along step edge → Conserved

dynamics
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Fluctuations in step position can be measured in dynamic
scanning tunneling microscopy

Fig. 2.  (Color online) STM topography image of an 800 × 800 nm2 Ag(111) surface. Tunneling conditions

are Usample = −1.70 V and It = 95 pA.

                                             (a)                                         (b)                              

                                        

Fig.  3.    (Color  online)  STM temporal  pseudoimages obtained by scanning the STM tip  over  a  fixed

position on the step edge in the direction perpendicular to the step orientation. For both images, the line-

scan length is 40 nm, a line-scan time is 51.2 ms, and total time is 102.4 s with 2000 lines. The step

orientations are along a close-packed direction. The images are obtained at 300 K (a) and at 460 K (b).
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CONTINUUM DESCRIPTION OF STEP

FLUCTUATIONS

h(x, t): Position of step-edge at time t

H[h(x)] = K

∫ L

0

(1 + |∂h/∂x|2)0.5dx

' K

2

∫ L

0

|∂h/∂x|2dx + constant

High temperatures: Nonconserved Langevin equation

∂h(x, t)

∂t
= ΓK

∂2h(x, t)

∂x2
+ η(x, t)

〈η(x, t)η(x′, t′)〉 = 2kBTΓδ(x− x′)δ(t− t′)

Edwards-Wilkinson Equation
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Average step position, h̃(k = 0, t) exhibits random walk

in time → measure step position from its instantaneous

spatial average.

Low temperatures: Conserved Langevin equation

∂h(x, t)

∂t
= −Γ̃K

∂4h(x, t)

∂x4
+ η(x, t)

〈η(x, t)η(x′, t′)〉 = −2kBT Γ̃
∂2

∂x2
δ(x− x′)δ(t− t′)

Conserved Edwards-Wilkinson Equation
Conserved Mullins-Herring Equation
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EQUILIBRIUM CORRELATIONS

• 〈[h(x + x0, t)− h(x0, t)]
2〉 ∝ x2α for x ¿ L, with

α = 1/2.

• Interface width W (L) ≡
√
〈[h(x, t)]2〉 ∝ Lα.

• 〈[h(x, t0 + t)− h(x, t0)]
2〉 ∝ t2β for t ¿ Lz, with

z = 2(4) for nonconserved (conserved) dynamics, and

β = α/z.

• 〈h(x, t0 + t)h(x, t0)〉 ∝ exp[−t/τc(L)] for large t, with

τc(L) ∝ Lz.

Numerical work: Integration of the Langevin equations
and simulations of equivalent atomistic models.
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PERSISTENCE AND SURVIVAL

PROBABILITIES

The Persistence Probability P (t) is the probability that a

characteristic property (e.g. the sign) of a fluctuating

quantity does not change over time t.

(Temporal) Persistence probability P (x; t0, t0 + t):

Probability that sign[h(x, t0 + t′)− h(x, t0)] remains the

same for all 0 < t′ ≤ t.

Average over x and initial time t0 in the steady state

(t0 À Lz): P (x; t0, t0 + t) → P (t).

The persistence probability P (t) is closely related to the
zero-crossing statistics of the stochastic variable
[h(x, t0 + t)− h(x, t0)].
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(Temporal) Survival probability S(x, t0, t0 + t):

Probability that sign[h(x, t0 + t′)] remains the same for

all 0 < t′ ≤ t.

The survival probability S(x, t0, t0 + t) is related to the

zero-crossing statistics of the stochastic variable h(x, t).

Average over x and initial time t0 in the steady state:

S(x, t0, t0 + t) → S(t).

Spatial persistence and survival probabilities P (x) and
S(x) are defined in a similar way from zero-crossings of
the stochastic variables [h(x + x0, t0)− h(x0, t0)] and
h(x, t0), respectively, as functions of x.
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WHY IS THIS IMPORTANT?

• Several aspects of first-passage properties of step

fluctuations are non-trivial and poorly understood.

• Theoretical predictions can be directly compared with

experimental observations.

• Understanding of first-passage properties of

fluctuating edges is necessary for assessing the

stability of nanoscale devices. For example, in a

nanoscale device with two edges separated by a small

gap, it would be useful to have an estimate of the

probability that the two edges do not come into

contact through fluctuations in a given time interval.
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RESULTS

A. Temporal persistence probability:

Krug et al., Phys. Rev. E 56, 2702 (1997): Studied the

behaviour of P (t) for several linear stochastic equations

describing step fluctuations and surface growth.

Main result: P (t) ∝ t−θ at long times, with θ = 1− β,

where β = 1/4(1/8) for the nonconserved (conserved)

EW equation.
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Experiment on Al on Si(111) surface
Dougherty et al., Phys. Rev. Lett. 89, 136102 (2002)

for between 23 and 107 s. An example of one of these line-
scan images is shown in Fig. 1. The digitized step posi-
tions extracted from the images generate a function, x�t�,
that can be used to study the statistics of fluctuating steps,
with the usual time correlation function

G�t� � h�x�t� 	 x�0��2i; (2)

as well as the persistence probability.
The time correlation function for equilibrium step

fluctuations can be determined through a Langevin for-
malism, which has achieved great success over the past
decade [6,8,18]. In this phenomenological approach, the
coarse-grained step position evolves in time via

@tx�y; t� � F�x�y; t�� � �y; t�; (3)

where F is the appropriate functional describing the re-
laxation of the step position and represents random
noise due to thermal fluctuations. The y direction runs
parallel to the average step edge so that x�y; t) describes
the step’s perpendicular excursions from its average. For
the two most commonly observed step fluctuation mecha-
nisms, random attachment-detachment and diffusion
along the step edge, F is proportional to �r2�z=2, where
the dynamic exponent z equals either 2 or 4, respectively
[6]. The statistical properties of the noise (volume con-
serving for z � 4 and white for z � 2) are chosen to
satisfy conservation laws and the fluctuation-dissipation
theorem. For the two cases mentioned, the correlation
function has the simple form,

G�t� � c�T�t1=z; (4)

where c�T� contains the coarse-grained step stiffness and
step mobility. A previous analysis of the time correlation
function for this experimental system [18] yielded an
average exponent of z � 2:17� 0:09 from fits to Eq. (4).
Supporting evidence suggests that the rate-limiting step
fluctuation mechanism is most likely random exchange of
mass between the step edges and the intervening terraces,
and that the system thus corresponds to the case with F in
Eq. (3) proportional to r2 [6,8,18]. Extraction of c�T�
from the experimental data yielded time constants for
attachment-detachment events that vary from 1.2 ms at
970 K to 260 ms at 770 K [18].

The persistence probability is nontrivially related to
the correlation function of the position-time data, and
must be determined through a separate analysis. To do
this, the experimental persistence probability was calcu-
lated by dividing the time axis into intervals of length t
and then determining the fraction of those intervals for
which the digitized step position never crossed a chosen
reference. This was done for a number of images (4–14)
for each temperature, and the results were averaged to
obtain the final probability.

The first-return question for each small time interval
was investigated by choosing the reference as the initial
step position in that interval. Figure 2 shows linear be-
havior on a double log scale, clearly indicating power-law
decay. Between 770 and 970 K, the slopes in Fig. 2 yield
an average effective persistence exponent of 0:77� 0:03.
This result agrees with computational predictions of a
value of 0.75 for the exponent for attachment-detachment
limited step kinetics [5] and for other systems in the same
dynamic universality class . Thus, the two exponents, z

FIG. 1. Line-scan STM image at 970 K—repeated measure-
ment at a fixed y coordinate with a line-scan length of 100 nm
and a line-scan time of 74 ms. Total time for the measurement
is 38 s.
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FIG. 2. Log-log plot of the measured first-return persistence
probabilities: 970 K (squares), T � 870 K (circles), T � 770 K

(triangles). The slopes yield values of � � 0:77 for 970 K, � �
0:76 for 870 K, and � � 0:84 for 770 K, for an average
(weighted by number of steps) value of � � 0:77� 0:03.
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Persistence probabilities at 3 temperatures,
P (t) ∝ t−θ, θ = 0.78± 0.03.
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B. Temporal survival probability

For step dynamics described by the linear Langevin

equations, h(x, t) is a stationary Gaussian Process with

exponentially decaying autocorrelation function.

Newell and Rosenblatt (1962): S(t) ∝ exp(−t/τp)

with τp/τc = c < 1.
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Experiment on Al on Si(111) surface
Dougherty et al., Phys. Rev. Lett. 89, 136102 (2002)

and �, computed independently from the same experi-
mental data, lead to a consistent interpretation in terms of
the model stochastic equation governing the rate-limiting
step fluctuation mechanism.

The choice of the reference level used in the analysis
above corresponds to a specific physical question: Given
the position x of the step at some time zero, what is the
probability that the step will not have returned to that
same position within the time interval t? One can imag-
ine a different physical question, relevant for equilibrated
steps fluctuating about a known average position x0. This
question is: Given an arbitrary time zero, at which the
step position may be any accessible value of x, what is the
probability that the step position will not have returned to
x0 within time interval t? The second question corre-
sponds to a persistence analysis with a fixed absorbing
boundary. Experimentally, the choice of reference level
will be dictated by the specific purpose for which persis-
tence is intended. In particular, first passage into some
fixed region of a surface could influence the placement of
small structures in nanometer scale electronic devices.

It was possible to analyze the data with a fixed return
point because the surface under study was near equili-
brium, and the steps had well-defined average positions.
Thus, the average position computed from the entire
image was used as a reference level. The resulting persis-
tence probability was observed to decay exponentially as
shown in Fig. 3. At short times, the data is better fit to a
power law with an exponent of �0:4 as shown in the inset.
At long times, very few segments of the image had
avoided crossing the reference for the entire history of

the evolution and the computed probability dropped pre-
cipitously to zero.

To model the experimental system, the r2 linear
Langevin equation was solved numerically on small lat-
tices (32 sites) using the discretization taken from Ref. [5].
STM line-scan data was simulated by following one point
of the lattice over the full time evolution and performing
the calculation of persistence as described above. Figure 4
shows the results averaged over 100 independent numeri-
cal solutions for each choice of reference level. The be-
havior in both cases agrees with the experimental
observations. For the return to the initial configuration,
a persistence exponent of 0.76 is obtained as expected
from Ref. [5]. In addition, the rollover from power-law to
exponential decay associated with the average reference
level occurs in the numerical integration as in the experi-
mental data.

The clear power-law decay of the first-return persis-
tence probability for the fluctuations of steps on
Si(111)-

���

3
p

�
���

3
p

R30
�
-Al demonstrates the feasibility of

obtaining useful first-passage statistics from STM data.
The fact that the same exponent is observed for three
temperatures that correspond to more than 2 orders of
magnitude difference in the underlying time constant of
the physical system [18] is a significant demonstration
of the universal behavior predicted theoretically. Despite
the complexity of the atomic-scale processes underlying
the step fluctuations, the value of the first-return persis-
tence exponent agrees well with theoretical predictions
for a model Langevin equation expected to describe
fluctuations governed by random exchange of atoms at
the step edge [5]. This class of behavior is consistent with
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FIG. 3. Measured persistence probabilities with respect to the
average step position fluctuations at 970 K (squares), T �
870 K (circles), and T � 770 K (triangles). The solid lines
are fits to an exponential decay. The inset shows the initial
power-law scaling of the persistence probabilities which have
an average apparent exponent of � � 0:40� 0:03.
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FIG. 4. Persistence probabilities obtained from the nu-
merical solution of the r2 Langevin equation. The slope of
the first-return reference level calculation (squares) gives a
persistence exponent of 0.76. The average step position calcu-
lation (circles) shows early time linear behavior with a slope of
0.44 (solid circles) but at later time decays exponentially.
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Survival probabilities at 3 temperatures and fits to
exponential decay.
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C. Probability of persistent large deviations
Dornic and Godreche, J. Phys. A 31, 5413 (1998).

t
h(t+t0)−h(t0)

Sav(t)

1

0

s

−1

S(t) = sign[h(x, t + t0) −
h(x, t0)]

Sav(t) = 1
t

∫ t

0
S(t′)dt′

P (t, s): Probability that

Sav(t
′) ≥ s for all 0 < t′ ≤ t,

−1 ≤ s ≤ 1.

P (t, s = 1) = P (t), the

usual persistence proba-

bility.

P (t, s = −1) = 1 for all

t.

P (t, s) ∝ t−θ(s)t for all s?

Infinite family of expo-

nents {θ(s)}, character-

izing the probability of

persistent large devia-

tions.
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Numerical and Experimental Results for P (t, s)
Constantin et al., Phys. Rev. Lett.
91, 086103 (2003)
Experiment on steps on
Al/Si(111) surface at 970K,
and simulation of 1d noncon-
served EW equation
Similar agreement between
experimental results for steps
on Ag(111) surface at 320K
and simulation results for the
1d conserved EW equation.

of P�t; s� against t for eight different values of the average
sign parameter s (� �1;�0:75; . . . ;�0:75 from the bot-
tom to the top). As mentioned before, the case s � �1

(the bottom-most curve) corresponds to the usual persis-
tence probability P�t�, and therefore the results shown in
Fig. 1 for s � 1 are already known. The results for all the

other values of s are new and nontrivial. The linearity of
the log-log P�t; s� vs t plots immediately implies that
P�t; s� � t��l�s�. The different sets of results for �l as a
function of s are shown in Fig. 1(c). The excellent agree-
ment among the various data sets shown in Fig. 1(c) is the
most important new quantitative result of our work. This
means that the high-temperature step fluctuation phe-
nomenon via the AD mechanism is indeed described by
the Edwards-Wilkinson equation (and therefore also by

FIG. 2. The same as in Fig. 1 for the low-temperature step
fluctuations via the ED mechanism. (a) The continuum
Langevin equation of Eq. (2) (main figure) and the discrete
stochastic Racz model (inset); (b) experimental data for the
Ag(111) step fluctuations; and (c) comparison of the three sets
of results for �l: experiment (stars), stochastic Racz model
(squares), and Eq. (2) (circles). The inset shows the time
dependence of the local exponent �l�s; t� obtained from simu-
lations of the Langevin equation for s � 0:25 and s � 0:50.

FIG. 1. Log-log plots of the persistent large deviations proba-
bility, P�t; s�, for high-temperature surface step fluctuations via
the AD mechanism, shown as a function of time (t) for differ-
ent values of the average sign constraint parameter s � 1:0;
0:75; 0:5; 0:25; 0;�0:25;�0:5;�0:75 (from the bottom to the
top). (a) The continuum Langevin equation of Eq. (1) (main fig-
ure) and the stochastic discrete Family model (inset); (b) ex-
perimental data from digitized dynamical STM step images of
Al on Si(111) surface; and (c) comparison of the various sets of
results for �l as a function of s. The error bars shown for the ex-
perimental data are obtained from variations of the local slope
of the logP�t; s� vs logt plots. Simulation results for two sample
sizes (L � 100 and L � 1000) are shown to illustrate that the
use of small samples leads to an underestimation of �l�s�.

P H Y S I C A L R E V I E W L E T T E R S week ending
22 AUGUST 2003VOLUME 91, NUMBER 8

086103-3 086103-3
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Baldassarri et al., PRE 59, R20 (1999): Analytic

calculation of θ(s) for a spin model in which the intervals

between successive spin-flips are uncorrelated.

We also observe with very good accuracy ~see Fig. 2! the
relation

f~x !512P~x !5E
21

x

du f ~u !, ~8!

which we now establish exactly. For this, we note that
R(n ,x) is the joint probability that Sn8

>xtn8
for all 1<n8

<n . Since clearly R(2k ,x)5R(2k11,x), we assume that n
is even, and write

R~n52k ,x !5P~j1>0,j11j2>0,.. . ,j11j21¯1jk>0 !,
~9!

where j i5(12x)t2i212(11x)t2i . Since the t i are posi-
tive Lévy variables of index u, the j i are also Lévy variables
of index u, with an asymmetry parameter b5(vu

21)/(vu

11), which measures the relative weight of the negative and
positive tails @14#. The solution to Eq. ~9! for general stable
Lévy variables is known @20,16#.

It reads

R~n52k ,x !5
G~k112q !

G~k11 !G~12q !
, ~10!

where 12q is the probability that j is positive. This prob-
ability is precisely the quantity P(n52,x) introduced above,
itself equal to P(x). Hence q512P(x). Finally, the large k
behavior of the right-hand side ~rhs! of Eq. ~10! is }k2q,
i.e., f(x)5q , which completes the proof of Eq. ~8!. We
checked that the plot of Eq. ~10! was indistinguishable from
that obtained numerically for R(n ,x). Equations ~6!, ~8!, and
~10! are the main results of this work.

In the rest of this paper we discuss the relevance of these
results to phase ordering, random walks and, unexpectedly,
to some aspects of the statistical mechanics of spin glasses.

First, the stochastic process presented above, where time
intervals between spin flips are independent and distributed
according to a Lévy distribution, exhibits nontrivial temporal
properties, both from mathematical @16,14#, and physical

@17,18# points of view. For example, although p(t) is fixed
in time, the probability distribution of the length of time l̃
from some time origin ~or waiting time! tw to the next flip is
nonstationary for u,1, i.e., it depends both on tw and l̃ ,
while it is asymptotically independent of tw for u.1. As a
consequence, the probability that a given spin did not flip
between times tw and tw1t is a function of t/tw if u,1,
while it is independent of tw if u.1 @17#. Thus for u,1, this
model captures the aging @19# nature of the persistence phe-
nomenon. This property is deeply related to the fact that the
largest t i in the sum tn5( i51

n t i contributes to a finite frac-
tion of tn for u,1 even in the limit n→` , while this frac-
tion is asymptotically zero for u>1 @18#. Correspondingly,
this also ensures that the distribution of the mean magneti-
zation does not peak around x50, as was shown above.

Despite its simplicity, the model discussed here thus
shares many features of more complex coarsening processes.
As shown above, it leads to nontrivial predictions for the
quantities P(x) and u(x). Also, the behavior of R(t ,x) ob-
served in Fig. 1 strongly resembles that found in @10# for the
Glauber-Ising chain or the diffusion equation. These predic-
tions can be seen as approximations for these more general
models. In Fig. 3, we compare, for the Glauber model at zero
temperature, the function f(x)5u(x)/u(1), as determined
numerically in @10#, with 12P(x), the distribution of mag-
netization measured in @10#. Although there is qualitative
agreement between these curves, Eq. ~8! is clearly only ap-
proximate. A better approximation, following from consider-
ations on ‘‘exchangeable’’ variables, suggests that 12P(x)
is actually equal to u(x)/@u(x)1u(2x)# @15#. As can be
seen in Fig. 3, this is well obeyed by the numerical results.
However, the same approximation leads to much poorer re-
sults for the persistence exponents u(x) of the diffusion
equation.

The model presented here is actually, in some respects,
similar to the random energy model ~REM! for spin-glasses
@18#. For example, the rhs of Eq. ~10! is identical to the
expression for the participation ratio Y k11 in the REM, with

FIG. 2. Plot of the exponents f(x) and u(x)/u for u
50.3,0.5,0.7, showing that the relation u(x)5uf(x) holds. The
lines correspond to the exact result f(x)512P(x). FIG. 3. Comparison between the function f(x) for the Glauber-

Ising chain, 12P(x), and u(x)/@u(x)1u(2x)# ~see text!.

RAPID COMMUNICATIONS

R22 PRE 59BALDASSARRI, BOUCHAUD, DORNIC, AND GODRÈCHE

θ(s) is completely determined by θ(s = 1).
The assumptions in this model do not hold for the
dynamics of step fluctuations.
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D. Effects of discrete sampling and finite system size

In simulations and experiments, the step position h(x, t)

is measured at discrete intervals of a sampling time δt.

System size L is finite in simulations (and also in

experimental studies of the survival probability!)

The measured persistence and survival probabilities

depend on the values of δt and L [Majumdar et al.,

Phys. Rev. E 64, 015101(R) (2001)].

Scaling relations:

P (t, δt, L) = fp(t/δt) for t ¿ Lz.

S(t, δt, L) = fs(t/L
z, δt/Lz).

Scaling relations verified from results of experiments and
simulations [PRB 71, 045426(2005); PRE 71, 021602
(2005)].
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Persistence probability: experiment on Al/Si(111) and
simulation of 1d conserved EW equation

individual measurements. Error bars reported are the stan-
dard deviation s1sd and are obtained from weighted fits or
from the deviation of repeated measurements. The persis-
tence and survival probabilities are calculated by dividing
the data into time bins, where the sampling interval Dt sets
the smallest time bin, tmin=Dt=measurement time divided by
number of line scans. Each time bin was evaluated as “per-
sistent” if the measured positions in the time bins were all
positive sor all negatived with respect to the position at the
start of the time bin, and “nonpersistent” otherwise. The
tabulation of the fraction of persistent bins for each bin width
t yields the persistence probability Pstd. For survival, the
analysis procedure is similar, except that the reference posi-
tion is the average sover the entire measurement time tmd of
the step position, rather than the step position at the begin-
ning of each time bin.

RESULTS AND ANALYSIS

The strong dependence of the step fluctuations on tem-
perature for steps on Al/Sis111d is illustrated with plots of
measured position vs time in Fig. 2. Analysis of the persis-
tence probability has previously shown f5,6g power law be-
havior with an exponent of Q=0.77±0.03. In Fig. 3sad, we
show explicitly the dependence of the measured persistence
on the sampling interval Dt. The persistence probability is
the same for data measured at different temperatures, but
with the same Dt. It is different for data measured at the
same temperature, but with different Dt. The effect of scaling
the time axis to t /Dt is shown in Fig. 3sbd.

We have also evaluated the effect of temperature on mea-
sured persistence for steps on Ags111d. In Fig. 4, the persis-
tence probabilities measured over a wide range of tempera-
ture, with the same measurement protocol stm=26.9 s, Dt
=0.053 sd are shown, with one data set measured with tm
=39.3 s, Dt=0.076 s. The persistence exponents measured at
all temperatures scatter about the expected value of Q=7/8,
with no systematic temperature dependence. The scatter in
the value of the exponent yields some deviation in the
curves, but the only significant offset occurs for the T
=140 °C data measured with a different time interval. Re-
scaling these data by the ratio of the measurement intervals

eliminates the offset, as shown by the solid line in Fig. 4.
These results for the scaling of persistence are consistent

with numerical simulations of persistence behavior as shown
in Fig. 5. We have investigated these aspects in a detailed
numerical study in which a simple Euler scheme f4,24g is
used to numerically integrate a spatially discretized version
of the fourth-order conserved Langevin equation

]xsy,td

]t
= −

Ghb̃

kT

]
4xsy,td

]y4 + hsy,td s2d

with khsy , tdhsy8 , t8dl=−2Gh¹y
2dsy−y8d]st− t8d, b̃ equal to

the step stiffness, and Gh equal to the step mobility f1,25g.
This equation provides an excellent description of step fluc-
tuations governed by diffusion along the edge of the step.
The results shown here were obtained in the equilibrium re-
gime. As shown in the figure, for a fixed system size, the

FIG. 2. sColor onlined Measurements of step-edge position vs
time for steps on Al/Sis111d with arbitrary offsets for clarity. Data
points are spaced by 68 ms for the 970 and 870 K steps and by
74 ms for the 770 K step.

FIG. 3. sColor onlined Al/Sis111d measured persistence for
three different temperatures and two different time-sampling condi-
tions. sad pstd is shown vs t, revealing that measurements with the
same sampling interval are indistinguishable. sbd Persistence is plot-
ted as a function of t /Dt, showing complete collapse of all the data
sets.
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persistence probability measured with discrete sampling in-
tervals Dt is shifted along the time axis as Dt changes. Nor-
malizing the measurement time to t /Dt causes all the curves
to collapse to a single curve, as also observed experimen-
tally. Similar numerical calculations in which system size is
changed while the time interval is fixed yield no shift in the
persistence measurement.

We have performed a more demanding experimental test
of the effects of time scaling for step fluctuations on Pbs111d.
In these measurements the total measurement time tm and the
measurement interval Dt are changed by nearly a factor of 10
while maintaining a constant value of tm /Dt=512. The time
correlation function

FIG. 4. sColor onlined Experimentally determined persistence
probability Pstd vs t for a range of temperature for indirectly heated
Ag films, calculated as described in the text s“Experiment” sectiond.
The data shown were measured with Dt=0.051 s for all tempera-
tures except T=140 °C, where Dt=0.076 s. The solid line shows
the T=140 °C data vs time supper axisd scaled by a factor of
0.051/0.076.

FIG. 5. sColor onlined Calculation demonstrating persistence
scaling. Three numerical simulations run with the same system size,
but different sampling intervals Dt. Scaling as t /Dt is demonstrated.

FIG. 6. sColor onlined Pbs111d at 320 K. Circles sblued, total
sampling time 19 s, sampling time interval Dt=37 ms. Squares
sredd, total sampling time 177 s, sampling time interval Dt
=0.346 s. sad Time correlation function G, sbd persistence probabil-
ity p, and scd persistence probability scaled as t /Dt.

DOUGHERTY et al. PHYSICAL REVIEW E 71, 021602 s2005d
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Survival probability: simulation of 1d EW equation

sampling time dt should involve the scaling combination
dt/tc . Since tc(L)}Lz in our models, this argument sug-
gests that the sampling time should be chosen to be propor-
tional to Lz if the survival probabilities for different values of
L are to be tested for scaling. Indeed, as shown in Fig. 1~d!,
the values of S(t) obtained for L5100, 200 and 400 using
dt50.625, 2.5, and 10.0, respectively ~so that dt}Lz with
z52) all fall on the same scaling curve when plotted as
functions of t/Lz with z52. As shown in Fig. 2~d!, a similar
scaling collapse is obtained for Eq. ~2!. Here, the sampling

times for different L are chosen to be proportional to L4, and
the best scaling collapse is obtained when the data for differ-
ent L are plotted against t/Lz with z.3.95. These results
establish that the full function S(t ,L ,dt) ~not just the
asymptotic long-time part! has the scaling form

S~ t ,L ,dt !5 f ~ t/Lz,dt/Lz!, ~6!

where the function f (x ,y) decays exponentially for large val-
ues of x and the rate of this decay increases slowly as y is
decreased. This finite-size scaling behavior of S, which rep-
resents the second important result of our study, is similar to
that found @12# for the persistence probability in a coarsening
system. However, the dependence on the sampling time,
essential in our scaling considerations, was not analyzed in
Ref. @12#.

We have also studied the behavior of C(t) and S(t) for
Eq. ~1! when the value of tc is primarily determined by the
presence of a nonzero l associated with step-step interaction
@cf. Eq. ~5! above#. By varying l and dt for a system with
L5400, we find that S(t ,l ,dt) exhibits excellent scaling
behavior as a function of t/tc if the quantity dt/tc is held
constant. Therefore, we conclude that S is a function of the
scaling variables t/tc and dt/tc , irrespective of the origin of
the finite value of the correlation time tc .

For l50, the ratio c5ts /tc for Eq. ~1! decreases from
about 0.57 to about 0.41 as the ratio dt/tc is decreased from
0.025 to 2.531024, indicating that c.0.4 in the dt→0
limit. For relatively large L and nonzero l where tc is de-
termined primarily by the value of l , we find that c.0.47
for dt/tc50.025. The difference between the values of c for
the same value of dt/tc in the two cases reflects the expected
dependence of c on the details of C(t). For Eq. ~2! with l
50, the value of c decreases from about 0.44 to about 0.30
as dt/tc is decreased from 0.01 to 631024. The qualitative
behavior of c as a function of dt/tc is similar in all the cases
we have considered, and is consistent with the general pre-
dictions of Ref. @7#.

We have also used dynamical scanning tunneling micros-
copy data to calculate C(t) and S(t) for two experimental
systems: Al/Si~111! at relatively high temperatures, which is
believed @2,13,14# to provide a physical realization of Eq.
~1!, and Ag~111! at relatively low temperatures where the
step fluctuations are expected @3,10# to be governed by the
conserved equation ~2!. Some of the results of this analysis
are shown in Fig. 3. For Al/Si~111! at 970 K we find expo-
nential decay of both C(t) and S(t). The value of the ratio c

FIG. 1. S(t) and C(t) for the Langevin equation of Eq. ~1!. The
dashed lines are fits of the long-time data to an exponential form. In
panels ~a!–~c!, the uppermost plots show the data for C(t). Panel
~a!: L5100, dt50.625. Panel ~b!: L5200, dt52.5. Panel ~c!: L
5400, dt510.0 ~upper plot! and dt51.0 ~lower plot!. Panel ~d!:
Finite-size scaling of S(t ,L ,dt). Results for S for three different
sample sizes with the same value of dt/Lz(z52) are plotted vs
t/Lz.

FIG. 2. S(t) and C(t) for the Langevin equation of Eq. ~2!. In
panels ~a!–~c!, the uppermost plots show the results for C(t). The
dashed lines are fits of the long-time data to an exponential form.
Panel ~a!: L520, dt51. Panel ~b!: L540, dt516 ~upper plot! and
L540, dt51 ~lower plot!. Panel ~c!: L580, dt5256. Panel ~d!:
Finite-size scaling of S(t ,L ,dt). Results for S for three different
sample sizes with the same value of dt/Lz(z54) are plotted vs
t/Lz.

FIG. 3. S(t) and C(t) for two experimental systems. The dashed
lines are fits of the long-time data to an exponential form. Panel ~a!:
Al/Si~111! at T5970 K. Panel ~b!: Ag~111! at T5450 K.

BRIEF REPORTS PHYSICAL REVIEW E 69, 022101 ~2004!

022101-3

Plots of S(t, δt, L) vs. t/Lz collapse to a single curve only
if δt/Lz is held constant [Phys. Rev. E 69, 022102
(2004)].
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In experimental measurements of S(t), the finiteness of

the total observation time T leads to a finite “effective

sample size” Leff ∝ T 1/z.

In experiments, one measures the step position H(t),

0 ≤ t ≤ T and defines the average step position as

Hav = 1
T

∫ T

0
H(t′)dt′, so that h(t) = H(t)−Hav.

Hav is not the “true” average step position because

k-modes with relaxation times τc(k) ∝ 1/kz much larger

than T do not equilibrate during the observation time.

This effect is similar to [Phys. Rev. B 71, 045426 (2005)]

that of having a finite system of size Leff ∝ T 1/z.

“Finite-size” scaling relation:
S(t, δt, T ) = fs(t/δt, δt/T )

23



Scaling of the survival probability: experimental

verification

Dougherty et al., PRE 71, 021602 (2005).
Two measurements of posi-

tion of a step on Pb(111) at

320K,

T = 19s, δt = 37 ms in one

run,

T = 177s, δt = 0.346 s in

the other run.

δt/T is the same in the two

runs.

.

Gstd = ksxstd − xs0dd2l = S2Gs1 − 1/zd

p
DS kT

b̃
Dsz−1d/z

sGztd
1/z

s3d

is shown in Fig. 6sad for measurements with different mea-
surement times stm=19 and 177 sd. Consistent with previous
studies f5,26g clear t1/4 time scaling is observed, as expected
for step-edge diffusion-mediated fluctuations fz=4 in Eq.
s3dg. The short-time behavior of the time correlation is
clearly unaffected by the differences in measurement proto-
col. The persistence behavior, however, is strongly depen-
dent on the measurement interval, with the curves collapsing
when scaled as a function of t /Dt.

Time correlation and persistence both have a functional
dependence on relative step displacements se.g., position at
time t relative to position at time t8d. The autocorrelation
function and the survival probability, in contrast, depend on
the absolute step positions, which are generally referenced to
the average step position. In Fig. 7, we show these functions
measured for the two different measurement protocols of
Pbs111d. The strong dependence of the autocorrelation on
measurement time is illustrated in Fig. 7sad. We can quantify
the effects by comparison with the predicted form for the
autocorrelation function for step fluctuations:

Cstd = Cs0dbexpS− t

tc
D − S t

tc
D1/z

GS z − 1

z
,

t

tc
Dc , s4ad

Cs0d =
kBTLeff

2p2b̃
= weq

2 , s4bd

tc =
kBT

Gzb̃
SLeff

2p
Dz

, s4cd

where Leff is the effective system size. The early time behav-
ior of Cstd si.e., letting t approach 0d for step-edge diffusion-
limited fluctuations, z=4, is

Cstd = Cs0dF1 − S t

tc
D1/z

GS3

4
DG . s5d

Fits of the data are shown in Fig. 7sad as solid lines. The fits
yield values of Cs0d=149 Å2 and tc=21.3 s for the measure-
ment time of 177 s, and values of Cs0d=75 Å2 and tc

=3.4 s for the measurement time of 19 s. The ratio of tm /tc
of 6–8 is consistent with our previous observations on
Ags111d.

The results of analyzing the step fluctuations for survival
are shown in Figs. 7sbd and 7scd. The survival probabilities
measured with the different time protocols are distinctly dif-
ferent, with the longer measurement time sand longer sam-
pling intervald yielding a much slower decrease with time,
e.g., a larger apparent survival time constant. The data scale
well at short times with t /Dt, as shown in Fig. 7scd. As we
will discuss below, the constant ratio of measurement time
and time interval used in this measurement is a significant
factor in this scaling result.

We evaluated the effects of varying the measurement time
and sampling interval independently with measurements on
steps on Ags111d at room temperature. Measurement proto-
cols of tm=100 s, Dt=0.05 s, tm=100 s, Dt=0.20 s, and tm
=25 s, Dt=0.05 s were used to allow pairwise comparisons
of measurements with the same total time and different sam-
pling interval, and measurements with different total time
and the same sampling interval. The results for the autocor-
relation function are shown in Fig. 8. The immediate quali-
tative evaluation that the correlation time depends strongly
only on the total measurement time is confirmed by quanti-
tative fits to the functional form of Eq. s4d with n=4. The
results yield

tm = 25 s, Dt = 0.05 s; Cs0d = 0.015 ± 0.004 nm2,

FIG. 7. sColor onlined Pbs111d at 320 K. Circles sblued, total
sampling time 19 s, sampling time interval Dt=37 ms. Squares
sredd, total sampling time 177 s, sampling time interval Dt
=0.346 s. sad Autocorrelation function C; circles, data; solid lines,
fits to Eq. s5d. sbd Survival probability S and scd survival probability
scaled as t /Dt.
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E. Spatial persistence and survival probabilities

Spatial persistence probability Ps(x): Probability that

sign[h(x′ + x0, t0)− h(x0, t0)] remains the same for all

0 < x′ ≤ x, averaged over x0 and t0 À Lz.

Majumdar and Bray [Phys. Rev. Lett. 86, 3700 (2001)]

showed that Ps(x) ∝ x−θs in a class of simple stochastic

models for step fluctuations and surface growth.

These predictions have been verified and the scaling
behavior of Ps as a function of system size and sampling
interval has been elucidated in Constantin et al., Phys.
Rev E, 69, 051603 (2004).
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Spatial survival probability for 1d nonconserved

EW interface in the steady state

Spatial survival probability Ss(x): Probability that

sign[h(x′ + x0, t0)] remains the same for all 0 < x′ ≤ x,

averaged over x0 and t0 À Lz.

Dependence of Ss(x) on x is neither exponential nor

power-law.

Numerical integration of 1d

EW equation.

Results for different values

of the sample size L and the

sampling interval δx, with

δx/L held constant.
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Analytic calculation of Ss(x) for 1d EW/KPZ

interface

S.N. Majumdar and CD, Phys. Rev E 73, 011602 (2006)

• Mapping of 1d EW interface to 1d Brownian motion

[h(x, t0) → X(t); x → t].

• Periodic boundary condition,

h(x = 0, t0) = h(x = L, t0) → the Brownian path

returns to the starting point after time T = L i.e.

X(t = 0) = X(t = T ). “Brownian bridge”.

• ∫ L

0
h(x, t0)dx = 0 [step position measured from its

instantaneous spatial average] → “zero-area

constraint”,
∫ T

0
X(t)dt = 0.
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Exact path integral formulation → Ss(x, L) = f(x/L)

where the function f(u) is expressed in terms of

complicated integrals that can, in principle, be computed.

Simple “deterministic” approximation → closed-form

expression for f(u) which agrees quite well with

simulation data.
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Comparison with experimental results (Ellen Williams,
private communication)
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CONCLUSIONS

• Persistence and survival probabilities provide an

excellent way of characterizing equilibrium step

fluctuations.

• Analytic understanding of several features observed in

simulations and experiments.

• Elucidation of the effects of discrete sampling and

finite system size on the measured persistence and

survival probabilities (scaling behavior).

• Excellent agreement between theoretical

predictions and results of experiments.
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Questions for future study

• Analytic calculations for θ(s), the family of exponents

for the probability of persistent large deviations, and

for the dependence of persistence and survival

probabilities on the size of the sampling interval.

• Persistence and survival probabilities for nonlinear

equations describing surface growth and fluctuations.

Positive and negative persistence exponents may be

different in such cases [Constantin et al., Phys. Rev.

E 69, 061608 (2004)].

• Effects of interactions between steps.

• Generalization to interfaces in higher dimensions,...
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