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Introduction

• In a series of papers with Mihalis Yannakakis we have studied Recursive Markov
Chains, Recursive Markov Decision Processes, and Recursive Simple Stochastic
Games.

(I gave a series of talks on this in June here at the Newton Institute.)

• In this talk, we extend our work on recursive stochastic games to a “concurrent”
setting, where players choose moves simultaneously and independently at each
state (as opposed to turn based games, where each state belongs to one player
whose turn it is to move).

• I have to spend much of my time providing background from our earlier work,
because otherwise it will be difficult to make sense of the new results.
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What is a Recursive Graph?
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Question: Is it possible to reach b from a?

This can be computed efficiently: in worst-case cubic time, and in linear time
if either the number of entries or exits of each “component” is bounded by a
constant.
(More generally, we can check ω-regular properties of recursive graphs with the
same model complexity.)
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What is a Recursive Markov Chain?

1
1

1/3

2/3

f

f f

a b

Question: What is the probability of eventually reaching b from a?
Is there an efficient algorithm for computing such probabilities?

For finite MCs, there’s a standard algorithm: solve a linear system of equations
associated with the finite MC.
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Let’s calculate this termination probability
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Let x be the (unknown) probability that starting at a (in the empty calling
context) we will eventually reach b (in the empty calling context) and terminate.

An equation for x: x = (2/3)x2 + 1/3

Note: this is a nonlinear equation. It has two solutions: x = 1/2 and x = 1.

The least solution, let’s call it the Least Fixed Point (LFP), is: x∗ = 1/2.

Fact: This is the probability we are after. (For now, trust me!)
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some illustrative examples, part 2:
value dependence
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Equation: x = (1/2)x2 + 1/2.
Two (degenrate) solutions: x = 1 and x = 1. LFP: x∗ = 1.

So, we can have structurally identical RMCs, where the termination probability is
1 in one of them (i.e., almost sure termination) but not in the other.
This can’t happen with finite Markov Chains.
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some illustrative examples, part 3:
irrational probabilities
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Equation x = (1/6)x5 + 1/2. Thus, (1/6)x5 − x + 1/2 = 0.

This is an irreducible univariate polynomial with “Galois group” S5. Thus the
probability is irrational, and not “solvable by radicals”. (approx.: 0.50550123 . . .)

For finite Markov chains, such probabilities are “concise” rationals.
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Motivation for studying RMCs

• Recursive Graphs and Recursive State Machines (RSMs)
([Alur-E.-Yannakakis’01],[BenediktGodefroidReps’01])
are a natrual abstract model of procedural programs with potential recursion.
They are expressively equivalent to Pushdown Systems (PDSs), and there are
linear-time translations between the two models.
Lots of theoretical and practical work on such models in verification and
program analysis. (Too many references to mention.)

• Recursive Markov Chains (RMCs) arise naturally when we introduce
randomness into such models.
Lots of theoretical and practical work on verification and model checking of
finite Markov Chains (in both discrete and continuous time, etc.). (Too many
references to mention.) But RMCs define infinite state Markov chains . . . . . .
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RMCs, more formally
An RMC, A = 〈A1, . . . , Ak〉 consists of components A1, . . . , Ak, with each Ai

given by:

• A set Ni of nodes, and a set Bi of boxes.
A mapping Yi : Bi 7→ {1, . . . , k} of each box to a component.

• A set Eni ⊆ Ni of entry nodes, and a set Exi ⊆ Ni of exit nodes.

• A transition relation δi, where each (u, pu,v, v) ∈ δi has the form:

– u ∈ Ni, or u = (b, ex) where b ∈ Bi and ex ∈ Exib.
– v ∈ Ni, or v = (b, en) where b ∈ Bi and en ∈ Enib.
– pu,v ∈ R≥0,

and
∑

v pu,v = 1 or = 0.
(The sum ranges over all “vertices” v to which u has a transition.)

Kousha Etessami RCSGs



9

The underlying global markov chain of an RMC

• Expanding an RMC, A, defines a “global” countable markov chain, MA.

• States of MA have the form s = 〈b1b2 . . . br, x〉, where bi’s are boxes (the
“context” or “call stack”), and x is a node.

• Transitions (s, ps,s′, s
′) of MA are dictated in the obvious way by transitions

of A.

Key Question: For a vertex u and an exit ex, both of some component Ai in
a RMC, what is the probability of eventually reaching (and terminating at) the
global exit state 〈ε, ex〉 of MA starting at the global state 〈ε, u〉?
Let us denote this (unknown) probability by x(i,u,ex).
(Using these probabilities, we can also calculate other reachability probabilities.)
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The non-linear system associated with an RMC
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What is x(f,z,z)? x(f,z,z) = 1
What is x(f,a,z)? x(f,a,z) = 1

3x(f,h,z) + 2
3x(f,(b1,c),z)

What is x(f,(b1,c),z)? x(f,(b1,c),z) = x(g,c,d)x(f,(b1,d),z) + x(g,c,e)x(f,(b1,e),z)

These “patterns” cover all cases, in general yielding a system of polynomial
equations of the form:

x̄ = P (x̄)
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Basic facts about the system x = P (x)

• The coefficients in P () are non-negative, and in fact P : R
n 7→ R

n defines a
monotone operator on D ⊆ [0, 1]n.

By a Tarski-Knaster argument, P () has a Least Fixed Point x∗ in [0, 1]n.

For a vector x, let P m(x) = P (P (....(P (x))))))), i.e., m iterations of the
operator P ().

• Theorem 0: The LFP, x∗ = limm→∞ Pm(0), gives precisely the termination
probabilities we are after. (x∗ = P (x∗) and x∗ is the least nonnegative
solution of x = P (x).)

• Can we compute these probabilities efficiently?
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RMCS and the Existential Theory of Reals
For our system x̄ = P (x̄), let fi(x̄) ≡ Pi(x̄) − xi.

Thus, if we want to check whether the LFP vector is “below” another vector c̄,
we just have to check:

ϕ ≡ ∃x1, . . . , xn

∧
i=1,...,n fi(x1, . . . , xn) = 0 ∧

∧
i=1,...,n 0 ≤ xi ≤ ci

Hence, by a “binary search” on each coordinate, we can obtain the LFP value in
that coordinate to within i bits of precision with O(i) queries to the ∃-theory.

Theorem 1. In PSPACE we can decide whether each probability x∗
i

is above/equal/below a given rational value p ∈ [0, 1], and we can also
“approximate” the LFP, x∗, to any given number of bits, j (in unary), of
precision.

If we restrict the class of RMCs, we can do better.....
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Single-exit RMCs and Branching Processes
Single-exit RMCs are RMCs where each component has exactly one exit. (But
there may be many components, each with many entries.)

1-exit RMCs are “equivalent to” Stochastic Context-Free Grammars. As
mentioned, SCFGs are intimately related to MT-BPs [Kol-Sev’48,Ev-Ul’48].

Results about Multi-Type BPs [Sevastyanov’48-51,Harris’63] allow us to
characterize whether the “probability of extinction” is exactly 1 based on
the eigenvalues and spectral radius of certain matrices, namely the Jacobian of a
decomposition of x = P (x), evaluated at the all 1 vector.
We give a “modern” proof of these results, and we use it to show:

Theorem 3. There is a P-time algorithm to determine, for each reachability
probability, x∗

i , of a single-exit RMC, whether:
(a) x∗

i = 0 , (b) x∗
i = 1 , or (c) 0 < x∗

i < 1.
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RMCs and the Square-Root Sum problem
The square root sum problem is the following decision problem: given

(d1, . . . , dn) ∈ N
n and k ∈ N, decide whether

∑n
i=1

√
di ≤ k.

It is known to be solvable in PSPACE, but it has been a major open problem
since the 1970’s ([GareyGrahamJohnson’76]) whether it is solvable even in NP. It
has important consequences in subjects such as computational geometry.

Theorem 4 The square-root sum problem is polynomial-time reducible to the
problem of, given a single-exit RMC A, and given a rational p, determining
whether x∗

(1,en,ex) ≥ p.

Moreover it is also polynomial time reducible to the problem of determining
whether x∗

(1,en,ex1)
= 1 in a 2-exit RMC.1

1This latter fact was also observed by Esparza and Kucera (2004), based on a preliminary draft of our tech.

report for the STACS’05 paper, which stated and proved the first part of the theorem.
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Ok, now let’s extend RMCs to RMDPs and RSSGs
Recursive Markov Decision Processes (RMDPs) are a natural extension of RMCs,
where some nodes are controlled (by Player 1), while others are probabilistic.
Recursive Simple Stochastic Games (RSSGs) extend RMDPs: some nodes are
controlled by Player 1, others by Player 2, and the rest are probabilistic.

ex2
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1

b1 : A2

z
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2/3

1/3
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en′
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ex′
1

ex′
2

1

3/5

b′1 : A1

b′2 : A2

v

2/5

1

1

en

ex1

RMDPs (and to a lesser extend, RSSGs) are useful for modeling non-deterministic
behavior, as well as modeling a system’s interactions with an environment.
RSSGs strictly generalize Condon’s finite-state Simple Stochastic Games.
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some general motivation

• MDPs are a fundamental formalism for control optimization problems in
sequential stochastic environments, and have had many applications.

• Both MDPs and Stochastic Games have a vast literature, dating back to
Bellman and Shapley in the 1950s.

• MDPs are typically equipped with a reward function and studied under various
“reward criteria” (e.g., “discounted reward”, etc.).

• We will consider the more basic reachability and termination questions without
rewards.
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The global infinite SSG
An RSSG A defines a denumerable SSG MA = (V,∆, player). Let Ψi denote
the set of strategies for player i. A pair of strategies σ ∈ Ψ1 and τ ∈ Ψ2 induces
a countable Markov chain Mσ,τ

A = (V ∗, ∆′), whose states are histories in MA.

Let x∗,σ,τ
(u,ex) be the probability of terminating at w〈ε, ex〉, for some w ∈ V ∗,

starting at 〈ε, u〉, in Mσ,τ
A . Let x∗

(u,ex) = supσ∈Ψ1
infτ∈Ψ2 x∗,σ,τ

(u,ex).

It follows from general determinacy results, e.g., Tony Martin’s (1998) “Blackwell
Determinacy” which applies to all Borel zero-sum stochastic games with a
countable state-space, that RSSG termination games are determined, i.e.:

sup
σ∈Ψ1

inf
τ∈Ψ2

x∗,σ,τ
(u,ex) = inf

τ∈Ψ2

sup
σ∈Ψ1

x∗,σ,τ
(u,ex).

Central Algorithmic Problem: Calculate the value x∗
(u,ex) of the termination

game (starting at u and terminating at ex).
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1-exit RSSGs and nonlinear min/max equations
f
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What is x(f,z,z)? x(f,z,z) = 1
What is x(f,a,z)? x(f,a,z) = 1

3x(f,h,z) + 2
3x(f,(b1,c),z)

What is x(f,(b1,c),z)? x(f,(b1,c),z) = x(g,c,d)x(f,(b1,d),z)

What is x(f,h,z)? x(f,h,z) = max{neighbors v of h}
x(f,v,z)

What is x(f,(b1,d),z)? x(f,(b1,d),z) = min
{neighbors v of (b1,d)} x(f,v,z)

We get a new system of the form x̄ = P (x̄).
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Facts about the 1-exit system x = P (x) (déjà vu)

• P : R
n 7→ R

n defines a monotone operator on [0, 1]n.

By a Tarski-Knaster argument, P () has a Least Fixed Point x∗ in [0, 1]n.

• Theorem The LFP of x = P (x), namely the vector x∗ = limm→∞ Pm(0),
gives precisely the values of the games starting at each vertex.

(This is actually somewhat more subtle to prove than for RMCs.)

• Can we compute these values effectively? Yes.
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1-exit RSSGs and the ∃-theory
Theorem For a 1-exit RSSG, we can decide whether x∗

(u,ex) ≥ p, for a given
rational p, in PSPACE, and we can also approximate the probabilities to within i
bits of precision in PSPACE.

Proof Again, we use the ∃-theory of Reals. Simply note that:

z = max
i

xi ⇐⇒ (
^

i

z ≥ xi ∧
_

i

z = xi)

Likewise: z = mini xi ⇐⇒ (
∧

i z ≤ xi ∧
∨

i z = xi)

So, for c ∈ R
n, we can again write the following ∃-theory sentence:

ϕ ≡ ∃x1, . . . , xn

∧
i=1,...,n xi = Pi(x1, . . . , xn) ∧

∧
i=1,...,n 0 ≤ xi ≤ ci

which is true if and only if x∗ ≤ c. We can likewise do a “binary search” on each
coordinate using the ∃-theory.
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S&M Determinacy and 1-exit RSSGs
For 1-exit RMCs, we can generalize Condon’s (1989) memoryless determinacy
result for finite SSGs in a very strong sense.

Definition A deterministic strategy in an RSSG termination game is called
Stackless and Memoryless (S&M), if it neither depends on the history nor on
the current calling context (or call stack).

The game is called S&M-determined if one player or the other has a value-
achieving S&M strategy (regardless of what the other player does).

Theorem 1-exit RSSG termination games are S&M-determined.
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Polynomial-time qualitative analysis of 1-exit RMDPs

The qualitative decision problem for termination games asks whether the value
of the game is equal to 1.

Theorem

1. For both maximizing and minimizing 1-exit RMDPs the qualitative termination
problem can be answered in P-time.

2. For 1-exit RSSGs, the qualitative termination problem is in NP∩coNP.

The algorithms use Perron-Frobenius theory of non-negative matrices and an LP
formulation of (joint) spectral radius characterizations of both maximizing and
minimizing 1-exit RMDP qualitative termination problems.....
network flows also come into play.....
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Can we do better than NP∩coNP for 1-exit RSSGs?
Not without a major breakthrough.

The qualitative termination problem for 1-exit RSSGs is at least as hard as
Condon’s quantitative termination problem for finite SSGs:

Theorem There is a P-time reduction from Condon’s quantitative termination
problem for finite SSGs (namely is x∗

i ≥ 1/2?) to the qualitative termination
problem for 1-exit RSSGs.

It is not at all clear that there is a reduction in the other direction.
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Multi-exit RMDPs and RSSGs: Undecidability

Theorem Given a multi-exit (linearly-recursive) RMDP, it is undecidable whether
x∗

(u,ex) = 1, even when the number of exits is bounded by a fixed constant.

Moreover, for each constant ε > 0, it is not even decidable to distinguish whether
x∗

(u,ex) is 1 or is < ε.
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Ok, now Recursive Concurrent Stochastic Games
Recursive Concurrent Simple Stochastic Games (RSSGs) extend RSSGs: each
play node is controlled by BOTH Player 1 and Player 2, and their joint move
determines the transitions. The remaining nodes are probabilistic.
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b1 : A2
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2/3

1/3
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a,b
b,b

b,a

a,a

1/2

1/2

ex

We obviously focus on 1-exit RCSGs, because we have undecidability already for
multi-exit RMDP termination.
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Motivation

• Shapley (1953) defined stochastic games, and studied finite-state concurrent
stochastic games with discounted rewards. Such games have a huge literature.

• Classic work by [Hoffman-Karp’63] gives a strategy improvement algorithm for
finite concurrent stochastic games. This is

“the mother of all strategy improvement algorithms”

• Semantics for, e.g., [Alur-Henzinger-Kupferman’97]’s Alternating Temporal
Logic, requires analysis of concurrent games, not turn-based games.

• [Chatterjee, de Alfaro, Henzinger, Majumdar, et. al., ’98-06] have done
extensive work on algorithms for analysis of finite-state concurrent stochastic
games (with, e.g., parity winning conditions).
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Question: Can the results on finite CSGs be extended to infinite-state 1-RCSGs?

Kousha Etessami RCSGs



28

1-exit RCSGs and nonlinear minimax equations
f
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What is xh? xh = Val(Ah(x)).

Here, Ah(x) is a matrix whose rows are indexed by Player 1’s moves at h, and
whose columns are indexed by player 2’s moves at h, and (Ah(x))a,b := xv,
where on the joint move (a, b) there is a transition from node h to node v.

For a real matrix A, Val(A) denotes the von Nuemann minimax value of the
zero-sum game matrix A. We thus get a new system x̄ = P (x̄).
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Facts about x = P (x) (déjà vu again!)

• P : R
n 7→ R

n defines a monotone operator on [0, 1]n.

By a Tarski-Knaster argument, P () has a Least Fixed Point x∗ in [0, 1]n.

• Theorem The LFP of x = P (x), namely the vector x∗ = limm→∞ Pm(0),
gives precisely the values of the games starting at each vertex.

• Can we compute these values effectively? Yes...

• N.B. Even for finite concurrent games, the game values can be irrational.
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1-exit RCSGs and the ∃-theory
Theorem For a 1-exit RCSG, we can decide whether x∗

(u,ex) ≥ p, for a given
rational p, in PSPACE.

Proof Again, we use the ∃-theory of Reals.

The key point is that von Neumann’s minimax theorem and its Linear
Programming encoding allow the predicate “y = Val(Av(x))” to be expressed
as an existential formula ϕ(y, x) in the theory of reals with free variables y and
x1, . . . , xn, such that for every x ∈ R

n, there exists a unique y (the game value)
satisfying ϕ(y,x).

This is a standard fact used in stochastic game theory going back to
[Bewley-Kohlberg’76], and used also, e.g., in recent work of
[de Alfaro, Majumdar, 2004].
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randomized S&M Determinacy and 1-exit RCSGs
Even for finite concurrent games, neither player has deterministic optimal
strategies in termination games (see, e.g., [de Alfaro, Henzinger, Kupferman’98]).
Player 1 (maximizer) has only ε-optimal randomized (memoryless) strategies,
while Player 2 (minimizer) has optimal randomized (memoryless) strategies.

Definition A strategy in an RSSG termination game is called randomized
Stackless and Memoryless (r-SM), if it can randomize at each node, but
neither depends on the history nor on the call stack. Let ΨrSM

1 and ΨrSM
2

denote the sets of r-SM strategies for players 1 and 2. The game is called
r-SM-determined if

sup
σ∈ΨrSM

1

inf
τ∈ΨrSM

2

x∗,σ,τ
u = inf

τ∈ΨrSM
2

sup
σ∈ΨrSM

1

x∗,σ,τ
u .
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Strategy improvement and rSM-determinacy
Theorem:

1. Player 1 has ε-optimal r-SM strategies, for all ε > 0, in 1-RCSG termination
games.

2. Player 2 has optimal r-SM strategies in 1-RCSG termination games.

3. Thus, 1-RCSG termination games are r-SM-determined.

4. (Strategy Improvement) Starting at any r-SM strategy σ0 for player 1, via
local strategy improvement steps at individual vertices, we can derive a series
of r-SM strategies σ0, σ1, σ2, . . ., such that for all ε > 0, there exists i ≥ 0
such that for all j ≥ i, σj is an ε-optimal strategy for player 1 starting at any

vertex, i.e., x
∗,σj
u ≥ x∗

u − ε for all vertices u.
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Remarks on the theorem

The existence of r-SM ε-optimal strategies for Player 1 follows from the strategy
improvement result.

Each strategy improvement step involves solving the quantitative termination
problem for a corresponding 1-RMDP. Thus, for classes where this problem
is known to be in P-time (such as linearly-recursive 1-RMDPs), strategy
improvement steps can be carried out in polynomial time.

The strategy improvement argument extends [Hoffman-Karp’63] to an infinite
state setting, but the proofs are very different. Our arguments rely on subtle
analytic properties of certain power series that arise from studying 1-RCSGs, as
well as the convex combinations of such power series.

For Player 2, the existence of optimal rSM-strategies is easier to prove.
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Qualitative 1-RCSG termination is already “hard”
Even the qualitative termination problem for 1-RCGSs (i.e., is the value of
the game exactly 1?) is as hard as square-root sum. We prove this via two
reductions:

Theorem: There is a P-time reduction from the square-root sum problem to the
quantitative termination decision problem for finite CSGs.

Note: [Chatterjee et. al.,SODA’06] have shown that you can approximate the value of finite

CSG games in NP∩coNP (even with parity conditions). This does not imply the same complexity

for the decision problem.

Theorem: There is a P-time reduction from the quantitative termination
decision problem for finite CSGs to the qualitative termination problem for
1-RCSGs.

Note: Both reductions hold even for purely concurrent (non-stochastic) games.
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Conclusions
There are many fascinating open questions and directions for future research.
I leave you with just one open question, to whet your appetite:

Question: Is there a polynomial-time algorithm for answering the quantitative
termination problem for 1-exit RSSGs?
Or, how about for the qualitative termination problem for 1-exit RCSGs?

If either answer is yes, it would answer, positively, all of the following:

1. Emerson-Jutla’s Parity Game problem.

2. Ehrenfeucht-Mycielski’s Mean Payoff Game problem.

3. Condon’s quantitative Simple Stochastic Game problem.

4. Garey-Graham-Johnson’s Square-Root Sum problem.

These are all long standing open problems.
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