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Université Paris-Sud

After B. Helffer and O. Lafitte

STP in Cambridge, July 2006

– Typeset by FoilTEX –



Introduction

Our aim is to show how semi-classical analysis can
be useful in questions appearing in hydrodynamics.

We will emphasize on the motivating examples
and see how these problems can be solved or by
harmonic approximation techniques used in the semi-
classical analysis of the Schrödinger opertaor or by
recently obtained semi-classical versions of operators
of principal type (mainly subelliptic estimates). In
this way, we hope to show that these recent results
are much more than academic transpositions of
results in microlocal analysis.

We will give explicit proofs for the simple examples
we have. They are based mainly on two tools,
semiclassical elliptic theory for h-pseudodifferential
operators and construction of WKB solutions.

Particular thanks to O. Lafitte who introduces me to
this subject.
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Tentative plane of the lecture.

Part 1. Analysis of the Rayleigh-Taylor model.

We show how the initial problem of analyzing the
possible instability of the model leads to a spectral
problem for a compact selfadjoint operator which
appears to be a h-pseudodifferential operator. We
are let to the analysis of the largest eigenvalue of a
compact operator. We show that either harmonic
approximation or WKB solutions permit to have a
good asymptotic of this eigenvalue.
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Part 2. A new example (Kelvin-Helmholtz) is
presented to motivate looking at non self adjoint
operators.
We relate the emerging problems in this case with
some notion of pseudospectrum and show how rather
primitive semiclassical methods permit to answer to
most of the questions.

Here we will emphasize on the “elliptic” h-
pseudodifferential theory and on what can be done
by WKB constructions.

We apply the techniques for analyzing our Kelvin-
Helmholtz model and will explain how subellipticity
enters in the game.
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The Rayleigh-Taylor model : Physical

origin

The starting point for this model is the analysis of
the following differential systems in IR4 = IR3

x × IRt.

∂t̺+ div (̺~u) = 0
∂t(̺~u) + ∇ (̺~u⊗ ~u) + ∇p = ̺~g

(1)

The unknowns are ~u = (u1, u2, u3), the density ̺
and the pressure p. We assume that ~g = (0, 0, 1)g.

This system models the so-called Rayleigh-Taylor
instability, which occurs when a heavy fluid is on a
light fluid in a gravity field directed from the heavy
to the light fluid. We intend to study the linear
growth rate of this instability in a situation where
there is a mixing region. This linear growth rate will
corresponds to γ in (15) below.
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We would like to analyze the linearized problem
around a stationary solution

̺ = ρ0 , ~u = ~u0 = 0 , p = p0 , (2)

where ρ0 is assumed to depend only on x3 and p0

and ρ0 are related by :

∇p0 = ρ0~g . (3)

We assume that the perturbation (~̂u, p̂, ρ̂) is
incompressible that is satisfying :

div ~̂u = 0 . (4)

The linearized system takes the form :

∂tρ̂+ (ρ0)′û3 = 0 . (5)

ρ0∂tû1 + ∂1p̂ = 0 . (6)

ρ0∂tû2 + ∂2p̂ = 0 . (7)

ρ0∂tû3 + ∂3p̂ = gρ̂ . (8)

In order to analyze (at least formally this system) we
exhibit now an equation for û3 (by eliminating the
other unknowns).
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We first differentiate with respect to t (8). This
leads to :

ρ0∂2
t û3 + ∂t∂3p̂ = g

∂ρ̂

∂t
. (9)

We now use (5) in order to eliminate ∂ρ̂
∂t

. We get :

ρ0∂2
t û3 + ∂t∂3p̂+ g(ρ0)′(x3)û3 = 0 . (10)

We now differentiate (6) and (7) respectively with
respect to x1 and x2. This gives :

ρ0∂t∂1û1 + ∂2
1 p̂ = 0 , (11)

and
ρ0∂t∂2û2 + ∂2

2 p̂ = 0 . (12)

Differentiating (4) with respect to t and using (11)
and (12), we get :

∆1,2 p̂ = ρ0∂t∂3û3 , (13)

where ∆12 is the Laplacian with respect to the two
first variables.

It remains to eliminate p̂ between (10) and (13) :

∆12

(
ρ0∂2

t û3 + (ρ0)′gû3

)
+ ∂3ρ

0∂3∂
2
t û3 = 0 . (14)
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We now look for a solution û3 in the form :

û3(x1, x2, x3, t) = v(x3) exp(γt+ ik1x1 + ik2x2) .
(15)

This leads to an ordinary differential equation (in the
x3-variable) for v :

−(k2
1 + k2

2)(ρ
0γ2v + (ρ0)′gv) + γ2 d

dx3
ρ0 d

dx3
v = 0 .

(16)
Replacing x3 by x (x ∈ IR) and dividing by γ2k2

with k2 = k2
1 + k2

2, we get :

[
−

1

k2

d

dx
ρ0 d

dx
+ ρ0 + (ρ0)′

g

γ2

]
v = 0 . (17)

So we are interested in analyzing for which value of
(γ, k) (with γ > 0) there exists v satisfying (16).

The choice of γ > 0 corresponds to our interest for
instability.

T X



Rayleigh-Taylor mathematically

In the case of the Rayleigh-Taylor model the main
point is to analyze as a function of δ ∈ IR the kernel
in L2(IR) of :

P (h, δ) := −h2 d

dx
̺(x)

d

dx
+ ̺(x) + δ̺′(x) . (18)

Here h > 0 and ̺(x) ∈ C∞(R) satisfies :

limx→−∞ ̺(x) = ρ− > 0 ,
limx→+∞ ̺(x) = ρ+ > 0 ,

(19)

̺(x) > 0 , ∀x ∈ IR , (20)

ρ− 6= ρ+ , (21)

lim
|x|→+∞

̺′(x) = 0 . (22)

We look at h → 0 (see [HelLaf1] for the case
h → +∞). The problem comes from the analysis
of the Euler equations in a gravity field. The
physical parameters are the intensity g of the gravity,
a wave number k > 0 and a parameter γ which
measures the large time behavior of the solution.
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The mathematical problem is to determine a pair
(u, γ) such that

P

(
1

k
,
g

γ2

)
u = 0 .

This means that the link between the
physical parameters (g, k, γ) and the mathematical
parameters is :

δ =
g

γ2
, h =

1

k
. (23)
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The physical situation leads to analyze the case
δg > 0. This implies γ2 > 0, and we choose γ > 0.

Note that the instability is only analyzed when

ρ+ 6= ρ− .

This implies that ̺′(x) is not identically 0.

The most physical case corresponds to :

ρ− > ρ+ , g > 0 ,

so δ is positive and ̺′ is negative somewhere.

Generally ̺ is assumed monotone but the semi-
classical techniques are not limited to this case.
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Elementary spectral theory

First we observe that there is no problem for defining
the selfadjoint extension of P (h, δ) in L2(IR) (which
is unique starting from C∞

0 (R)) and it is immediate
that P (h, 0) is injective. More precisely, the bottom
of its spectrum is strictly positive.

Definition.
We call generalized spectrum of the family P (h, δ)
the set of the δ’s in IR such that P (h, δ) is non
injective.

Remark.
The standard analysis of the solution at ∞ shows
that, for all δ, the dimension of kerP (h, δ) is zero or
one.
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Next result is relatively standard (connected to the
Birman-Schwinger principle).

Proposition.
Under the previous assumptions and assuming in
addition that ̺′ is not identically 0, then the
generalized spectrum P (h, δ) is the union of two
sequences (possibly empty or finite) δ+n et δ−n s.t :

0 < δ+n < δ+n+1 ,
limn→+∞ δ+n = +∞ ,

(24)

0 < −δ−n < −δ−n+1 ,
limn→+∞ δ−n = −∞ .

(25)
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Proof.
If we observe that :

kerP (h, δ) 6= {0} iff ker(K(h) −
1

δ
) 6= {0} , (26)

where

K(h) = −P (h, 0)−
1
2̺′(x)P (h, 0)−

1
2 . (27)

the proof is immediately reduced to the standard
result for K(h), which is a compact selfadjoint
operator.

For the compactness of K(h), we can for example

observe that P (h, 0)−
1
2 ∈ L(L2;H1) and that, under

Assumption (22), the operator of multiplication by
ρ′ is compact from H1 in L2.

Note that when ̺′ < 0, which is the simplest natural
physicak case K(h) is positive.
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Let us mention an a priori “universal” estimate of
[CCLaRa]. If u is, for some δ 6= 0, a solution, we get
by taking the scalar product in L2 by u :

∫ +∞

−∞
̺(h2u′(x)2 + u(x)2) dx = −δ

∫ +∞

−∞
̺′(x)u(x)2 dx

= 2δ
∫ +∞

−∞
̺u(x)u′(x) dx .

(28)
Using Cauchy-Schwarz, we get :

∫ +∞

−∞

̺(x)(1 −
|δ|

h
)(u′(x)2 + u(x)2)dx ≤ 0 . (29)

This implies

kerP (h, δ) = {0} , ∀δ ∈] − h, h[ . (30)
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Application for Rayleigh-Taylor :

Semi-classical analysis for K(h).

Under strong assumptions on ̺, one can use a
pseudodifferential calculus. We assume :

|Dα
x̺(x)| ≤ Cα̺(x)〈x〉

−|α| . (31)

This assumption permits to see that :

K(h) = −(−h2 d

dx
̺
d

dx
+̺)−

1
2̺′(x)(−h2 d

dx
̺
d

dx
+̺)−

1
2

(32)
is an h-pseudo.

The operator K(h) appears indeed as the
composition of three h-pseudo-differential operators
(−h2 d

dx
ρ d

dx
+ρ)−

1
2 , −ρ′(x) and of (−h2 d

dx
ρ d

dx
+ρ)−

1
2.

The principal symbol of K(h) is

(x, ξ) 7→ p(x, ξ) = −(ξ2 + 1)−1̺
′(x)

̺(x)
.
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For the analysis of the extremal eigenvalues, we have
first to determine the extrema of this symbol. If
these extrema are non degenerate then we can apply
the harmonic approximation as in [HelSj1] . The
tunneling effect can also be analyzed (see [HePa]).
This leads to the following computations. We get

∂p
∂ξ

(x, ξ) = 2ξ̺′(x)
̺(x) (ξ

2 + 1)−2 ,
∂p
∂x

(x, ξ) = −(̺′′(x)̺(x) − ̺′(x)2)(̺(x))−2(ξ2 + 1)−1 .

So we get for the extrema :

ξ = 0 ; ̺′′(x)̺(x) − ̺′(x)2 = 0 .

This corresponds to the condition that x0 is a critical
point of the map x 7→ −̺′(x)/̺(x).
It remains to verify that the extrema are non
degenerate. We obtain at a critical point (x0, 0) :

∂2p

∂ξ2(x0, 0) = +2̺′(x0)/̺(x0)
∂2p

∂ξ ∂x
(x0, 0) = 0

∂2p

∂x2(x0, 0) = −̺′′′(x0)̺(x0)−̺′(x0)̺
′′(x0)

̺(x0)2

It is then easy to determine if (x0, 0) corresponds to
a minimum of p, if ̺′(x0)/̺(x0) > 0
and ̺′′′(x0)̺(x0)−̺

′(x0)̺
′′(x0)) < 0, which is what

we are interested in.
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Harmonic approximation

If we are interested in the largest eigenvalue of
K(h) a very general theory has been developed (of
course for Schrödinger, but also for more general
h-pseudodifferential operators.

We just sketch what corresponds to the first
approximation.

We have just to consider the following harmonic
operator associated to a point (x0, 0) corresponding
to a maximum of p, and to consider the spectrum of

p(x0, 0)+h

(
1

2

∂2p

∂ξ2
(x0, 0)D

2
y +

1

2

∂2p

∂x2
(x0, 0)y

2

)
+hp1(x0, 0) ,

where p1 is the subprincipal Weyl symbol of K(h),
which actually is 0.
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This operator is consequently

−
̺′(x0)

̺(x0
(1−hD2

y)−h
̺′′′(x0)̺(x0) − ̺′(x0)̺

′′(x0)

2̺(x0)2
y2

The largest eigenvalue of this operator (which is
semi-bounded from above !) is explicitly known and
gives the existence of an eigenvalue for K(h) (with

some error O(h
3
2)).

If there are more than one critical maximum point for
p, the largest eigenvalue ofK(h) is well approximated
by the largest (over the maxima of p) of the largest
eigenvalue of the approximating harmonic oscillators.
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Instability of Rayleigh-Taylor: an

elementary approach via WKB

constructions

We present here what simple constructions of WKB
solutions can give for the model of Rayleigh-Taylor.
A very detailed analysis have been given in [HelLaf1]
extending previous works by Cherfils, Lafitte, Raviart.
Here we present a simpler analysis but we only give
condition under which one can construct approximate
solutions in the kernel of P (h, δ).
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In the semi-classical situation, we look for a solution
in the form

u(x, h) = a(x, h) exp−
φ(x)

h

near some point x0 (to be determined!) with

a(x, h) ∼
∑

j≥0

hjaj(x) , (33)

δ(h) ∼
∑

j

hjδj (34)

such that

exp
φ

h
· P (h, δ(h)) · u(h) ∼ 0 . (35)

Here “∼ 0” means that the right hand side should
be O(h∞).
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Concretely, we expand exp φ
h
· P (h, δ(h)) · u(h) in

powers of h and express the cancellation of each
coefficient of hj.

We get as first eikonal equation

−̺(x)φ′(x)2 + ̺(x) + δ0̺
′(x) = 0 . (36)

In order to have an (exponentially) localized (as
h → 0) in a neighborhood of x0, it is natural to
impose the condition that φ admits a minimum at
x0. So the first condition is :

φ′(x0) = 0 . (37)

Ths leads as a first necessary condition to

̺(x0) + δ0̺
′(x0) = 0 . (38)

A second necessary condition is obtained by
differentiating the eikonal equation :

−̺′(x)φ′(x)2−2̺(x)φ′(x)φ′′(x)+̺′(x)+δ0̺
′′(x) = 0 .

This gives at x0 :

̺′(x0) + δ0̺
′′(x0) = 0 . (39)
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We are asking for a non-degenerate minimum of φ
at x0.
Differentiating two times the eikonal equation, we
obtain :

−2̺(x0)(φ
′′(x0))

2 + ̺′′(x0) + δ0̺
′′′(x0) = 0 (40)

which implies

̺′′(x0) + δ0̺
′′′(x0) > 0 . (41)

We recover the condition obtained in the previous
analysis.

T X



Till now, we just looked for a phase. The next step
is to determine the amplitude. The coefficient δ1
will be determined by looking at the first transport
equation :

2̺(x)φ′(x)a′0(x) + ̺′(x)φ′(x)a0(x)
+̺(x)φ′′(x)a0(x) + δ1̺

′(x)a0(x) = 0 .
(42)

If we impose the condition

a0(x0) = 1 ,

— This condition corresponds to the idea that we
look for the ground state, hence non vanishing—-

a necessary (and actually sufficient) condition for
solving is :

̺(x0)φ
′′(x0) + δ1̺

′(x0) = 0 . (43)

We then obtain a0 by simple integration :

a′0(x)/a0(x) =
(̺′(x)φ′(x) + ̺φ′′(x) + δ1̺

′(x)) / (2̺(x)φ′(x)) .

It is then not difficult to iterate at any order.
Assumption (19) permits also to say that near 0
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the spectrum is discrete.

This is not the complete answer to our question.
But this strongly suggests the existence, close to
δN(h)) (modulo O(hN)) of an effective δ(h) such
that P (h, δ(h) has a non zero kernel.

Note that the answer to this last question is easier
when ̺ is stricly monotone. Note that the question is
more delicate as for example ρ− = 0. The essential
spectrum of P (h, δ) contains indeed 0.
The previous analysis (see [HelLaf1]) avoids this

difficulty (finally artificial) if ̺′

̺
→ 0 at ∞.
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Instability for Kelvin-Helmoltz I.

This is a generalization [CCLa] of the classical
Kelvin-Helmholtz instability which appears when two
fluids move with different parallel velocities on each
side of an interface.

When linearizing along a stationary solution (and
following what we have done for Rayleigh-Taylor)
we get, for a given density ̺0 and a given this
time not zero velocity u0 (see (2)), where u0 is the

first component of ~U0, the following one dimensional
question.
Analyze if the operator, which depends on the
parameters (k1, k2, g, γ, k) with k2 = k2

1 + k2
2,

PKH(γ, k1, k2, g) :=
− d

dx
̺0

d
dx

(γ + ik1u
0(x))2 + k2̺0(x)(γ + ik1u0(x))

2

−ik1(γ + ik1u
0(x)) d

dx
̺0u

′
0(x) + gk2̺′0((x)

is approximately injective in some regime of the
parameters.
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Like in Rayleigh-Taylor which corresponds to k1 = 0
(actually to u0 = 0), our semi-classical parameter
will be h = 1

k
. The parameter γ = Γ0 + iΓ1 is not

necessarily real but we are interested in approximate
null solutions for which Γ0 is as large as possible (or
complementarily) to show that Γ0 should necessarily
remain bounded in the regime k large.

So we divide by k2 in the equation above and meet
the following semi-classical operator :

Pk(x, hDx) := −h d
dx
̺0h

d
dx

(γ + ik1u
0(x))2

+̺0(x)(γ + ik1u0(x))
2

−ihk1(γ + ik1u
0(x))h d

dx
̺0u

′
0(x)

+g̺′0(x) .

So in our regime k1 is fixed such that |k1| ≤ k = 1
h

which will not be a restriction in the semi-classical
regime.
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Semi-classically, the principal symbol is given by

p0(x, ξ) := ̺0(1 + ξ2)(γ + ik1u
0(x))2 + g̺′0(x) .

We have to find a rather systematic strategy for
constructing approximate null solutions or to decide
that we can not construct such solutions. This leads
us naturally to define various notions of pseudo-
spectra for families (depending in particular on h
but also on other parameters) and adapted to the
analysis of h-pseudodifferential operators.

This is what we will do now before to treat the
various physical examples including this one.
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Around the h-family-pseudospectrum

We are mainly interested in the semiclassical version
of this concept attached to a family (h ∈]0, h0]) of
operators Ah.

For a given µ ≥ 0, the h-family-pseudospectrum of
index µ of the family Ah is defined by

Ψµ((Ah))
:= {z ∈ C | ∀C > 0, ∀h0 > 0 s.t.∃h ∈]0, h0],

||(Ah − z)−1|| ≥ C h−µ} .

We can then define

Ψ∞((Ah)) =
⋂

µ≥0

Ψµ((Ah)) .
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May be it is easier to understand the quantifiers
by observing that the h-family pseudoresolvent set
corresponds to the z such that ∃C > 0 and h0 > 0
such that ∀h ∈]0, h0]

||(Ah − z)−1|| ≤ C h−µ .

Physically these concepts are more stable by
perturbation than the corresponding notion of
spectrum.

In general, one will exhibit the existence of this
pseudo-spectrum by constructing quasimodes.

For a given µ ≥ 0, the h-family-quasispectrum of
index µ of the family Ah is defined by

ψµ((Ah))
:= {z ∈ C | ∀C > 0, ∀h0 > 0 s.t.∃h ∈]0, h0],

∃uh ∈ D(Ah) \ {0} s.t
||(Ah − z)uh|| ≤ C hµ||uh||} .

We can then define

ψ∞((Ah)) =
⋂

µ≥0

ψµ((Ah)) .
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The main point is then that

ψµ((Ah)) ⊂ Ψµ((Ah)) .

The converse is not true in general.

We will particularly interested in the analysis of the
case when Ah is actually an h-pseudodifferential
operator.
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The elliptic theory (with suitable conditions at ∞)
says for example that

Proposition (see the book of D. Robert)
If z 6∈ Σ(p), where

Σ(p) := {λ ∈ C , | ∃(xn, ξn) s.t λ = lim
n→+∞

p(xn, ξn)}

then z 6∈ Ψµ( Op h(p)).

This will actually be true for any Ah = Op h(ph),
for which the principal symbol of Ah is p.

The proof is very easy once an h-pseudodifferential
calculus has been constructed.

It is enough to use Op h((p − z)−1) as first
approximate inverse and then to use a Neumann
series.
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Davies example by hand

We present a variant of the proof of the
generalization, by Pravda-Starov [Pra1], of Davies
result on the h-family pseudo-spectrum for the
Schrödinger operator

Ah := −h2 d
2

dx2
+ V (x) .

This proof is inspired by similar proofs in
[HelLaf2, Mar].
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Historical remarks

Davies treats a particular case by hand.

Then Zworski observes that it can be interpreted
as a semi-classical version of a result for
operators of principal type (Hörmander [Ho1], [Ho2],
Duistermaat-Sjöstrand [DuSj]).

This was pushed further by Dencker-Sjöstrand-
Zworski [DeSjZw], N. Lerner (together with
collaborators) (see in [Le] and references therein),
Pravda-Starov [Pra1] ...

One should of course compare with the selfadjoint
result at the bottom of the well but here what is
crucial is the non-selfadjointness !!
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Theorem Davies-Pravda

Let us assume that there exist x0 and z such that

z − V (x0) ∈ R
+ , (44)

and such that, for an even k ≥ 0,

ImV(j)(x0) = 0 , ∀j ≤ k , (45)

and
Im V(k+1)(x0) 6= 0 , (46)

Then z ∈ ψ∞((Ah)).

T X



Some elementary proof

The crucial point is that there exists ξ0 > 0 such
that ξ20 + V (x0) = z.

In other words, there exists (x0, ξ0) such that
p(x0, ξ0) = z (z ∈ Σ(p)) and we are not at the
boundary of Σ(p).

Following the previous construction, we are first
looking for a phase ϕ satisfying (we can after a
change of notations assume that z = 0.

−ϕ′(x)2 + V (x) = 0 , (47)

where V satisfies

Re V(x0) < 0 , (48)

(45) and (46).
The existence of ϕ(x), with ϕ(x0) = 0 and ϕ′(x0) =
iξ0 is evident. So the important point is to verify
that Reϕ has actually a local minimum at x0. Taking
the real and imaginary parts in (47), we get

−Reϕ′(x)2 + Imϕ′(x)2 + ReV(x) = 0 , (49)
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and

−2Reϕ′(x) · Imϕ′(x) + ImV(x) = 0 , (50)

in a neighborhood of x0. In particular, this implies
at x0

Reφ′(x0) = 0 , ξ20 = Imφ′(x0)
2 = −ReV(x0) .

What we now need is to verify that the first non zero
derivative of Reϕ at x0 is even and strictly positive.

We start from

Reϕ′(x) =
ImV(x)

2Imϕ′(x)
.

But it is immediate from the assumptions that

Reϕ(j)(x0) = 0 , for j ≤ k + 1 ,

and

Reϕ(k+2)(x0) =
ImV(k+1)(x0)

2Imϕ′(x0)
.

We can now choose the sign of ξ0 in order to have

Reϕ(k+2)(x0) > 0 .
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Due to the fact that (∂ξp)(x0, ξ0) 6= 0, the solution
of the transport equations does not create new
problems in comparison with the models coming
from hydrodynamics and we can construct a solution

uh = a(x, h) exp−ϕ(x)
h

in the neighborhood of x0.
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Kelvin-Helmoltz II

We just do the local analysis (the analysis of the
ellipticity at ∞ should be interesting to do).

We have :

Rep0(x, ξ) = ̺0(x)(ξ
2 + 1)(Γ2

0 − (k1u0(x) + Γ1)
2)

+g̺′0(x) ,

Im p0(x, ξ) = 2̺0(x)(ξ
2 + 1)Γ0(k1u0 + Γ1) .

(51)
Assuming that Γ0 6= 0, we observe that

Im p0(x, ξ) = 0 iff k1u0(x) + Γ1 = 0 .

When Im p0(x, ξ) = 0, we get

Rep0(x, ξ) = ̺0(x)(ξ2 + 1)Γ2
0 + g̺′0(x) .
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If ̺′0 < 0, then we see (g > 0), that if

Γ2
0 > gmax

x
−
̺′0(x)

̺0(x)
,

then the principal symbol is elliptic so no local
approximate null solution can be constructed.

In other words, 0 does not belong to the h-family-
pseudospectrum of the operator.

We observe that this condition is the same as for
Rayleigh-Taylor !
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Conversely, when

Γ2
0 < gmax

x
−
̺′0(x)

̺0(x)
,

one can, for any x0 such that

−g
̺′0(x0)

̺0(x0)
> Γ2

0 ,

find some ξ0 6= 0 such that

Γ2
0(1 + ξ20) = −g

̺′0(x0)

̺0(x0)
.

We are now looking on the condition under which
the operator Ah, which is not elliptic at (x0, ξ0)
which determines the parameter Γ1 by,

Γ1 = −k1u0(x0) ,

is not subelliptic at this point (we will explain later
what we can do in this case).

T X



The computation of the bracket of Rep0 and Imp0

gives

{Rep0, Imp0}(x0, ξ0) = 4k1ξ0̺0(x0)
2u′

0(x0)Γ
3
0 .

So it is immediate by playing with the sign of k1

(or of ξ0) to get the condition for the next theorem
satisfied if u′0(x0) 6= 0.
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On semi-classical subellipticity

The main relevant theorem in our context can be
stated in the following way (see [DeSjZw]). One
considers an h-pseudodifferential Ah := a(x, hDx)
with principal symbol a0.

Theorem

Let us assume that at a point (x0, ξ0), we have

a0(x0, ξ0) = 0 , {Re a0, Im a0}(x0, ξ0) < 0 .

Then there exists an L2- normalized solution
uh, whose h-wave front is (x0, ξ0), and such that
(x0, ξ0) is not in the h-wave front of Ahuh.

We recall that, for a bounded family of L2 functions
vh, we say that a point (y, η) is not in the h-wave
front set, if there exists a C∞

0 function χ equal to 1
in the neighborhood of y, such that (Fhχvh)(ξ) :=
h−

n
2 χ̂vh(ξ/h) = O(h∞) in a neighborhood of η.
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Elementary proof for the non-subelliptic

model

We give an elementary proof (cf [Mar] ) under the
additional assumption that

a0(x, iξ) ∈ R , ∀(x, ξ) ∈ R
2 ,

which appears to be satisfied other natural physical
models.
In this case, we define the real symbol

q0(x, ξ) = a0(x, iξ) , ∀(x, ξ) ∈ R
2 ,

and we look for a point
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for a point (x0, 0) such that

q0(x0, 0) = 0 ,

and for a non negative real phase ϕ defined in a
neighborhood of x0 such that ϕ(x0) = 0 admitting
at x0 a local minimum and solution of

q0(x, ϕ
′(x)) = 0 . (52)

Under the condition that ∂ξq0(x0, 0) it is immediate
to find ϕ by the implicit function theorem.
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The first natural condition for having a minimum is
then to see under which condition one has

ϕ′′(x0) > 0 .

Differentiating the eiconal equation (52), we obtain

(∂xq0)(x, ϕ
′(x)) + (∂ξq0)(x, ϕ

′(x))ϕ′′(x) = 0 ,

hence

ϕ′′(x0) = −
∂xq0(x0, 0)

∂ξq0(x0, 0)
.

So we are done if the l.h.s. is strictly positive.

This condition can be recognized as the condition of
the theorem.
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The second step is to construct a quasimode in the
form

uh := b(x, h) exp−
ϕ(x)

h
,

with
b(x, h) ∼

∑

j≥0

bj(x)h
j .

The equation for b0 reads

(∂ξq0)(x, ϕ
′(x))b′0(x)+(

ϕ′′(x)
2 (∂2

ξq0)(x, ϕ
′(x)) + q1(x, ϕ

′(x))
)
b0(x) = 0 ,

where q1 is the “subprincipal” symbol.

One can always solve this equation with b0(x0) = 1.
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Conclusion

We have shown through two examples what semi-
classical analysis can bring for analyzing instability in
Hydrodynamics.

Two other models have been analyzed in [HelLaf2]
leading to other mathematical questions.
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