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Property A

Definition (Yu 2000)

A discrete metric space (X , d) has property A if for all R, ε > 0
there exists a family of finite non-empty subsets Ax of X × N,
indexed by x in X , such that

for all x , y with d(x , y) < R we have |Ax∆Ay |
|Ax∩Ay | < ε;

there exists S such that for all x and (y , n) ∈ Ax we have
d(x , y) ≤ S.



The basics

Property A is invariant under coarse equivalence.

Metric spaces X and Y are coarsely equivalent iff there exist
f : X → Y and g : Y → X and S > 0 s.t. d(f ◦ g, id) < S and
d(g ◦ f , id) < S.

E.g. R and Z are coarsely equivalent.

If X has property A then X is uniformly embdeddable in
Hilbert space: there exists f : X → H such that

ρ−(d(x , y)) ≤ ‖f (x)− f (y)‖ ≤ ρ+(d(x , y))

for every x , y ∈ X , where ρ±(r) →∞.



Why is property A useful?
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The uniform Roe algebra

A kernel u : X × X → R or C has finite propagation if there
exists R ≥ 0 such that u(x , y) = 0 for d(x , y) > R.
If X is a proper discrete metric space and u : X × X → C is
a finite propagation kernel then for each x there are only
finitely many y with u(x , y) 6= 0; u determines an operator
from l2(X ) to itself: u ∗ ξ(x) =

∑
y∈X u(x , y)ξ(y).

If X has bounded geometry, the resulting operator is
bounded.
The uniform Roe algebra is the C∗-completion of the
algebra of bounded operators arising from finite
propagation kernels.



Ozawa’s theorem (2000)

Theorem
Let G be a discrete group. Then the following are equivalent:

1 The reduced C∗-algebra C∗
r (G) is exact (which is

equivalent to G having property A).
2 For any R > 0 and ε > 0 there exist S > 0 and a kernel u

such that u(x , y) = 0 if d(x , y) > S and |1− u(x , y)| < ε if
d(x , y) < R.

3 The uniform Roe algebra C∗
u(|G|) is nuclear.

A C∗-algebra A is exact iff the functor B 7→ A⊗min B is exact. A is
nuclear iff for any C∗-algebra B there exists a unique C∗-norm on
A⊗ B. A-nuclear implies A-exact.



An extension of Ozawa’s result

Theorem
Let G be a countable group acting properly by isometries on a
uniformly discrete proper metric space X. If C∗

u(X ) is an exact
algebra, then G is an exact group. If moreover the action is
cocompact, then the following are equivalent.

1 X has property A;
2 C∗

u(X ) is nuclear;
3 C∗

u(X ) is exact;
4 G is exact.



Coarse properties of C∗
u(X )

Property A is preserved by coarse equivalence of metric
spaces, but the uniform Roe algebra is not a coarse invariant. If
X is an n-point space then C∗

u(X ) = Mn(C), but X is coarsely is
equivalent to a point.

Proposition
If X and Y are discrete bounded geometry metric spaces and
X is coarsely equivalent to Y , then C∗

u(X ) is Morita equivalent
to C∗

u(Y ).



Proof of Theorem

G is coarsely equivalent to an orbit Y = Gx0. If C∗
u(X ) is exact,

then C∗
u(Y ) is also exact. Since C∗

u(X ) is Morita equivalent to
C∗

u(|G|), C∗
u(|G|) is also exact. Now C∗

r (G) is isomorphic to a
subalgebra of C∗

u(|G|), so C∗
r (G) is also exact. By Ozawa’s

theorem this is equivalent to C∗
u(|G|) being nuclear and so

C∗
u(Y ) is nuclear.

If the action of G is cocompact then G is coarsely equivalent to
X , hence property A for X , nuclearity of C∗

u(X ) and exactness
of C∗

u(X ) are all equivalent to their counterparts for G.

In particular, we conclude that for G, property A, nuclearity of
C∗

u(|G|), exactness of C∗
u(|G|) and exactness of G are all

equivalent.
(The equivalence–X has property A ⇔ C∗

u(X ) is nuclear–is due
to Skandalis, Tu and Yu (2002).)



Translations and isometries

Let G be a discrete group. It is normally assumed that G is
equipped with a left invariant metric d ; this is equivalent to
saying that the left multiplication action of G on itself is by
isometries:

d(gs, gt) = d(s, t)

The right multiplication by a fixed element g of G moves
each element r of G by the same distance:

d(r , rg) = d(e, g)

We shall say that the right multiplication acts by
translations on (G, d) even though these translations are
not isometries in general.



Partial translations

Definition
A partial bijection from X to X is a subset s of X × X such
that the coordinate projections of s onto X are injective;
this can be viewed as a partially defined injection from X
into X , and we will write x = s(y) if (x , y) ∈ s.
A partial translation of X is a partial bijection t such that
d(x , y) is bounded for (x , y) ∈ t .
The identity translation 1 is the diagonal of X × X . The
inverse of t is t∗ = {(y , x) : (x , y) ∈ t}.

If G is a discrete group and g ∈ G, then the set
tg = {(h, hg) : h ∈ G} is a (globally defined) partial translation.
Regarding tg as a map from G to itself, this corresponds to the
right multiplication by g−1.



Partial cotranslations

x σ(x)

(x, y)

(σ(x), σ(y))
σ(y)

y

Definition
Let T be a collection of disjoint
partial translations of X . A partial
bijection σ of X is a partial
cotranslation for T if for all t ∈ T

and (x , y) ∈ t such that σ is
defined on both x and y , we have
(σx , σy) ∈ t .

For G a group, elements of G
acting by left multiplication are
(globally defined) partial
cotranslations for {tg : g ∈ G}.



Partial translation structure

Definition
A partial translation structure on X is a collection T of partial
translations of X , such that for all R > 0 there is a finite subset
TR of disjoint partial translations in T, and a collection ΣR of
partial cotranslations of TR satisfying the following axioms.

1 the union of the partial translations t in TR contains the
R-neighbourhood of the diagonal, that it the set of all
(x , y) ∈ X × X such that d(x , y) < R.

2 there exists k such that for each x , x ′ in X , there are at
most k elements σ in ΣR such that σx = x ′;

3 for each t in TR and for all (x , y), (x ′, y ′) in t , there exists σ
in ΣR such that σx = x ′ and σy = y ′.



An invariant of translation structure

Let kT(R) denote the smallest k such that for x , x ′ in X ,
there are at most k elements σ in ΣR with σx = x ′.
(X , d) a bounded geometry, uniformly discrete. The
translation invariant of X is the function

κX (R) = inf{kT(R) : T a partial translation structure on X}.

supR κX (R) is invariant under coarse equivalence of
metrics.
A free partial translation structure on X is a p. t. structure
T on X for which kT(R) = 1 for all R > 0.
A partial translation structure is globally controlled if the
partial cotranslation orbit

{(x ′, y ′) : there exists σ in ΣR such that σx = x ′, σy = y ′}

is a partial translation for all R > 0 and x , y ∈ X .



Canonical structure on a group

Proposition

Let G be a countable discrete group. Then G admits a
canonical partial translation structure which is free and globally
controlled. In particular, κG(R) = 1 for all R.

T = {tg = {(x , xg) : x ∈ G}}, TR = {tg | d(e, g) < R}. By
bounded geometry, TR is a finite set.
d(x , y) < R iff d(e, x−1y) < R. So (x , y) ∈ tx−1y and
tx−1y ∈ TR.
Let σh(x) = hx . For each tg and each (x , xg) ∈ tg

(σh(x), σh(xg)) = (hx , hxg) = (σh(x), σh(x)g) ∈ tg .

Put ΣR = {σh : h ∈ G}. σx ′x−1 is unique such that
σx ′x−1(x) = x ′, x , x ′ ∈ G (κT(R) = 1)
Let tg ∈ TR and (x , xg), (x ′, x ′g) ∈ tg . Then setting
h = x ′x−1 we have σh(x) = x ′ and σh(xg) = x ′g.



Theorem
Let X be a uniformly discrete bounded geometry metric space.
Then X admits a partial translation structure.

>
S

≤ R

X1 Xi Xj
Xn

For R > 0 write X as a disjoint union,
X = X1 ∪ · · · ∪ Xn, of S-separated sets,
for S > 2R. Define

tij = {(x , y) ∈ Xi × Xj | d(x , y) ≤ R}

For each x ∈ Xi there is at most one
y ∈ Xj with d(x , y) ≤ R, since Xj is S
separated, with S > 2R.
Define TR = {tij : i , j = 1, . . . , n}.

tji = t∗ij ; tii is the diagonal of Xi × Xi ; the
union of tij is the R-nbhd of the diagonal.



Cotranslations

X1 Xi Xj
Xn

For each partial translation tij , pick a
transitive permutation σij of the set tij .
This gives a partial cotranslation for tij , if
we define σijx and σijy so that
(σijx , σijy) = σij(x , y).
This is well defined as for each x in Xi
there is at most one y in Xj with (x , y) in
tij and conversely for each y there is at
most one x .
Put Σij

R = {σm
ij : m ∈ Z} and

ΣR =
⋃

i≤j Σ
ij
R.



Group-like spaces

Theorem

Let X be a space admitting an injective uniform embedding into
some discrete group G. Then X admits a (free) partial
translation structure. Moreover X admits a partial translation
structure which is globally controlled.

Corollary

If X is a uniformly discrete bounded geometry metric space for
which κX (R) > 1 for some R, then X does not admit an
injective uniform embedding into any countable group.



Partial translation algebras

A partial translation on X gives rise to a partial isometry in
C∗

u(X ); the inverse partial translation gives the adjoint partial
isometry.

Definition
For T a partial translation structure, the partial translation
algebra C∗(T) is the subalgebra of the uniform Roe algebra
C∗

u(X ) generated by the partial translations (viewed as partial
isometries).

Theorem
Let G be a countable discrete group and let T be the canonical
partial translation structure on G. Then the algebra C∗(T) is
canonically isomorphic to C∗

r (G), the reduced C∗-algebra of G.

C∗(T) is equal to the closure of the right regular representation
of G on l2(G) which is isomorphic to the closure of the left
regular representaion.



Theorem

1 X has property A.
2 C∗

u(X ) is nuclear.
3 For every partial translation structure T on X,

C∗(T) ↪→ C∗
u(X ) is a nuclear embedding.

4 C∗
u(X ) is exact.

5 For every partial translation structure T on X, C∗(T) is
exact.

6 There exists a globally controlled free partial translation
structure T on X for which C∗(T) is exact.

If X has bounded geometry then (1)⇐⇒(2) =⇒ (3) and
(2) =⇒ (4) =⇒ (5). If κX (R) = 1 for all R, then (1), (2), (3) are
equivalent. If there is a free globally controlled p. t. structure
then (1) through (6) are all equivalent.



An interesting special case

The following statement can be seen as a non-equivariant
analogue of a theorem of Kirchberg who proves that if G is a
discrete group with the factorization property then amenability
of G, nuclearity of C∗(G) and exactness of C∗(G) are all
equivalent.

Theorem
If X admits a (local) uniform embedding into a countable
discrete group, then the following are equivalent: C∗

u(X ) is
nuclear; C∗

u(X ) is exact; C∗(T) is exact for all partial translation
structures T on X; X has property A.



Embedding metric spaces in graphs

Any bounded geometry metric space can be embedded in a
locally finite graph. In fact one can find a graph with bounded
valences:

Theorem (Dranishnikov, Gong, Lafforgue, Yu (2002))

Let X be a uniformly discrete bounded gometry metric space.
Then there exists a graph Γ for which each vertex lies in at most
three edges, such that X uniformly embeds in Γ.

Let ΓU denote the disjoint union of all finite graphs such that
every vertex lies in at most three edges. ΓU has the universal
property that every bounded geometry space locally uniformly
embeds in ΓU .



Embedding metric spaces in groups

Theorem

The following are equivalent:
1 There exists a countable discrete group G such that the

space ΓU uniformly embeds in G;
2 For each uniformly discrete bounded geometry metric

space X there is a countable discrete group GX such that
X uniformly embeds in GX ;

3 There exists a countable discrete group G such that every
uniformly discrete bounded geometry metric space X
uniformly embeds in G.



What if ΓU embeds in a group?

Theorem
If the universal space ΓU admits a (local) uniform embedding
into a countable discrete group, then for every bounded
geometry metric space X the following are equivalent: C∗

u(X ) is
nuclear; C∗

u(X ) is exact; C∗(T) is exact for all partial translation
structures T on X; X has property A.



Conjecture

A uniformly discrete bounded geometry metric space X has
property A if and only if the uniform Roe algebra C∗

u(X ) is exact.

We have seen that this statement is true

for any countable discrete group equipped with its natural
coarse structure;
for any metric space which admits a proper co-compact
action by a group of isometries;
when X embeds in a group;
κX (R) = 1 for all R and X admits a free and globally
controlled partial translation structure.



Diestel-Leader graph, step 1

The DL graph was constructed to provide an answer to the
question: Does there exist a graph which is not quasi-isometric
to the Cayley graph of a group?
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FIGURE 1. Constructing the non-Cayley graph H from T5

sending y1 to y2 must swap x1 and x2, as must the !! " S sending y1 to y3.
But then !!!#1 sends y2 to y3 and fixes x1, a contradiction.

Of course, H is still quasi-isometric to T5 (which is the Cayley graph of
the free group with 5 generators, each of order 2): we just have to map each
K2,3 back to the vertex of T5 from which it was expanded. Thus the K2,3s are
too local to a!ect quasi-isometry: we would like to introduce something like
‘larger K2,3s’ to have the same e!ect more globally. The following idea shows
that these can indeed be obtained.

Roughly speaking, the reason why H is not Cayley is that the insertion
of K2,3s has introduced an ‘orientation’ which all automorphisms must pre-
serve (but cannot all preserve without a fixed point). Indeed, each K2,3 has a
natural orientation of its edges from the 2-set to the 3-set, and put together
they make H into a regular directed graph of in-degree 2 and out-degree 3.
Our key observation now is that we can reverse this process of obtaining an
orientation from K2,3s to one of obtaining K2,3s from an orientation. Indeed,
if we start from a suitable orientation D0 of T5, namely, the regular orientation
of in-degree 2 and out-degree 3, then our directed version of H (with all its
useful ‘Cayley-inhibiting’ K2,3s) is obtained from D0 by one simple operation,
which moreover can be iterated canonically to yield ‘larger and larger K2,3s’
(see Figures 2 and 5): the operation of taking a directed line graph.

Let us do this in more detail. Given a directed graph D, the line graph of
D is the directed graph D! whose vertices are the arcs uv of D, and in which
such a vertex uv " V (D!) sends an arc (of D!) to another vertex v!w! " V (D!) if
and only if v = v!. Note that if D is regular with in-degree a and out-degree b
then so is D!. The operation of taking a line graph can thus be iterated on
regular directed graphs without increasing their degrees – a fact that will be
vital to our whole approach.

A moment’s thought shows that our directed version of H is indeed the
line graph of D0. So for i = 1, 2, . . . let Di be the (directed) line graph of Di#1,
and let Gi denote the undirected graph underlying Di. (Thus, G1 = H.) Since

3

We orient T5 so that each vertex has two incoming and three
outgoing vertices. This and the following pictures are taken from R. Diestel, I. Leader, A conjecture

concerning a limit of non-Cayley graphs.



Diestel-Leader graph, step 2
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FIGURE 1. Constructing the non-Cayley graph H from T5

sending y1 to y2 must swap x1 and x2, as must the !! " S sending y1 to y3.
But then !!!#1 sends y2 to y3 and fixes x1, a contradiction.

Of course, H is still quasi-isometric to T5 (which is the Cayley graph of
the free group with 5 generators, each of order 2): we just have to map each
K2,3 back to the vertex of T5 from which it was expanded. Thus the K2,3s are
too local to a!ect quasi-isometry: we would like to introduce something like
‘larger K2,3s’ to have the same e!ect more globally. The following idea shows
that these can indeed be obtained.

Roughly speaking, the reason why H is not Cayley is that the insertion
of K2,3s has introduced an ‘orientation’ which all automorphisms must pre-
serve (but cannot all preserve without a fixed point). Indeed, each K2,3 has a
natural orientation of its edges from the 2-set to the 3-set, and put together
they make H into a regular directed graph of in-degree 2 and out-degree 3.
Our key observation now is that we can reverse this process of obtaining an
orientation from K2,3s to one of obtaining K2,3s from an orientation. Indeed,
if we start from a suitable orientation D0 of T5, namely, the regular orientation
of in-degree 2 and out-degree 3, then our directed version of H (with all its
useful ‘Cayley-inhibiting’ K2,3s) is obtained from D0 by one simple operation,
which moreover can be iterated canonically to yield ‘larger and larger K2,3s’
(see Figures 2 and 5): the operation of taking a directed line graph.

Let us do this in more detail. Given a directed graph D, the line graph of
D is the directed graph D! whose vertices are the arcs uv of D, and in which
such a vertex uv " V (D!) sends an arc (of D!) to another vertex v!w! " V (D!) if
and only if v = v!. Note that if D is regular with in-degree a and out-degree b
then so is D!. The operation of taking a line graph can thus be iterated on
regular directed graphs without increasing their degrees – a fact that will be
vital to our whole approach.

A moment’s thought shows that our directed version of H is indeed the
line graph of D0. So for i = 1, 2, . . . let Di be the (directed) line graph of Di#1,
and let Gi denote the undirected graph underlying Di. (Thus, G1 = H.) Since
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FIGURE 2. The portion of G2 corresponding to the
central K2,3 in Figure 1

every Di is regular with in-degree 2 and out-degree 3, all the Gi are 5-regular;
it is therefore not unreasonable to expect that they converge to a graph ‘at
infinity’ in some natural sense, and that this limit graph might not be quasi-
isometric to a Cayley graph.

In order to define this limit graph precisely, let us pause to explain the
(very simple) space of graphs we are working with. For a fixed positive inte-
ger r (which for us will always be 5), let Q = Qr denote the set of (isomorphism
classes of) all connected r-regular transitive graphs. We introduce a metric on
Q by setting d(G, H) = 1/(n + 1) if n is the maximum positive integer such
that there exists an isomorphism from the ball BG(0, n) to BH(0, n) sending
0 to 0. (Here 0 is any particular point of G or H, and BG(0, n) denotes the
set of all points at graph distance at most n from 0.) This is a natural metric
to use on Q; see for example [ 1 ]. The following easy compactness argument
shows that it is indeed a metric.

Proposition 1. Let G, H ! Q with d(G, H) = 0. Then G and H are isomor-
phic.

Proof. For each n, we have an isomorphism !n : BG(0, n) ! BH(0, n) sending
0 to 0. Now, there are only finitely many choices for an isomorphism from
BG(0, 1) to BH(0, 1), so among the restrictions !1|BG(0, 1), !2|BG(0, 1), . . .
there are infinitely many that agree: say

!i1 |BG(0, 1) = !i2 |BG(0, 1) = . . . = !1.

Then, among the restrictions !i1 |BG(0, 2), !i2 |BG(0, 2), . . . there must be in-
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The limit graph

part of a tree of in-degree 2 and out-degree 1, while the end vertices trace out
part of a tree of in-degree 1 and out-degree 3.

This motivates the following explicit definition of a graph G!, which will
turn out to be the unique limit of our sequence G1, G2, . . .. Let E be a 3-
regular tree, oriented to have in-degree 2 and out-degree 1, and let F be the
oriented 4-regular tree of in-degree 1 and out-degree 3. Fix a point 0 " E and
a point 0 " F . Let the rank r(x) of a point x " E be the signed distance
from 0 to x (so if the unique undirected path from 0 to x in E has s forward
edges and t backward edges then r(x) = s ! t), and define r(y) in the same
way for y " F . Now define the directed graph D! as follows. The vertex set
of D! is the set {(x, y) " E "F : r(x) = r(y)}, and D! has an arc from (x, y)
to (x#, y#) whenever xx# " E and yy# " F (Figure 4). Finally, let G! be the
undirected version of D!.

E F

FIGURE 4. All directions are from left to right

Let us verify that G! is indeed the unique limit of the sequence G1, G2, . . . :

Proposition 4. The sequence (Gn) converges to G!.

Proof. The directed graphs Dn and D! have isomorphic n/2-neighbourhoods,
so d(Gn, G!) # 2

n+2 . !

We remark that it is now possible to define precisely what we mean by
‘large K2,3s’ in the graph G!. Given a vertex (x, y) of G!, we have r(x) = r(y)
by definition of G! and call this number the rank of (x, y), denoted again by
r(x, y). Given an integer k > 0, we call each of the (isomorphic) components of
the subgraph of G! spanned by the vertices of rank between 0 and k a K2,3 of
order k. It is not di!cult (if a little tedious) to write down a formal partition
of the vertex set of such a K2,3 of order k into five classes, together with an
adjacency rule between these classes based on adjacencies in G!, so that the

7

The limit graph D(2, 3) is a subgraph of the product of the
above two trees. The trees are oriented from left to right.



Theorem (Eskin, Fischer, Whyte)
There is no finitely generated group quasi-isometric to the
graph DL(m, n) for m 6= n.

However, DL(m, n) embeds in the product of two trees (of
valences m + 1 and n + 1, respectively) and so it admits an
embedding in a product of two free groups. Thus this graph
admits a free and globally controlled partial translation
structure; in particular κDL(m,n)(R) = 1 for all R and our
conjecture is true for these graphs.


