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The talk will cover the following points:

– Topologically pure extensions in the cat-
egory of Banach spaces and continuous op-
erators (Ban), and the category of Fréchet
spaces and continuous operators (Fr).

– A Künneth formula in topological homology
and cohomology in the category of Banach
spaces and the category of Fréchet spaces.
(Joint with F. Gourdeau and M. C. White)

– The excision property in the following con-
tinuous (co)homologies: HC∗, HP∗, HC∗ and
HP ∗, for a topologically pure extension of
Fréchet algebras

0→ I
i→ A

j→ A/I → 0,

where I is strongly H-unital. For example,
there exist (i) a long exact sequence of con-
tinuous cyclic cohomology:

. . .→ HCn−1(I)→ HCn(A/I)→ HCn(A)→

HCn(I)→ . . .



and (ii) an exact sequence of continuous pe-

riodic cyclic cohomology of length six:

HP0(I) ← HP0(A) ← HP0(A/I)
↓ ↑

HP1(A/I) → HP1(A) → HP1(I).

(Joint with Jacek Brodzki)

– For a locally convex strict inductive system

of Fréchet algebras (Am)∞m=1 such that

0→ Am → Am+1 → Am+1/Am → 0

is topologically pure for each m, and for A =

lim
→
m

Am, we show that the following sequence

is exact

0→ lim←
m

(1) HCn−1(Am)→HCn(A)→

lim←
m

HCn(Am)→ 0,

and we have the isomorphisms

HCn(A) = lim
→
m
HCn(Am) for all n ≥ 0.



Topologically Pure Extensions

Definition 1 A short exact sequence of Fréchet

spaces and continuous operators

0→ Y
i→ Z

j→W → 0

is called topologically pure in Fr if for every

X ∈ Fr the sequence

0→ X⊗̂Y
idX⊗̂i→ X⊗̂Z

idX⊗̂j→ X⊗̂W → 0

is exact.

An extension of Fréchet algebras is called topo-

logically pure if the underlying short exact se-

quence of Fréchet spaces is topologically pure

in Fr.

The reason for the introduction of topolog-

ically pure extensions of Fréchet algebras is

that they allow



– circumvention of the known problem that
the projective tensor product of injective con-
tinuous linear operators is not necessarily in-
jective,

– as well as ensuring that (idX ⊗ i)(X⊗̂Y ) is
closed in X⊗̂Z.

It can be proved that extensions of Fréchet
spaces which satisfy one of the following con-
ditions are topologically pure:

(i) an admissible extension, that is, one which
admits a continuous linear splitting;

(ii) a weakly admissible extension, that is, one
whose strong dual sequence is admissible;

(iii) an extension of nuclear Fréchet spaces
(see, for example, J. Eschmeier and M. Puti-
nar, and J. L. Taylor);

(iv) an extension of Fréchet algebras such
that Y has a left or right bounded approxi-
mate identity.



The class of topologically pure extensions is

larger than the class of admissible extensions.

For instance, in the extension of C∗-algebras

0→ c0 → `∞ → `∞/c0 → 0

the closed ideal c0 of sequences convergent to

zero is not complemented in the C∗-algebra

`∞ of bounded sequences with component-

wise multiplication (Phillips’ Lemma).

For an infinite-dimensional Hilbert space H,

the extension

0→ K(H)→ B(H)→ B(H)/K(H)→ 0,

where K(H) is the closed ideal of compact

operators in the C∗-algebra B(H) of bounded

operators, is not admissible (J. B. Conway).

Thus these extensions are not admissible, but

they are topologically pure.



Lemma 1 ( J. Cigler, V. Losert and P. W.

Michor) A short exact sequence of Banach

spaces and continuous linear operators

0→ Y
i→ Z

j→W → 0 (1)

is weakly admissible in Ban if and only if it is

topologically pure in Ban.

In the category of Fréchet spaces the situa-

tion with topologically pure extensions is more

interesting.

Firstly, it is known that extensions of nuclear

Fréchet spaces are topologically pure.

As to the admissibility of extensions in Fr,

we recall the explicit description of Fréchet

spaces with complemented closed linear sub-

spaces. The following result is presented in a

book of A. Ya. Helemskii and based on results

of A. Grothendieck, J. Lindenstrauss and L.

Tzafriri.



Proposition 1 Let E be a Fréchet space such

that every closed linear subspace of E is com-

plemented. Then E is topologically isomor-

phic to one of the following Fréchet spaces:

(i) a Hilbert space; (ii) CN or (iii) CN × H

where H is an infinite-dimensional Hilbert space.

Here CN is the Fréchet space of all complex-

valued sequences with pointwise convergence.

Note that nuclear Fréchet spaces are reflexive,

therefore, by J. L. Taylor, a short sequence of

nuclear Fréchet spaces is weakly admissible if

and only if it is admissible.

Hence, the above facts show that the weak

admissibility of an extension is not equivalent

to the topological purity of the extension in

Fr.



A Künneth formula in topologi-
cal homology

(joint with F. Gourdeau and M. C. White)

A chain complex X in Fr (in Ban) is a family of

Fréchet (Banach) spaces Xn and continuous

linear maps dn (called boundary maps)

. . .
dn−2←− Xn−1

dn−1←− Xn
dn←− Xn+1

dn+1←− · · ·

such that Im dn ⊂ Ker dn−1.

The subspace Im dn of Xn is denoted by Bn(X )

and its elements are called boundaries.

The Fréchet (Banach) subspace Ker dn−1 of

Xn is denoted by Zn(X ) and its elements are

cycles.

The homology groups of X are defined by

Hn(X ) = Zn(X )/Bn(X ).



A chain complex X is called bounded if Xn =

{0} whenever n is less than a certain fixed

integer N ∈ Z.

Recall that the tensor product X⊗̂Y of bounded

complexes X and Y in Fr is X⊗̂Y
def
= Tot(X⊗̂Y),

the totalization of the bounded bicomplex X⊗̂Y.

Definition 2 A Fréchet (Banach) space G is

strictly flat if for every short exact sequence

of Fréchet (Banach) spaces and continuous

linear operators 0 → X → Y → Z → 0, the

short exact sequence

0→ G⊗̂X → G⊗̂Y → G⊗̂Z → 0

is also exact.

Example 1 (i) Nuclear Fréchet spaces are strictly

flat in Fr. (ii) Finite-dimensional Banach spaces

and L1(Ω, µ) are strictly flat in Ban.



Lemma 2 Let

0→ Y
i→ Z

j→W → 0 (2)

be a short exact sequence of Banach spaces

and continuous linear operators. Suppose W

is strictly flat in Ban. Then the sequence (2)

is weakly admissible and therefore is topolog-

ically pure in Ban.

Lemma 3 Let X and Y be chain complexes in

Fr (in Ban) and let ϕ : X → Y be a continuous

morphism of complexes of Fréchet (Banach)

spaces. Suppose that for a certain n

ϕ∗ = Hn(ϕ) : Hn(X )→ Hn(Y)

has closed range. Then ϕ∗ is relatively open.

In particular, if ϕ∗ is surjective, then it is open.



Proposition 2 Let G be a Fréchet (Banach)
space, let X be a chain complex in Fr (in Ban)
such that all boundary maps d have closed
range, let G⊗̂X be the chain complex with
boundary maps 1G⊗d, and let n ∈ Z. Suppose,
for k = n−1 and for k = n, the following exact
sequences of Fréchet (Banach) spaces

0→ Zk(X )
ik→ Xk

d̃k−1→ Bk−1(X )→ 0 (3)

and

0→ Bk(X )
jk→ Zk(X )

σk→ Hk(X )→ 0 (4)

are topologically pure in Fr (in Ban). Then
the natural inclusions induce topological iso-
morphisms:
(i) G⊗̂Zn(X ) ∼= Zn(G⊗̂X ),
(ii) G⊗̂Bn(X ) ∼= Bn(G⊗̂X ),
(iii)

G⊗̂Hn(X ) ∼= G⊗̂Zn(X )/(1G ⊗ jn)(G⊗̂Bn(X ))
∼= Zn(G⊗̂X )/Bn(G⊗̂X )

= Hn(G⊗̂X ).

In particular, the boundary map 1G ⊗ dn also
has closed range.



Theorem 3 Let X and Y be bounded chain

complexes in Fr (in Ban) such that all bound-

ary maps have closed range. Suppose that

the following exact sequences of Fréchet (Ba-

nach) spaces are topologically pure for all n:

0→ Zn(X )
i→ Xn

d̃X→ Bn−1(X )→ 0 (5)

and

0→ Bn(X )
j→ Zn(X )

σ→ Hn(X )→ 0. (6)

Suppose also that one of the following two

cases is satisfied.

Case 1. The following exact sequences of

Fréchet (Banach) spaces are topologically pure

for all n:

0→ Zn(Y)
i→ Yn

d̃Y−→ Bn−1(Y)→ 0 (7)

and

0→ Bn(Y)
j→ Zn(Y)

σ→ Hn(Y)→ 0. (8)



Case 2. Zn(X ) and Bn(X ) are strictly flat for

all n.

Then, up to topological isomorphism,⊕
m+q=n

[Hm(X )⊗̂Hq(Y)] = Hn(X⊗̂Y).

Corollary 1 Let X and Y be bounded chain

complexes in Ban such that all boundary maps

have closed range. Suppose that, for all n,

Bn(X ) and Hn(X ) are strictly flat. Then, up

to topological isomorphism,⊕
m+q=n

[Hm(X )⊗̂Hq(Y)] = Hn(X⊗̂Y).

Proof. It is known that if Bn(X ) and Hn(X )

are strictly flat then Zn(X ) is strictly flat too.

By Lemma 2, strict flatness of Bn−1(X ) and

Hn(X ) implies that the short exact sequences

of Banach spaces (5), (6) are topologically

pure in Ban. The result follows from Theorem

3 (Case 2).



Corollary 2 (M. Karoubi). Let X and Y be

bounded chain complexes of Fréchet spaces

and continuous operators such that all bound-

ary maps have closed range. Suppose that X
or Y is a complex of nuclear Fréchet spaces.

Then, up to topological isomorphism,⊕
m+q=n

[Hm(X )⊗̂Hq(Y)] = Hn(X⊗̂Y).

Proof. For all n, the short exact sequences

of nuclear Fréchet spaces (5), (6) are topo-

logically pure in Fr. Nuclear Fréchet spaces

Bn(X ) and Zn(X ) are strictly flat in Fr. The

result follows from Theorem 3 (Case 2).



Proposition 3 Let X be a chain complex of

Fréchet (Banach) spaces and X ∗ the strong

dual cochain complex. Then the following are

equivalent:

(1) Hn(X ) = Ker dn−1/ Im dn is a Fréchet (Ba-

nach) space;

(2) Bn(X ) = Im dn is closed in Xn;

(3) dn has closed range;

(4) the dual map dn = d∗n has closed range;

(5) Bn+1(X ∗) = Im d∗n is strongly closed in

(Xn+1)
∗;

In the category of Banach spaces, they are

equivalent to:

(6) Bn+1(X ∗) is a Banach space;

(7) Hn+1(X ∗) = Ker d∗n+1/ Im d∗n is a Banach

space.

Moreover, whenever Hn(X ) and Hn(X ∗) are

Banach spaces, then

Hn(X ∗) ∼= Hn(X )∗.



Let A be a Fréchet algebra and let X be a

Fréchet A-bimodule. We will define the con-

tinuous homology Hn(A, X) of the algebra A

with coefficients in X.

We denote by Cn(A, X), n = 0,1, ..., the Fréchet

space X⊗̂A⊗̂n; we shall call the elements of

this space n-chains. We also set C0(A, X) =

X. From the chains we form the standard ho-

mology complex

0←− C0(A, X)
d0←− . . .←− Cn(A, X)

dn←−

Cn+1(A, X)←− . . . , (C∼(A, X))

where the differential dn is given by the for-

mula

dn(x⊗ a1 ⊗ a2 ⊗ . . .⊗ an+1) =

(x · a1 ⊗ a2 ⊗ . . .⊗ an+1)+∑n
i=1(−1)i(x⊗ a1 ⊗ . . .⊗ aiai+1 ⊗ . . .⊗

an+1) + (−1)n+1(an+1 · x⊗ a1 ⊗ . . .⊗ an).



The nth homology group of C∼(A, X), de-

noted by Hn(A, X), is called the nth continu-

ous homology group of the Fréchet algebra A

with coefficients in X.

The Hochschild cohomology groups Hn(A, X∗)
of the Banach algebra A with coefficients in

the dual A-bimodule X∗ are topologically iso-

morphic to the cohomology groups

Hn((C∼(A, X))∗) of the dual complex (C∼(A, X))∗.



Let A be a Banach algebra with a bounded ap-

proximate identity (eα)α∈Λ. We put βn(A) =

A⊗̂
n+2

, n ≥ 0, and let dn : βn+1(A) → βn(A)

be given by

dn(a0 ⊗ . . .⊗ an+2) =

n+1∑
k=0

(−1)k(a0 ⊗ . . .⊗ akak+1 ⊗ . . .⊗ an+2).

It can be proved that the complex

0← A π←− β0(A)
d0←− · · · ← βn(A)

dn←− βn+1(A)← . . . ,

where π : β0(A) → A : a ⊗ b 7→ ab, is a flat

pseudo-resolution of the A-bimodule A. We

denote it by 0← A π←− β(A).



Theorem 4 Let A and B be Banach algebras
with bounded approximate identities, let X be
an essential Banach A-bimodule and let Y be
an essential Banach B-bimodule. Then, for
n ≥ 0, up to topological isomorphism,

Hn(A⊗̂B, (X⊗̂Y )∗) =

Hn((C∼(A, X)⊗̂C∼(B, Y ))∗).

Proof. Consider the flat pseudo-resolutions
β(A) and β(B) of A and B in the categories of
bimodules. One can show that their projec-
tive tensor product β(A)⊗̂β(B) is an A⊗̂B-flat
pseudo-resolution of A⊗̂B in A⊗̂B-mod-A⊗̂B.

It can be proved that, up to topological iso-
morphism,

Hn(A⊗̂B, (X⊗̂Y )∗) =

Hn(((X⊗̂Y )⊗̂(A⊗̂B)e(β(A)⊗̂β(B)))∗) =

Hn((C∼(A, X)⊗̂C∼(B, Y ))∗).



Theorem 5 Let A and B be Banach algebras

with bounded approximate identities, let X

be an essential Banach A-bimodule and let

Y be an essential Banach B-bimodule. Sup-

pose that all boundary maps of the standard

homology complexes C∼(A, X) and C∼(B, Y )

have closed range and, for all n, Bn(A, X) and

Hn(A, X) are strictly flat. Then, for n ≥ 0

Hn(A⊗̂B, X⊗̂Y ) ∼=
⊕

m+q=n

Hm(A, X)⊗̂Hq(B, Y ),

and

Hn(A⊗̂B, (X⊗̂Y )∗) ∼=⊕
m+q=n

[Hm(A, X)⊗̂Hq(B, Y )]∗.



Let A = `1(Z+) where

`1(Z+) =

(an)
∞
n=0 :

∞∑
n=0

|an| <∞


is the unital semigroup Banach algebra of Z+

with convolution multiplication and norm∥∥∥(an)∞n=0

∥∥∥ =
∑∞

n=0 |an|. Recall that `1(Z+) is

isometrically isomorphic to the unital commu-

tative Banach algebra

A+(D) =

f =
∞∑

n=0

anzn :
∞∑

n=0

|an| <∞


of absolutely convergent Taylor series on D

with pointwise multiplication and norm

‖f‖ =
∑∞

n=0 |an|, where D = {z ∈ C : |z| ≤ 1}
is the closed disc. Let I = `1(N) be the closed

ideal of `1(Z+) consisting of those elements

with a0 = 0.



HH0(`
1(Z+)) = `1(Z+), HH1(`

1(Z+)) = `1(N),

HHn(`1(Z+)) = {0} for all n ≥ 2,

HC0(`1(Z+)) = `1(Z+),

HC2n(`
1(Z+)) = C for all n ≥ 1.

HC2n+1(`
1(Z+)) = {0} for all n ≥ 0.

HP0(`
1(Z+)) = C, HP1(`

1(Z+)) = {0};

HH0(`1(Z+)) = (`1(Z+))∗, HH1(`1(Z+)) =
(`1(N))∗,

HHn(`1(Z+)) = {0} for all n ≥ 2,

HC0(`1(Z+)) = (`1(Z+))∗,

HC2n(`1(Z+)) = C for all n ≥ 1.

HC2n+1(`1(Z+)) = {0} for all n ≥ 0.

HP0(`1(Z+)) = C, HP1(`1(Z+)) = {0}.



Theorem 6 Let A = `1(Z+). Then, up to

topological isomorphism,

1. Hn(`1(Zk
+), `1(Zk

+)) = 0 if n > k,

2. Hn(`1(Zk
+), `1(Zk

+)) =
⊕(k

n)
(
I⊗̂

n
⊗̂A⊗̂

k−n
)

if n ≤ k,

3. Hn(`1(Zk
+), `1(Zk

+)∗) = 0 if n > k and

4. Hn(`1(Zk
+), `1(Zk

+)∗) =
⊕(k

n)
[(
I⊗̂

n
⊗̂A⊗̂

k−n
)∗]

if n ≤ k,

where ( )∗ denotes the dual space.



Let L1(R+) be the convolution Banach func-

tion algebra of complex-valued, Lebesgue mea-

surable functions f on R+ with finite L1-norm

(that is such that
∫∞
0 |f(t)| dt <∞). For f, g ∈

L1(R+), f ∗ g(t) =
∫∞
0 f(t− s)g(s)ds, t ∈ R+.



HH0(L
1(R+)) = HH1(L

1(R+)) = L1(R+),

HHn(L1(R+)) = {0} for all n ≥ 2,

HC0(L1(R+)) = L1(R+),

HCn(L1(R+)) = {0} for all n ≥ 1.

HP0(L
1(R+)) = HP1(L

1(R+)) = {0};

HH0(L1(R+)) = HH1(L1(R+)) = L∞(R+),

HHn(L1(R+)) = {0} for all n ≥ 2,

HC0(L1(R+)) = L∞(R+),

HCn(L1(R+)) = {0} for all n ≥ 1.

HP0(L1(R+)) = HP1(L1(R+)) = {0}.



Theorem 7 The following results hold:

1. Hn(L1(Rk
+),L1(Rk

+)) = 0 if n > k;

2. Hn(L1(Rk
+),L1(Rk

+)) ∼=
⊕(k

n)L1(Rk
+)

if n ≤ k;

3. Hn(L1(Rk
+),L1(Rk

+)∗) = 0

if n > k; and

4. Hn(L1(Rk
+),L1(Rk

+)∗) ∼=
⊕(k

n)L∞(Rk
+)

if n ≤ k.



Cyclic-type cohomology of locally con-
vex algebras

By a locally convex algebra we shall mean

an algebra A over C (not necessarily unital)

which is a locally convex topological vector

space in such a way that the ring multiplica-

tion in A is jointly continuous.

The continuous bar and ‘naive’ Hochschild

homology of a complete locally convex alge-

bra A are defined respectively as

Hbar
∗ (A) = H∗(C(A), b′)

and

Hnaive
∗ (A) = H∗(C(A), b),

where Cn(A) = A⊗̂(n+1), and the differentials

b, b′ are given by

b′(a0⊗. . .⊗an) =
n−1∑
i=0

(−1)i(a0⊗. . .⊗aiai+1⊗. . .⊗an)



and

b(a0 ⊗ . . .⊗ an) = b′(a0 ⊗ . . .⊗ an)

+(−1)n(ana0 ⊗ . . .⊗ an−1).

Thus the standard homology complex (C(A), b)
is

0←− A
b0←− A⊗̂A . . .

←− A⊗̂n+1 bn←− A⊗̂n+2 ←− . . . .(C∼(A))

Note that Hnaive
∗ (A) is just another way of

writing H∗(A, A), the continuous homology
of A with coefficients in A, as described in
Helemskii or Johnson.

A+ denotes the unitization of a complete lo-
cally convex algebra A. Consider the mixed

complex

(Ω̄A+, b̃, B̃)

in LCS, where

Ω̄nA+ = A⊗̂(n+1) ⊕A⊗̂n,



⊗̂ is the completed projective tensor product,

and

b̃ =

(
b 1− λ
0 −b′

)
; B̃ =

(
0 0
N 0

)
with

λ(a1⊗ . . .⊗an) = (−1)n−1(an⊗a1⊗ . . .⊗an−1)

and

N = id + λ + . . . + λn−1.

(See Loday’s book.)



The mixed complex (Ω̄A+, b̃, B̃) is the follow-
ing

. . . . . . . . . . . . . . .
b̃ ↓ b̃ ↓ b̃ ↓ b̃ ↓ b̃ ↓

A⊗̂4 ⊕A⊗̂3 B̃← A⊗̂3 ⊕A⊗̂2 B̃← A⊗̂2 ⊕A
B̃← A

B̃← 0
b̃ ↓ b̃ ↓ b̃ ↓ b̃ ↓

A⊗̂3 ⊕A⊗̂2 B̃← A⊗̂2 ⊕A
B̃← A

B̃← 0
b̃ ↓ b̃ ↓ b̃ ↓

A⊗̂2 ⊕A
B̃← A

B̃← 0
b̃ ↓ b̃ ↓
A

B̃← 0
b̃ ↓
0

The continuous Hochschild homology of
A, the continuous cyclic homology of A
and the continuous periodic cyclic homol-
ogy of A are defined by

HH∗(A) = Hb
∗(Ω̄A+, b̃, B̃),

HC∗(A) = Hc
∗(Ω̄A+, b̃, B̃)

and

HP∗(A) = H
p
∗(Ω̄A+, b̃, B̃).



where Hb
∗, Hc

∗ and H
p
∗ are Hochschild homol-

ogy, cyclic homology and periodic cyclic ho-

mology of the mixed complex (Ω̄A+, b̃, B̃) in

the category LCS of locally convex spaces and

continuous linear operators. One can find the

original ideas on mixed complexes in papers

by C. Kassel, J. Cuntz and D. Quillen.

There is also a cyclic cohomology theory asso-

ciated with a complete locally convex algebra

A, obtained when one replaces the chain com-

plexes of A by their dual complexes of strong

dual spaces (A. Connes, J.-L. Loday).

For example, the continuous bar cohomology

Hn
bar(A) of A is the cohomology of the dual

complex (C(A)∗, (b′)∗) of (C(A), b′).



The three different homologies of a mixed

complex are related in the following interest-

ing way.

Lemma 4 Let (M, b, B) be a mixed complex

with

Hb
n(M) = 0 for all n ≥ 0.

Then also

Hc
n(M, b, B) = Hp

n(M, b, B) = 0 for all n ≥ 0.

Lemma 5 (i) A short sequence

0→ E
i→ F

σ→ G→ 0 (9)

in Fr is exact if and only if the dual short

sequence of the strong dual Fréchet spaces is

exact.

(ii) The complex (X , d) in Fr is exact if and

only if its dual complex (X ∗, d∗) of strong dual

Fréchet spaces is exact. Thus Hn(X , d) = 0

for all n if and only if Hn(X ∗, d∗) = 0 for all n.



Strongly H-unital Banach and
Fréchet algebras

A Fréchet algebra A is called strongly H-

unital if the homology of the complex

(C(A)⊗̂X, b′⊗̂idX)

is trivial for every Fréchet space X. Here id

denotes the identity operator.

(M. Wodzicki, 1989)

Strongly H-unital Fréchet algebras:

(i) Unital Fréchet algebras are strongly H-

unital. For example, the algebra O(C) of holo-

morphic functions on C; the algebra C∞(M)

of smooth functions.

(ii) By extending results of B. E. Johnson one

can prove that a Fréchet algebra A with a left

or right bounded approximate identity has this

property.



It is well-known that any C∗-algebra A has a
bounded approximate identity. The Banach
algebra A = K(E) of compact operators on a
Banach space E with the bounded compact
approximation property has also a bounded
left approximate identity (P. Dixon).

Let ωn(x) = (1 + |x|)1−
1
n, ω0(x) = 1 + |x| and

let An ={
f ∈ L1(R) : pn(f) =

∫ +∞

−∞
|f(x)|ωn(x)dx <∞

}
,

n = 0,1, . . . . Then An is a Banach algebra
under the norm pn. Let

A =
∞⋂

n=1

An

topologised by the collection of norms pn, n =
0,1, . . . . Then A is a Fréchet algebra with
bounded approximate identity (I. G. Craw).

(iii) If A is flat as a right Fréchet A-module
and A2 = A, then A is strongly H-unital. Here
A2 is the closed linear span of {ab : a, b ∈ A}.



For example,

– l1, the Banach algebra `1 of summable com-

plex sequences (ξn) with co-ordinatewise op-

erations (biprojective),

– the Banach algebra N(H) of nuclear oper-

ators in a Hilbert space H (biprojective), and

– the algebra K(`2⊗̂`2) of all compact op-

erators on the Banach space `2⊗̂`2 (a non-

amenable, biflat semisimple Banach algebra

with a left bounded approximate identity)

are strongly H-unital.



Example 2 Banach algebras A such that

Hbar
n (A) 6= 0 for some n ≥ 0 :

(i) The maximal ideal

A0(D) = {w : w(0) = 0}

of the disc algebra,

(ii) `2 with coordinatewise multiplication,

(iii) the algebra HS(H) of Hilbert-Schmidt op-

erators on a Hilbert space H.



The existence of long exact
sequences of homology of Fréchet

algebras

(Joint with J.Brodzki)

Definition. We say that an extension of Fréchet

algebras

0→ I → A→ A/I → 0

has the excision property in a particular

homology H∗ if there exists an associated long

exact sequence

→Hn(I)→Hn(A)→Hn(A/I)→Hn−1(I)→

of the corresponding homology groups.

Theorem 8 Let

0→ I → A→ A/I → 0

be a topologically pure extension of Fréchet

algebras. Suppose I is strongly H-unital.



Then there exist associated long exact se-

quences in Hnaive
∗ and Hbar

∗ .

In particular, Hbar
n (A) = Hbar

n (A/I) for all n ≥
0.

The method is similar to that of Wodzicki’s

proof, using filtrations in which algebraic ten-

sor products are replaced by projective tensor

products. One uses the properties of topo-

logically pure extensions.

Theorem 9 A topologically pure extension of

Fréchet algebras has the excision property in

the homology Hbar
∗ if and only if the extension

has the excision property in the cohomology

H∗bar.

The same statement is true for the continuous

naive Hochschild homology and cohomology.



We obtain the excision property for contin-
uous cyclic and periodic cyclic homology
and cohomology in the category of Fréchet
algebras as a simple inference from the ex-
cision property for continuous Hochschild and
bar homology.

Theorem 10 Let

0→ I
i→ A

j→ A/I → 0

be a topologically pure extension of Fréchet
algebras. Suppose I is strongly H-unital.
Then the extension has the excision property
in the following (co)homologies: HC∗, HP∗,
HC∗ and HP ∗. In other words, there exist

(i) two long exact sequences of continuous
cyclic homology and cohomology:

→ HCn(I)→ HCn(A)→ HCn(A/I)→

HCn−1(I)→,

→ HCn−1(I)→ HCn(A/I)→ HCn(A)→

HCn(I)→

and



(ii) two sequences of continuous periodic cyclic
homology and cohomology of length six:

HP0(I) → HP0(A) → HP0(A/I)
↑ ↓

HP1(A/I) ← HP1(A) ← HP1(I),

HP0(I) ← HP0(A) ← HP0(A/I)
↓ ↑

HP1(A/I) → HP1(A) → HP1(I).

—————–

M.Wodzicki proved in 1988 the excision prop-
erty in cyclic homology of Banach algebras
under hypotheses of admissibility on the ex-
tension of algebras. He also showed that the
H-unitality of I is a necessary condition
for the excision in cyclic homology. J. Cuntz
proved in 1995 the excision property in bivari-
ant periodic cyclic cohomology HP ∗(A, B) for
locally multiplicatively-convex algebras under
hypotheses of admissibility on the extension
of algebras, but he did not require I to be
strongly H-unital.



To obtain our results we need to assume also

that the ideal I is strongly H-unital. This

restriction still allows for interesting applica-

tions; for example, if I in the extension has a

bounded approximate identity, then I is strongly

H-unital and the extension is topologically pure.



Sketch of the proof of the main
theorem

The topologically pure extension

0→ I
ı→ A

→ A/I → 0

induces an exact sequence of complexes

0→ (Ω̄(A+, I), b̃)→ (Ω̄A+, b̃)
⊗∗→ (Ω̄(Ã/I), b̃)→ 0,

where the linear operators ⊗∗ are induced

by the homomorphism  and (Ω̄(A+, I), b̃) is

by definition the sub-complex Ker(⊗∗) of the

complex (Ω̄A+, b̃).

The excision property in Hnaive
∗ and Hbar

∗ im-

plies that

Hn(Ω̄(A+, I), b̃) = Hn(Ω̄I+, b̃)

for all n ≥ 0, that is,

Hn(Ω̄(A+, I)/Ω̄I+, b̃) = 0

for all n ≥ 0.



Thus, by Lemma 4,

Hc
n(Ω̄(A+, I)/Ω̄(I+), b̃, B̃) = 0

and

Hp
n(Ω̄(A+, I)/Ω̄(I+), b̃, B̃) = 0

for all n ≥ 0.

By Lemma 5, the cohomology of the dual

complexes are trivial too,

Hn
c ((Ω̄(A+, I)/Ω̄(I+))∗, b̃∗, B̃∗) = 0

and

Hn
p ((Ω̄(A+, I)/Ω̄(I+))∗, b̃∗, B̃∗) = 0

for all n ≥ 0.



Therefore, for all n ≥ 0,

Hc
n(Ω̄(A+, I), b̃, B̃) = Hc

n(Ω̄I+, b̃, B̃) = HCn(I),

Hp
n(Ω̄(A+, I), b̃, B̃) = Hp

n(Ω̄I+, b̃, B̃) = HPn(I)

and the long exact sequence of continuous

cyclic homology and the sequence of contin-

uous periodic cyclic homology of length six

both exist.

The same method works for the cohomologies

HC∗ and HP ∗.


