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Spectra, effects of Disorder, Localization vss. Extended States

Spectra

Localized modes (“steelpan”, Trinidad and Tobago):

An extended mode:

(Tacoma Narrows Bridge, 1940):
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Preamble:

Some Insights from Statistical Mechanics

Broad Principles

• Chaos ⇐⇒ Order: Orderly behavior has its roots in extensive disor-

der, and, conversely:

systems with extensive disorder manifest precise laws.

Chaotics structure on a smaller scale is perfectly consistent with

predictable behavior on a coarser scale.

Even F = ma is an emergent law, as are the laws of hydrodynamics,

and uncertainly is omnipresent in Quantum Physics.

• Universality: emergent laws depend on the scale, conservation princi-

ples, symmetry considerations, etc., but do not depend on myriad of details

which form an essential part of the smaller-scale picture.

• Appearance of Symmetries: very important to be understood,

though perhaps more to be admired than worshiped.

Specific tools

Analogies
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Instructive analogies

• Abrupt changes in spectral characteristics ⇐⇒ phase transitions.

• Sets of eigenvalues ⇐⇒ configuration of interacting particles.

In a creative leap of intuition:

same goes for the zeros of Riemann zeta-function.

• Characteristic polynomials ⇐⇒ partition functions

• The concept of pseudo-randomness.

Specific tools

• Entropy as a tool for analysis.

Soft-looking statements, such as Thermo. 2nd law, may express perhaps

even deeper truths than explicit relations.

• Partition function, and operators defined as operations which affect

the partition function.

• Random path methods for systems with local mechanism for inter-

actions / correlations.

• Study of the effects of the fluctuations in the model’s random param-

eters on the distribution of a suitable local order parameter, e.g.

M(h = 0+) ⇐⇒ Im(H− E− i0)−1(0, 0) .

(magnetization in a ferromagnet ⇐⇒ Green function).

• Spin glass perspective.
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Talk Outline

1. Random operators with extensive disorder

• rand. Schröd. ops, “Q. graphs”, random matrices

• randomness is in the eyes of the beholder

2. The spectral phase diagram and the ac challenge

3. Level Statistics:

observed effects of randomness and pseudo-randomness

• Random Matrix Ensembles

• Chaology

Latter day additions:

• “Randomness” in Number Theory

• Šeba level statistics

• Orthogonal Polynomials (clock behaviour)

4. The expected relation

Spectral characteristics

in infinite system ←→
Level-gap statistics

in finite volume

a not-undisputed conjecture

5. Testing the conjecture on trees (with S. Warzel)

• Surprise: at first glance the conjecture seems to fail

• on a second thought – no it does not.

6. Towards Universality in matrices with iid entries

• Approach to the O(N) and not just U(N) ensembles, based on the

Dyson evolution of the eigenvalue point process.
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A very partial list of related works (with emphasis on rigorous results)

Theor. Physics: Anderson ‘58, Mott-Twose ‘61, Lifshitz ‘63,

Ishii ‘73, Thouless ‘74, . . .

Anderson loc.:

d = 1 : Goldsheid-Molchanov-Pastur ‘77, Kunz-Souillard ‘80,

Kotani ‘82, Simon ‘83, Damanik-Sims-Stolz ‘01, . . .

d ≥ 1 : Fröhlich-Spencer ‘83, Martinelli-Holden ‘84,

Simon-Wolff ‘86, Martinelli-Scoppola ‘87,

multi-scale v. Dreifus-Klein ‘89, Combes-Hislop ‘94, Klopp ‘95,

method Kirsch-Stollmann-Stolz ‘98, Germinet-Klein ‘01,

Bourgain-Kenig ‘06,. . .

fract. mom. A.-Molchanov ‘92, Minami ‘96

method A.-Elgart-Schenker-Hundertmark ‘01,

A.-Elgart-Naboko-Schenker-Stolz ‘06, . . .

QHE: Halperin ‘82, Streda ‘82, Thouless ‘83,

Avron-Seiler-Simon ‘90,

Bellisard-v.Elst-SchulzBaldes ‘94, A.-Graf ‘98, . . .

Q-Graphs: Kottos-Smilansky ‘99, Kostrykin-Schrader ‘99,

Schanz-Smilansky ‘00, Kuchment ‘02, Solomyak ‘04,

Hislop-Post ‘06, Exner-Helm-Stollmann ‘07, . . .

Trees: AbouChacra-Anderson-Thouless ‘73,

Miller-Derrida ‘93, Klein ‘96,

A.-Sims-Warzel ‘06, Froese-Hassler-Spitzer ‘07, . . .

Q-Dynamics: A. ‘94, del Rio-Jitomirskaya-Last-Simon ‘95,

de Bievre-Germinet ‘98, Damanik-Stollmann ‘01,

Germinet-Klein ‘01, Erdős-Salmhofer-Yau ‘06, . . .
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Level Statistics

Statistical Mechanics:

randomness 7−→ deterministic law

same true for pseudo-randomness

from nuclear physics to number theory

(Wigner, . . . Montgomery-Odlyzko, . . . , Keating-Snaith . . . )
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The Point Process of Rescaled Eigenvalues

E

O(|Λ|−1)

spec HΛ

µEΛ :=
∑
n

δ |Λ|(En(Λ)−E)

For the ensembles of Random matrices with symmetric distribution, the joint

distribution of eigenvalues is know exactly (works of Porter/Rosenzweig ‘60,

Metha ‘60, Gaudin ‘61, Wigner (1951) ‘62, Dyson ‘62):

Prob (dE) =
Πn<k|En − Ek|β e−N

∑
m g(Em)

Norm.
ΠjdEj .

with g(E) = E2/t, or a more general one point function, and

β = 1, 2, 4 for the O(N), U(N), Sp(N) ensembles, correspondingly.

Level repulsion (!)
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Some Models of Level Statistics

• Poisson – (localization [Molchanov (1d), Minami,...])

• GOE, GUE , GSE – (rand. matrix ens., β = 1, 2, 4,

[Wigner, Dyson, Mehta])

• More general β ensembles – (certain Jacobi matrices

[Killip-Stoiciu, Dumitriu-Edelman, Breuer-Forrester-Smilansky])

• Šeba statistics - (billiards w. point scat., star graphs)

• Clock behaviour - (proven for various OP zeros,

[Last-Simon, Killip-Stoiciu,...] )

• depleted Poisson – (proposed for mob. edge, [Bogomolny])

Conjecture for random Schrödinger Ops. –

pure-point spectrum

ac spectrum ←→
Poisson statistics

GOE / GUE

Attention: the meaning of ←→ depends on the energy scale

∆E ≈ 1/Λ

1/Λ << ∆E << “1′′

(where “1′′ ≈ ‖H‖)
:

level repulsion (or not)

spectral rigidity (or not)
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Testing the conjecture on trees - a cautionary tale

A. - Warzel. “The Canopy Graph and Level Statistics

for Random Operators on Trees”, math-ph/0607021.

Previously known results

HT := −DT + λV

On infinite rooted tree T the operator [on `2(T )] has:

• pp spectrum for sufficiently high disorder

and at extreme energies ( A. ‘94).

• ac spectrum for sufficiently small randomness and intermediate en-

ergies.

Klein ‘96, A./Sims/Warzel ‘05, Froese/Hassler/Spitzer ‘05
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The Point Process of Rescaled Eigenvalues

E

O(|Λ|−1)

specHΛ

µEΛ :=
∑
n

δ |Λ|(En(Λ)−E)

• Wegner’s estimate: Random eigenvalues have average density pro-

portional to the volume.

E [TrPI(HΛ)] ≤ |I| |Λ| ‖%‖∞ , I ⊂ R.

• Minami’s estimate:

E
[
TrPI(HTL)

(
TrPI(HTL)− 1

)]
≤ π2‖%‖2

∞ |I|2|TL|2 .

• Minami ‘95 For the Zd- version of the random operator, any weak

limit of the rescaled process of eigenvalues at energy E in the localiza-

tion regime(∗) is a Poisson process.

[(∗) ‘fractional moment condition’]

However – Minami’s argument makes use of partitions with the van-

Hove property and thus it does not apply on trees.

Page 11 of 19



Summary of Our Results

1. Surprise: Poisson statistics throughout the spectrum.

(Thm. proven under an aux. assumption)

2. Observation: For the purpose of the level statistics,

the infinite-volume graph relevant for TL is not T
but the following “Canopy tree-graph” C:

x3

x4

x0

x1

x2
C: the L→∞ limit of the finite tree TL,

as seen from a vertex fixed at a finite distance

to the boundary.

3. A complete-localization result for the canopy graph:

Thm: The spectrum of HC(ω) is, a.s., p.p. only.

Thus the conjecture is not really contradicted by this ex-

ample (!)

4. Other related results on on singular spectra

of one-ended trees.
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Towards Universality in Wigner Matrices
(Mi,j - iid variables)

A puzzle: N ×N matrices, in the limit N →∞,

HN = (1− λ)D + λ
M√
N

D - diagonal, with Di,i iid variables

Mi,j - iid variables; the Gaussian case is also of interest (!)

The big scale question: Density of States

was explained (DOS computed) by Wigner, and -more generally- Pastur ‘72.

The Small Scale Question: gap statistics - what is the statistical

distribution of the spectrum of the combined operator of the form:

(1− λ)Poisson + λO(N) ?

Answer: proven for the case of Hermitian matrices with U(N) symmetric

distribution (Brézin-Hikami ‘97, Johansson ‘01):

at any λ ∈ (0, 1) the Random-matrix law prevails.

Essential tools have been the U(N) symmetry, and the HarishChandra-

Itzykson-Zuber integral, and integrability of the eigenvalue evolution. Un-

fortunately, the technique does not apply to the real-valued case,

even if Mi,j are Gaussian.

Attention: not mentioned here is a vast body of related works, incl.: Tracy-

Widom, Soshnikov, Baik, Deift, Bleher, Scherbina, ...

(OP, RH, methods, etc.)...
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Work in progress (w. Simone Warzel) aims at resolving the level statis-

tics in the less solvable case of M real random matrices.

The approach: entropy considerations applied to the Dyson dynamics of

eigenvalues M ⇒M(t).

dEn = dbn +
1

2
dt
∑
k:k 6=n

1

En − Ek

= dbn +
1

2
dt

∂

∂En
U(E)

at U =
∑

n<k log|En − Ek|.

A perspective on the flow of eigenvalues akin to hydrodynamics:

on the large scale “slow” evolution for the conserved quantity – the DOS

and “fast” convergence of the distribution as seen on the smaller scale, to

the corresponding local Conditional Gibbs states, with

Prob (dE) = Πn<k|En − Ek|β ΠjdEj .

in a suitable sense (!),

(β = 1 in the case of real symmetric matrices).
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More specifically –

Assumptions:

1. E[|ω0|τ ] <∞ for some τ > 0.

2. The expectation value function: E
[
ln
∣∣∣〈δ0,

(
HTL − E

)−1
δ0

〉∣∣∣]
is equicontinuous in E on some interval J ⊂ R.

Theorem 1. Under the above assumptions, for a.e. E ∈ J , the point

process describing the scaled eigenvalues:

{(En(ω)− E)× |TL|}n ⊂ R

converges weakly to a Poisson process, whose density is the canopy

DOS , dC(E), which is described below.

Remarks:

1. Explicit intensity of Poisson process dC(E): later.

2. Examples of distributions satisfying 1. & 2. (with J = R):

ω0 = Y + a ξ

with a 6= 0, ξ a Cauchy random variables, and Y a random variable of

a finite τ -moment.

3. Question: doesn’t this contradict the conjecture?
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Interpretation – Canopy Graph

For the purpose of the level statistics

the infinite-volume graph corresponding to TL
is not T but the Canopy tree C:

x3

x4

x0

x1

x2

The Canopy graph C:

a tree with a single path to ∞
corresponding to a horoball in T .

The canopy graph reflects the densities of extensive quantities

of the finite tree:

Lemma For F ∈ L∞(R) almost surely:

lim
L→∞

|TL|−1TrF(HTL) =

∫
νC(dE) F(E)

with the canopy DOS measure:

νC :=
K − 1

K

∞∑
n=0

K−n E [〈δxn , P·(HC) δxn〉]

of the canopy operator:

HC := AC + B∂C + V on `2(C).
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Localization of canopy states

Remarks:

1. Bulk averages are given by C since asymptotically most vertices in TL
are near surface.

2. The intensity of the above Poisson process is given by the canopy

DOS νC(dE)
dE = dC(E) .

The apparent contradiction is now resolved by:

Theorem 2. At any strength of the disorder ( 6= 0) the canopy operator

HC has only only pure point spectrum with eigenfunctions decaying

exponentially at an `2 summable rate.

An entertaining aside:

Theorem 3. On the canopy graph, the adjacency operator with constant

boundary condition AC + B∂C has a complete set of compactly supported

eigenfunctions (of infinite degeneracy).
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Some Related Questions

Question 1: to what extent does Theorem 2 reflect the fact that on C
there is a unique path to infinity?

Answer:

On any single ended graph, under homogeneous disorder an

operator of the form

H = −∆ + U + λVω

almost-surely has no ac spectrum.

(Proven by A-W using the one-dimensional analysis of Delyon-Kunz-Souillard

‘83)

However, examples of similar graphs with Σsc 6= ∅ can also be constructed.
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Question 2: How to separate the smaller collection of states

which live in the interior of the finite tree, and study their

level statistics ?

Some alternative candidates for finite-volume operators which may cap-

ture the bulk behavior described by HT :

• Random c-regular graphs, i.e., uniform probability measure on

graphs on N ∈ N vertices where each vertex has c neighbors.

Jakobson/Miller/Rivin/Rudnick ‘96: numerial evidence for GOE statistics

of the level spacing of adjacency matrix as N →∞.

• Erdős-Rényi graphs, i.e., graphs resulting from the complete graph

on N ∈ N vertices by removing bonds with probability 1− p. Average

degree c := pN .

Mirlin/Fyodorov ‘91, Evangelou ‘92: theoretical-physics calculations and

numerical evidence for GOE statistics of the level spacing as N → ∞ and

large c.

Question 3: Can the analysis of localization on trees be ex-

tended to hyperbolic space - type graphs?
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