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• Quantile autoregression (QAR)?

• Why Bayes? and How?

• M-quantile regression?

• Why Bayes? and How?



1. Dynamic quantile regression.

• A limited number of dynamic quantiles mod-

els in the literature.

• CaViaR [Engle, Manganelli (2004)];

QAR [Koenker, Xiao (2006)]

• CaViaR:

Qt(u) = β0(u)+β1(u)Qt−1(u)+β2(u)|yt−1|.



• QAR: From classical AR(1):

yt = α0 + α1yt−1 + εt,

with iid errors: εt, t = 1, ..., T, implies

E(yt|.) = α0 + α1yt−1

and conditional quantile functions are all

parallel:

Qt(u|.) = α0 + α1(u)yt−1.

But the noise term εt may not be well–

behaved, so let α0 depend on u or a random

coefficient interpretation

Qt(u|.) = α0(u) + α1(u)yt−1.

Then we generate responses from the model

by

yt = α0(u) + α1(u)yt−1, u ∼ iidU [0,1].



• an important issue with QAR(p) is that,

if the function

βt(u) = α0(u) + α1(u)yt−1 + ... + αp(u)yt−p

is strictly increasing in u, then βt(u) is the

conditional uth quantile of yt.

• when p = 0, yt = θ0(ut), then θ0(.) is

the quantile function of yt only when it is

monotonically increasing. When the condi-

tion is violated, the model is not necessarily

identifiable. For example,

yt = |ut − 0.5| and

zt = ut − 0.5 I(ut > 0.5)

have identically the same distributions, but

have very different θ0(.).



• Under existing theory, the coefficient func-

tion α(τ) is estimated also based on min-

imisation of
∑

t

ρτ(yt − α0 − α1yt−1 − ...− αpyt−p),

where the check function

ρτ(u) = u (τ − I(u < 0)). (1)

• But the fitting method or algorithm doesn’t

guarantee the monotonicity, nor the iden-

tifiability.

• Some interesting discussion about this model

and its extension can be found from Fan

and Fan (2006), Keith (2006), Hallin and

Werker (2006), Hafner and Linton (2006)

and Robinson (2006)



2. Bayesian inference QAR

• Quantile regression:

• The traditional regression model can be

viewed as a summary of all the quantile

effects; that is,
∫

Q(θ|x)dθ = E(y|x), where

Q(θ|x) stands for the quantile regression

between y and x. Under this interpreta-

tion, traditional analysis loses information

due to its aggregation of possibly disparate

quantile effects.

• Quantile regression, including expectile re-

gression and M-quantile regression, is con-

cerned with mistakes due to summarizing

potentially disparate quantile effects into a

single, potentially misleading, representa-

tion of the way y and x are related.



• Given regression model yt = x′tβ + ε, the
τth quantile (0 < τ < 1) is defined as any
solution, β̂(τ), to the quantile regression
minimisation problem

min
β

∑

t

ρτ(yt − x′tβ). (2)

• It can be easily shown that the minimiza-
tion of the loss function (1) is exactly equiv-
alent to the maximization of a likelihood
function formed by combining independently
distributed asymmetric Laplace densities given
by

fτ(u) = τ (1− τ) exp{−ρτ(u)}, (3)

for 0 < τ < 1, where ρp(u) as defined in
(1).

One could also incorporate location and
scale parameters µ and σ, respectively, in
the density in (3) to obtain

fτ(u;µ, σ) =
τ (1− τ)

σ
exp

{
−ρτ

(
u− µ

σ

)}
.



Given the observations, y = (y1, . . . , yn), the

posterior distribution of β, π(β|y) is given by

π(β|y) ∝ L(y|β)π(β), (4)

where π(β) is the prior distribution of β and

L(y|β) is the likelihood function written as

L(y|β) = τn (1− τ)n exp



−

∑

i

ρτ(yi − x′iβ)




(5)

using (3) with a location parameter µi = x′iβ.



• Bayesian nonparametric quantile regression:

• based on nonparametric scale mixture of a

class of probability densities fτ(σ) whose

τth quantiles are zero.

• using of a nonparametric prior typical Dirich-

let process (DP) prior for the mixing dis-

tribution.



• This will result in the nonparametric den-

sity

gτ(ε;G) =
∫

fτ(ε;σ) dG(σ), G ∼ DP (αG0)

whose τth quantile is also zero, and a hier-

archical model for nonparametric quantile

regression

Yi|σi ∼ gτ(yi − xT
i β;σi), i = 1, ...n,

σi|G ∼ G, i = 1, ..., n

G|α, d ∼ DP (αG0),

where DP (αG0) stands for the DP with

precision parameter α and base distribution

G0. Usually, one places a gamma prior on

α and a inverse gamma prior for G0 with

mean d/(c−1) and gamma prior for d too.



• ALD defined in (3) could be a natural choice

for fτ(ε;σ).

Kottas and Krnjajić (2007) suggested a class

of uniform densities:

fτ(x) =
τ
σ1

I(−σ1 < x < 0) + (1−τ)
σ2

I(0 ≤ x < σ2).

We may suggest a non-uniform class of

family distribution densities instead:

fτ(ε|σ1, σ2) =





τ
σ1

exp( 1
σ1

ε), ε < 0

1−τ
σ2

exp(− 1
σ2

x), ε ≥ 0,
(6)

where parameters σ1 > 0, σ2 > 0.



• : Bayesian QAR:

• Recall QAR

yt = α0(τ) + α1(τ)yt−1 + ... + αp(τ)yt−p.

• We aim at inference αi(τ) to make α0(τ)+

α1(τ)yt−1+ ...+αp(τ)yt−p is a (conditional)

increasing function of τ.



• Given the observations {yt}nt=1, suppose all

yt ≥ 0, otherwise, use yt− a instead, where

a is the lowest boundary of the sample set.

• Suppose we want to estimate a set of quan-

tiles such as those based on

τ = (

0.03,0.05,0.1,0.25,0.5,0.75,0.9,0.95,0.97).

In general, we define a fine grid of τ-values

in the internal (0, 1):

0 < τ1 < τ2 < ...τK < 1,

then derive strictly increasing unknown

coefficient αi(τ) (i = 0,1, ..., p) under Bayesian

setting.



• There may be different ways to achieve

this. For example, for j = 0,1, ..., p,

let βj = (α0, αj(τ1), ..., αj(τK))T .

Given the initial prior prI(βj) for βj,

let us implement a truncated prior for βj to

be pr(βj) ∝ prI(βj)
∏K

i=2 I(αj(τi) > α(τi−1)).

• For example, if prI(βj) is a Gaussian dis-

tribution, then we could adopt the method

of Robert (1995) or that of Damien and

Walker (2001) and run an extra (short)

single move Gibbs sampler in each MCMC

iteration.



3. M-quantile regression

• Include Expectile regression:

• Basic motivation behind expectile regres-

sion (Newey & Powell, 1987; Efron, 1991)

and M-quantile regression (Breckling & Cham-

bers, 1988; Chambers and Tzavidis, 2006)

is to characterise the relationship between

a response variable and explanatory vari-

ables when the behaviour of ”non-average”

individuals is of interest

• applications include measurement of pro-

duction performance in economics and small

area estimation in social sciences.



• Expectile regression yt = µ(xt) + εt can

be fitted by minimizing an asymmetrically

weighted least-squares criterion

R(µ) =
n∑

i=1

τ(yi − µ)2+ + (1− τ)(yi − µ)2−,

where 0 < τ < 1 and ψ+ and ψ− denote

the positive and negative parts of ψ.

• An expectile regression can be derived while

the observations are assumed to be inde-

pendently drawn from an asymmetric nor-

mal distribution

fτ(u) =
√

1−τ+
√

τ

4σ
√

πτ(1−τ)
exp(−σ−2|τ−I(y ≤ µ)|(y−

µ)2).



• so that parametric/nonparametric Bayesian

expectile regression can be started from

here.

• including inference expectile order τ which

is useful in practice.

• Now extend the asymmetrical least-squares

to get M-quantile regression.



• M-quantile regression: link to M-estimation.

• given an influence function such as Huber

Proposal 2, ψ(u) = uI(|u| ≤ c) + c sgan(u),

provided c is bounded away from zero,

• ψq(u) =

2ψ(s−1u){q I(u > 0) + (1− q) I(u ≤ 0), }

where 0 < q < 1 and s is a suitable robust

estimate of scale, e.g. the MAD estimates

s = median{|u|}/0.6745,



• M-quantile regression is the solution of

n∑

i=1

ψq(riqψ)xi = 0,

where riqψ = yi − xT
i βψ(q),

and q is called M-quantile coefficient.

• A linear M-quantile regression model is one

where we assumed Qq(x;ψ) = xTβψ(q).

That is, we allow a different set of regres-

sion parameters for each value of q.



• M-quantile regression coefficient is an in-

teresting and important parameter and can

be used to characterise the area specifica-

tion in small area estimation, the condi-

tional profit of gene in gene expression and

group specification of other applications.

• Linear interpolation which constructs es-

timate from a discrete set of known esti-

mated points is used in classical estimation

of M-quantile coefficient.

• The method is not very precise and the

interpolant is not differentiable at the point

x.



• Bayesian M-quantile regression:

• Following Huber (1981) and Stone (2005),

let ρ(.) be a (necessarily continuous) con-

cave function on (−∞,∞),the M-regression

can be formulated via the log-likelihood

function for robust estimation of µ(x) in

the classical sense

l(µ) =
∑n

i=1 ρ(yi − µ(xi)).

Usually, ρ′(u) = φ(u) is the influence func-

tion.

In that context, Huber developed the asymp-

totic minimum variance role played by the

ρ−function given by ρ(u) = u2/2 for |u| ≤ c

and ρ(u) = c|u| − c2/2 for u| > c, where c is

a positive constant.



• Therefore, corresponding to

ψq(u) = 2ψ(s−1u){qI(u > 0)+ (1− q)I(u ≤
0)},
we have

ρq(u) = 2 ρ(
u

s
)(q I(u > 0)+(1−q) I(u ≤ 0)),

then the M-quantile regression can be for-

mulated via the log-likelihood function for

estimation of µ(x)

lq(µ) =
n∑

i=1

ρq(yi − µ(xi)).

When q = 0.5, M-quantile reduces to M-

estimation.



• To include inference for M-quantile coeffi-

cient q, consider a probability density func-

tion

f(x) = B(q) exp(−ρq(x)),

where constant B(q), which is usually a

function of q, satisfies
∫ +∞
−∞

f(x)dx = 1.



• For example, when the influence function

φ(u) is Huber proposal 2

ψ(u) = u I(|u| ≤ c) + c sgn(u),

1

B
=

s

2
√

q
(γ(

1

2
,2c

√
q)− γ(

1

2
, c
√

q))

+
s

2
√

1− q
(γ(

1

2
, 2c

√
1− q)− γ(

1

2
, c

√
1− q))

+
s

2cq
exp(−2qc2)+

s

2c(1− q)
exp(−2(1−q)c2).

Where

γ(
1

2
, A) =

∫ A

0
t−1/2e−t dt,

is the lower incomplete gamma function.



• Bayesian inference regression parameter β

along with M-quantile coefficient q can be

carried out by setting posterior as

π(β, q) ∝ π(β)π(q)Bn(q) exp(−
n∑

i=1

ρq(yi−xT
i β)).



4. Bayesian hypothesis test

Unlike classical mean regression, almost all quan-

tile regression models, including QAR and M-

quantile regression based tests are based on

asymptotic theory (typical asymptotic normal-

ity and asymptotic chi-squared: these are large-

sample based results under some regular condi-

tions.) Nowadays methods developed and de-

veloping for small sample size inference seem

particularly germane.

Once the Bayesian inference for the poste-

rior distributions of some important unknown

quantities of these models are in place, we can

then easily move to Bayesian hypothesis test

based on the Bayes factor.

B12 =
π(M1|y)/π(M2|y)

π(M1)/π(M2)
, (7)

i.e., the ratio of posterior odds of the condition

M1 to prior odds of M1.



SUMMARY: Benefits from Bayesina infer-

ence on these models:

• dealing with uncertainty;

• Bayesian rather than Frequentist approach;

• dealing with model identifiability;

• dealing with model choice and tests.

Thank you!
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