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Motivations
• There has been a good deal of success recently in comparing the energies

of semi-classical string solutions with the anomalous dimensions of gauge
invariant operators in the context of AdS/CFT (in the planar limit).

• In particular the (possible) presence of integrability in the classical
(quantum) worldsheet theory (Bena, Polchinski, Roiban also KMMZ and
others) and in the dual gauge theory (Minahan&Zarembo) has led to the
introduction of a number of powerful tools e.g. the Bethe ansatz.

• The S-matrix seems to be a particularly simple tool to describe the system
and there has been significant progress in finding the correct S-matrix for
the gauge theory and worldsheet theory using symmetries, generalised
crossing, perturbative results, wild conjectures,…(AFS, BDS, HL,
FK,RTT, Janik, Beisert, Staudacher, HM,  BHL/BES,…)

• Of course it would be useful to have a direct way to calculate and test the
various conjectured S-matrices and in this talk I will try to outline a few
partial results regarding worldsheet/spin chain S-matrix in perturbative
regimes.

• Based on with N. Beisert, R. Roiban (0705.0321) & T. Klose, J.
Minahan, and K. Zarembo (0704.3891)
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Outline

• Briefly outline the conjectured asymptotic world-sheet/spin chain S-matrix
of AdS/CFT.

• Cast  the results in terms of  the spin chain description, in particular the
consider the higher loop Hamiltonian/Dilatation operator for the SU(2)
sector, and match with perturbative (small √λ) results.

• Discuss the “near-flat space” model, describe how the symmetries of the
theory are realised in this limit, the classical universal R-matrix, magnon
solutions.

• Describe the higher loop calculation (up to two-loops, large √λ) for this
model and how it compares with full string S-matrix.

• Conclusions and possible future directions.
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The N=4 SYM Spin Chain
• At weak coupling planar U(N) gauge theory can be described by a spin chain.

In particular the eigenvalue problem for the dilatation operator is related to
that of a spin chain Hamiltonian

• E.g. one-loop su(2) subsector is just the Heisenberg spin chain

• Though perhaps not as relevant for physically interesting questions  as cusp
anon. dims., scattering amplitudes etc. it is, technically, the simplest closed
sector and so is useful for explicit checks of conjectures.

• At higher loops the Hamiltonian is long range with the range of interactions
being the same as the loop order.

• Evidence for higher-loop integrability, using perturbative calculations, and all-
loop integrability from dual sigma model.
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• Define vacuum state:                                          , consider infinitely long and
asymptotic states.

• Single magnon dispersion relation: can be calculated to all orders in perturbation
theory Gross, Mikhailov & Roiban (also almost follows just from symmetries).

• Renormalise a vector of operators :
      where Z gets contributions from divergent diagrams with single insertion of O and

the Hamiltonian matrix elements are given in DR by

• Made possible because we only need to evaluate a sub-class of diagrams : those
involving only scalar interactions. All interactions are maximally shuffling
–  All interactions are permutation
– No exchange of identical particles
– At L-loops the interaction involves L+1 sites.
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• For the dispersion relation
     the relevant diagrams are

– Just a chain of bubbles
– Using

the diagram becomes

which can be evaluated exactly

one can resum all such diagrams and extract the anomalous dim



Nov 1st, 2007

• Want to find the dimensions of more complicated operators and in order to do
this we introduce the spin chain S-matrix to describe the interaction of
magnons (Staudacher, Beisert).

• Assuming all-loop integrability the spectrum of long operators can be found
from asymptotic Bethe equations

   with

• Θ is the “dressing phase”-bilinear in conserved charges. General structure
described by Beisert, Klose; Arutyunov, Frolov Staudacher; Beisert Tseytlin.

– Constrained by “crossing symmetry” (Janik)
– Universal to all sectors
– Trivial at weak coupling to 3 loops, non trivial at strong coupling.
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BHL/BES dressing phase
• Start from strong coupling expansion conjecture

– Asymptotic expansion, essential singularity
– Matches known tree level and NLO string worldsheet calculation
– Solves crossing equation (only unique up to homogenous solutions).

• “Analytically continue” to weak coupling

– Series in integer powers of λ with finite radius of convergence.
– In sl(2) sector matches with 4-loop cusp anom. dim. (extracted from

gluon scattering amp. calculated using unitarity methods Bern, Czakon,
Dixon, Kosower, Smirnov also Cachazo, Spradlin Volovich).

– Phase starts to contribute to dimensions at 4-loops through term
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Direct Calculation
• While the existing evidence is very significant it would be nice to

simply see the transcendental contributions to the anomalous
dimension in a direct 4-loop calculation.

• Use symmetries, known results and contraints from Feynman
diagramatics but not integrability to constrain the Hamiltonian as
much as possible then identify maximally shuffling interactions
which can be calculated explicitly in perturbation theory.

• Previous results: Beisert, Beisert, Dippel, Staudacher
– spin chain Hamiltonian for AFS S-matrix (has BMN scaling,

integrability).
– five loop spin chain Hamiltonian assuming integrability, Feyman

diagramatics and existence of a smooth continuum limit.
– Notation:

– Can make similarity transformation without changing spectrum
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Spin Chain Hamiltonian

• Write down all terms consistent with su(2) symmetry and Feyman rules.
• Act on zero, one and two particle states:- fixes the coefficients of the

Hamiltonian uniquely up to irrelevant parameters, ε, and one parameter
from the dressing phase. It is of the form of consistent with integrability.

• The Hamiltonian has no “genuine” three particle scattering, this starts at 5
loops which can involve 6 lattice sites.



Nov 1st, 2007

• Important parameter, β, couples to interaction, {1}, which is very
hard to calculate but also to  {2,1,3,2} which is maximally
shuffling. Can fix the irrelevant parameters by calculating other
maximally shuffling interactions.

• Also important that maximal interactions can be identified by
specific matrix elements e.g.

      only gets contributions from {2,1,3,2} so we can uniquely
determine its coefficient.

• Relevant diagram is
– p acts as a IR regulator
– UV regulated by DR
– Want to determine overall divergence- must subtract

subdivergences from each diagram, use iterative method of
Beisert, Kristjansen, Staudacher where we subtract off
divergent subdiagrams with combinatorically determined
coefficient.
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Diagramatic Calculations
• Reduce each diagram to a set of master diagrams by evaluating

bubbles and using triangle rule

• Example:

Aside: The triangle rule

where

p

x
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Diagramatic Calculations
• Reduce each diagram to a set of master diagrams by evaluating

bubbles and using triangle rule

• Example:

Aside: The triangle rule

where

p

x

Apply triangle rule here
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Diagramatic Calculations
• Reduce each diagram to a set of master diagrams by evaluating

bubbles and using triangle rule

• Example I4a:

Aside: The triangle rule

where
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• Need to evaluate for arbitrary powers of propagators

– Method: Repeated use of triangle rule and Mellin-Barnes
parameterisation to perform Feynman parameter integrals.

– Remaining momentum integrals are specific (multiple)contour
integrals which can be evaluated using the residue theorem.
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• Need to evaluate for arbitrary powers of propagators

– Method: Repeated use of triangle rule and Mellin-Barnes
parameterisation to peform Feyman parameter integrals. Also
useful as input to MB.nb (Czakon).

– Subtraction scheme- need to remove higher order 1/ε terms
– Partition diagram into all possible connected subdiagrams that can

be formed from playing “tetris” but  discard any diagram with two or
more “top” subdiagrams.

– Evaluate momentum integrals and add all products with coefficient
(-1)^n L, where n is the number of partitions and L is the loop order
of the top most partition.
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Example

-4 +2 +2

+1

+3

-2 -2 -1-1

+1

Result is an expression with a simple pole the residue of which is 
proportional to the Hamiltonian matrix element. Beisert, Kristjansen & 

 Staudacher

Can similarly calculate all maximally shuffling elements and find 
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• Can repeat at higher loops - Hamiltonian is not so strongly fixed by
symmetries etc and there are more terms to evaluate. However also
more maximally shuffling terms. Can at least show that higher zeta
functions arise in matrix elements-

• Not clear that there is a simple iterative prescription.
• Would also like to calculate Hamiltonian on finite length spin

chains-however here idea of maximally shuffling is not so powerful
and one needs to include gluons and fermions- full difficulty.

• Perhaps more powerful perturbative techniques are necessary
perhaps on-shell generalised unitarity methods Bern et al.
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• So far only considered the su(2) sector to pass to the full theory it’s
useful to consider as an intermediate step the su(2|3) sector
consisting of fields

• The spin chain is now “dynamic” in that the generators can change
the number of spin sites

• Again choosing as the vacuum   
the residual symmetry algebra is su(2|2) with two important
modifications
– Additional central charges:     &
– Supersymmetries have a non-trivial coproduct i.e. the action on

a two particle state is not a simple tensor product.
– Global symmetries are enough to fix the two-particle S-matrix

up to a single overall phase.
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Symmetry Algebra
The action of the centrally extended symmetry algebra on one particle
states is

where for example
and the nontrivial coproduct arises from the relation

     Which can also be written as

the origin of the non-trivial braiding is the non-locality (on the worldsheet)
of the symmetry generators. Can extend the construction to a full Hopf
algebra by defining canonical unit and antipode. Studying this algebraic
structure is perhaps a promising path to deriving the origin of the dressing
phase.
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• So far we have studied the theory from a spin-chain point of view
perturbatively at weak coupling, now we wish to pass to the sigma
model description.

• Here we can study the conjectured S-matrix at strong coupling and
the aim is to go beyond the currently known 1-loop results (there
are some other recent two loop results Roiban,Tirziu, Tseytlin &
Roiban, Tseyltin relevant  for the cusp anon. dim).

• Worldsheet sigma model is quite complicated and it is useful to
study simplifying limits so to that end we will consider the near-flat
space limit of Maldacena & Swanson.

• Consider the symmetries of the problem.
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Three Regimes
• Giant Magnon limit:

• Plane-wave limit:

• Near-flat space limit (interpolating limit):
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• We can also take the limit on the algebra by introducing the the new
central charges

and supersymmetry generators

satisfying the algebra

and with non-trivial coproduct
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Near-Flat S-matrix
• We can take the limit of the conjectured psu(2|2) S-matrix. To this end it’s

convenient to break it into overall phase and matrix part

with

with parameters

we can write the R-matrix elements as                                         and
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• In fact we can pull out a further overall factor and write the full (psu(2|2)^2)
S-matrix as

     where

One interesting feature is that this R-matrix is tree-level exact :- it satisfies
both the cYBE and the qYBE. Furthermore if we take the classical limit of the
representation we can rewrite r in terms of generators i.e. a universal classical
r-matrix (see Torrielli (& Moriyama) and Beisert & Spill)

where we however do have to introduce a new generator, a quadratic
Casimir,            .
We can of course also take the limit of the dressing phase which also
dramatically simplifies and to two loops is
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• The Lagrangian is

• This can be reached by taking the appropriate limit (plus field redefinition) of the
light-cone gauge fixed Lagrangian. In this case we can see that the gauge
dependence (i.e. the a-dependence in gauges interpolating between so called
uniform and light-cone gauges) drops out.

• The above action is exact in this limit and we can conjecture that the quantum
corrections calculated with this model correspond to the near-flat space limit of the
quantum corrections for the full model.

• It is convenient to rescale the fields to put a coupling parameter        in front of the
interactions. However this dependence is fake and the Lagrangian has no free
parameters. In fact if we make a Lorentz transformation plus a rescaling of the
coupling we find that the S-matrix elements are invariant.
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• Near-flat model has magnon solution (M&S): consider e.o.m. for a
single scalar

• Solved by ansatz                        where
and with light-cone momentum/worldsheet energy

&

which is indeed the classical magnon limit of the near-flat
dispersion relation. At least in conformal gauge the other J≠0
can be found as the limit of the full solutions.
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PSU(2,2|4) String S-matrix
• After gauge fixing physical fields form a bi-fundamental representation of psu(2|2)L

x psu(2|2)R (with shared center)

• Two particle S-matrix acts on the tensor product of the su(2|2)^2 module Wp

• The expectation is that S-matrix describes an integrable system which implies that
– That it splits into two factors, one for each psu(2|2)
– That there is no particle production
– The the multiparticle S-matrix factorizes into two-particle S-matrices which in turn

satisfy the YBE.
– To lowest order
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One-loop S-matrix (Klose&Zarembo)

• As an example let us consider the forward scattering of two bosons
in a single su(2|2) sector

• In this limit the tree-level amplitude and S-matrix element are

• At one-loop we have the simple bubble diagrams
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One-loop S-matrix (Klose&Zarembo)

• As an example let us consider the forward scattering of two bosons
in a single su(2|2) sector

• In this limit the tree-level amplitude and S-matrix element are

• At one-loop we have the simple bubble diagrams
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One-loop S-matrix (Klose&Zarembo)

• As an example let us consider the forward scattering of two bosons
in a single su(2|2) sector

• In this limit the tree-level amplitude and S-matrix element are

• At one-loop we have the simple bubble diagrams
– might have expected divergent integrals by naive power

counting but here we are saved by the Lorentz invariance of the
free theory we are perturbing about. All interactions involve only
k_- and for n>0

– Further cancellations due to susy cancel remaining log dvgs.
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Two-loop propagator
• At two-loops there is a non-trivial correction to the propagator. It is necessary

to calculate this as it gives corrections to both the dispersion relation and to the
wavefunction renormalisation. The relevant diagram is the sunset

     which contributes on-shell                              .
     We can read off the mass-shift and wavefunction renormalization

    Note: We are considering time evolution in the       direction so that
is the appropriate “energy”.
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• The dispersion relation is determined by the position of the pole of
the propagator and to two-loop orders we have

so that using      so that

     Thus we see at least a piece of the sine-function, here originating
from quantum corrections, rendering the dispersion relation non-
Lorentz invariant.
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Two-loop S-matrix
• Important points: Cancellations occur between corrections from δ-

function Jacobian

    where                                  , the wavefunction renormalisation,

Z(p_), and the two-loop amplitutde A(p). The full S-matrix is

•   The relevant diagrams are the double bubble and the wineglass
diagram
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• Again consider the element for bosonic forward scattering in a
su(2|2) sector: Several contributions
– Double bubbles (all channels)

– Wine glass (su channel)

– Wine glass (t channel)
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• Final answer simplifies significantly

• Notably
– Double logarithms cancel
– No double poles (c.f. Giant magnon limit where double poles

correspond to magnon scattering with light intermediate states
going on-shell).

– Agrees with near-flat space expansion of BHL/BES phase at
two-loops

– Can calculate all elements for an complete su(2|2) sector and
show that the appropriate symmetries are present in this limit.
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Summary
• It is of interest to find as much information about the string S-

matrix as possible and here we have described some partial results:
– Calculated the contribution to the 4-loop Dilatation operator at

weak coupling coming from the dressing phase and matched to
the BES conjecture.

– Calculated higher-loop quantum corrections to the S-matrix in
the near-flat space limit. Here we find agreement at two-loops
with the conjectured exact asymptotic S-matrix.

– Future work:
– Higher loop gauge theory calculations. Wrapping

effects.
– Higher loops in the nfs-model? Presumably integrable

to all orders: Exactly solvable? Finite size effects?
– Is it possible to understand the symmetries of the

sigma model (both the nfs limit and the full theory
better)? What can we learn about string theory in
curved backgrounds?


