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Introduction

This conference is dedicated mainly to the calculation of the

2-point functions of non-supersymmetric operators in N = 4

supersymmetric YM theory.

This is a very hard problem, otherwise we wouldn’t have been here,

and it’s just the beginning of the solution of the full theory.

I have done a lot of research into Wilson loop operators in N = 4

SYM. Those are clearly very interesting operators, but they are

much more complicated than local ones. While it may be a bit

premature to hope to calculate them, in this talk I will present

some results that relate Wilson loops to several integrable systems.
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Main examples

• Cusp anomalous dimension, twist-2 operators, gluon scattering

amplitudes and all that. . . (I will not touch on this).

• The string description of Wilson loops: the AdS5 × S5 σ-model.

• Circular (or straight) loop with two local insertions—open

spin-chain.

• A family of supersymmetric loops of arbitrary shape on S3

which in an S2 subspace seem to be related to 2-dimensional

YM.
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Wilson loops and semiclassical strings

Wilson loops are described in AdS5 × S5 by infinitely extended

open strings than end along a prescribed curve on the boundary of

space. In the large λ limit they are described by classical strings.

The string σ-model in AdS5 × S5 is integrable, so in principle, one

can calculate any Wilson loop in this regime.

In practice, it’s usually not easy at all, there is no algorithm for

going from boundary conditions to minimal surface. So the word

“integrability” doesn’t help much. In some cases with periodic

motion there are ways to take an ansatz similar to spinning strings

and find the exact solutions. In other cases, like the polygons

needed to calculated gluon scattering, so far this has not been

achieved.
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Wilson loops and open spin-chains

There is a way to find spin-chains very similar to the ones

describing local operators when considering small deformations of a

1/2 BPS circular or straight Wilson loop.

First point to notice is that the 1/2 BPS loop preserves an

SL(2, R) symmetry. Therefore deformations of it can be classified

in terms of representations of this group. Near an insertion one of

the generators of this group will act by dilations, so small

deformations of the loop can be assigned a conformal dimensions.

The problem of calculating the conformal dimension is very similar

to that of local operators. The main difference is that an insertion

into a Wilson loop is an operator in the adjoint of the gauge group

TrP
[

ei
R

(A+iΦ)ds ZZZXZ · · ·XZZei
R

(A+iΦ)ds · · ·
]
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Gauge theory calculation

There is a single tree-level graph of the form (for a 3-letter word):

There is no cyclic symmetry, each word has a beginning and end.

At one-loop there are three “bulk” graphs

b. c.a.

which are exactly the same as those giving the closed spin-chains.
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In addition there are boundary graphs, involving the Wilson loop

Just from these pictures we can see that the conformal dimension of

the insertion will be given by the hamiltonian an open spin-chain.

If the insertions are made of 2 complex scalars which are

orthogonal to the one appearing in the loop, it’s an integrable

SU(2) open spin-chain. More generally it’s presumably an

integrable OSp(4∗|4) chain, but this has not been established yet.
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Supersymmetric Wilson loops

Flat-space constuction

The supersymmetric Wilson loops of N = 4 SYM include a

coupling to a scalar field of the form

W = TrP exp

∮

(iAµẋµ + |ẋ|ΘIΦI)ds ,

where ΘI are arbitrary functions of s of unit magnitude. SUSY

variation leads to a projector equation at each point along the loop

and to guarantee that the loop is supersymmetric, they should all

commute.

One solution to this problem (by Zarembo) is to take the scalar

coupling proportional to the tangent vector, so

Aµ → Aµ + iMµ
IΦI

with constant matrix M .

N. Drukker, Wilson loops & integrability 8 Isaac Newton Institute, Cambridge



'

&

$

%

By this construction, if the curve is confined to a straight line, it

will preserve 1/2 of the super-Poincaré generators. For a curve in

the plane, it will preserve 1/4, in R
3 it will be 1/8, and for an

arbitrary curve, 1/16.

Quite amazingly all those loops have expectation value unity, which

can be seen both in the gauge theory and in string theory.

So while those operators are quite interesting, there isn’t much to

calculate with them... Also, this family of loops does not include

the 1/2 BPS circular loop. This is a circle coupled to only one

scalar, which turns out to be supersymmetric too. That operator

has non-trivial VEV, and we want to find generalizations of it in

the rest of the talk.
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Wilson loops on S3

The previous construction effectively replaced

Aµ → Aµ + iΦµ

Now we consider loops on S3 and rewrite three of the scalars as a

self-dual tensor Φµν . Then

Aµ → Aµ + iΦµνxν A → A + iΦIMI
iσR

i

Here Φµν = σi
µνΦi where σi

µν are related to the generators of the

Lorentz group in the anti-chiral spinor representation. The second

expression uses the three one-forms on S3 invariant under left

action of SU(2). This is also related to a topological twist.

A straight-forward calculation shows that a general Wilson loop of

this class will preserve two supercharges, which are a linear

combination of the super-Poincaré generators Q and the

super-conformal ones S.
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Some special examples

• A great circle will couple to a single scalar. It’s 1/2 BPS.

• Any number of circles following the Hopf fibers on S3 will

couple to the same scalar and will be 1/4 BPS

• Any curve on a great S2 will preserve double the

supersymmetry, generically 1/8

– An non-maximal circle (latitude) is 1/4.

– Two intersecting circles on S2 also share 1/4.

• Infinitesimal loops will behave similarly to those of Zarembo

(the one-forms become exact differentials).
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Loops on S2, YM2 and the matrix model

For loops on S2 our prescription gives

W = TrP exp

∮

(iAµẋµ + (x × ẋ)µMµ
I ΦI)ds ,

At leading order in perturbation theory I combine the vector and

scalar exchange terms to get the effective propagator

g2
Y Mδab

4π2

−ẋ(1) · ẋ(2) + (x(1) × ẋ(1)) · (x(2) × ẋ(2))

(x(1) − x(2))2
,

Evaluating the cross product one finds

ẋµ

(1)ẋ
ν
(2)

g2
Y Mδab

4π2

(

δµν

2
−

xν
(1)x

µ

(2)

(x(1) − x(2))2

)

.

Though we are in four dimensional space, instead of having mass

dimension two, the resulting effective propagator is dimensionless.
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For a circle this is a constant, leading to a 0-dimensional matrix

model, but in general this is more complicated. In fact, this is a

propagator for a vector field on S2, leading to the possibility that

those Wilson loops are described by 2-dimensional YM on the

sphere with coupling −g2
Y M/4π2.

Two dimensional YM confines, which is not the behavior we find

for our Wilson loops.

But in YM2 there are different perturbative prescriptions that give

different answers. The confining result is gotten in a prescription in

Lorentzian space which captures non-perturbative contributions.

Our propagator uses another prescription, which does not include

the instantons. Staudacher-Krauth. Bassetto-Griguolo
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They found that in such a perturbative prescription the

expectation value of the Wilson loop in YM2 on the sphere is a

function of the two areas defined by the curve A1 and A2

〈W 〉pert. Y M2
=

1

N
eg2 A1A2

32π2 L1
N−1

(

−g2 A1A2

16π2

)

where L1
N−1 is a Laguerre polynomial.

At weak coupling this goes as

〈W 〉 ∼ 1 −
g2

Y MN

32π2
A1A2 + O(g4

Y MN2) ,

and in the planar limit at strong coupling

〈W 〉 ∼ exp

(

1

2π

√

g2
Y MN A1A2

)

.

The connection to YM2 was inspired by the propagator, so it will

agree at leading order for all Wilson loops. Beyond that there are a

few examples we can test further.
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Explicit calculations

θ π/2 − θ

a. b.

0 0

A non-maximal circle, or a latitude on S2 at angle θ0 is quarter

BPS. In all the calculations done, both in gauge theory and in

string theory the dependence on the angle appears through the

combination g2
Y M sin2 θ0.

In this case A1,2 = 1 ± cos θ0 and indeed the combination that

appears in the YM2 result is g2
Y MA1A2.

The YM2 result agrees with an explicit 2-loop calculation of the

Wilson loop in 4-d. It also agrees with the leading behavior of the

appropriate string in AdS5 × S5 and using a D3-brane we can

capture all 1/N corrections, which also agree, for all θ0.
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Take a loop made of two halves of large circles.

δ

π − δ

b.a.

We calculated it at leading order in perturbation theory and found

〈W 〉 = 1 +
g2N

8π2
δ(2π − δ) + O(g4) .

which again amounts to multiplying the coupling by the product of

the two areas A1 = 2δ and A2 = 2(2π − δ).

We also found the string solution for this surface, and the finite

part of the action is

S = −

√

g2Nδ(2π − δ)

π
.

This again agrees with the results of YM2.
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Discussion

• I presented some examples of the tools available to calculate

Wilson loops and some possible connections to the

“integrability program”.

• In AdS5 × S5 Wilson loops are given by semi-classical strings,

and one can hope to use the integrability of the σ-model.

• For local insertions into a circle or a line one can define a

conformal dimension and the problem of calculating it is

mapped to an open spin-chain similar to the case of gauge

invariant local operators.

• I presented an infinite family of new supersymmetric Wilson

loops by adjusting the scalar couplings for any curve on S3.

• Unlike Zarembo’s loops, they have non-trivial expectation

values, giving many new interesting observables that may be

calculated in the gauge theory or AdS5 × S5.
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• The strings describing those loops will live in an AdS4 × S2

subspace of AdS5 × S5. The strings are holomorphic with

regard to a novel almost complex structure we found on this

subspace. The string solutions are supersymmetric and are

calibrations, which gives a simple expression for the action.

• Several circles following the Hopf-fibers of S3 preserve eight

chiral supercharges and are like parallel lines in flat space. The

interaction between them seems to be independent of the

distance.

• When the curves are restricted to an S2, the supersymmetry is

doubled. Specific curves (longitudes, the latitude) were 1/4

BPS.

• For curves on S2 the perturbative series seems to agree with

2-dimensional Yang-Mills. It’s quite remarkable, if this

correspondence holds, that there is a subsector of N = 4 SYM

which is invariant under area-preserving diffeomorphisms.
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The end
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