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Algebraic evolutionary modelsAlgebraic evolutionary models

Given a (trivalent) tree with n leaves,
• At each node of the tree, we set a random variable taking 

values in {A,C,G,T}

The variables at the leaves are 
observed and those at the 

interior nodes are hidden

Transition matrix : the entries are the 
probabilities of a nucleotide at the parent 
node being substituted by another at its child. 

S=

A
C
G
T

P  A∣A  P C∣A  P G∣A  P T∣A 

P  A∣C  P C∣C  P G∣C  PT ∣C 

P  A∣G  P C∣G  P G∣G  P T∣G 

P A∣T  P C∣T  P G∣Y  P T ∣Y 


The entries of Si are the parameters of the model.

Assume that all sites of the alignment evolve equally and 
independently (i.i.d.)



  

ExampleExample: Kimura 3 parameter model : Kimura 3 parameter model 
(1981)(1981)

M. Kimura, Estimation of evolutionary sequences between 
homologous nucleotide sequences. Proc. Nat. Acad. Sci. U.S.A. 
78:454-458 (1981)



  

DefinitionDefinition (Cavender–Felsenstein, Lake, 1987)
Invariants are algebraic relations satisfied by the joint probability 
distribution under an evolutionary model. 
Phylogenetic invariants if they allow to distinguish between 
different tree topologies. 

Studying them...Studying them...
Evans-Speed (constructing and recognising inv., Fourier transf.)
Steel-Székely-Erdös-Waddell (generators for K3)
Allman-Rhodes (generators for G.M.Model)
Sturmfels-Sullivant  (generators for group models)
Hagedorn 

Using them...Using them...
Sankoff-Blanchette, 
Navidi, Churchill, von Haeseler 
Allman-Rhodes (identifiability)

New methods of phylogenetic reconstruction...New methods of phylogenetic reconstruction... 
Eriksson, Yao (2007) - General Markov Model, “machine learning” 
Kim, Kwon, Paeng, Park (2006) - Phylogenetic reconstructing using SVD
Casanellas, Garcia, Sullivant (2005) - Kimura 3 parameter model
Casanellas, Fernández-Sánchez (2007) -  Improvement using A.G. 



  

An example of phylogenetic reconstruction 
method based on invariants 

• Casanellas, Garcia, Sullivant, Catalog of small trees. In Algebraic 
Statistics for Computational Biology. Eds. L. Pachter, B. Sturmfels 
(2005)

P∈ℝ4n

Algorithm 
● The relative frequencies of the columns of an alignment are the 

coordinates of some point
● Evaluate a set of 8002 invariants at P and take the sum of the absolute 

value (e.g. a generating sequence of the set of all invariants). 
● Obtain a score for each possible topology and choose the one with the 

smallest score.

Model Unrooted tree with 4 leaves, Kimura 3-parameters

Recently Improvement of the method:  8002       36 invariants !!! 
(see poster presented by Marta Casanellas)



  

• Huelsenbeck J. Performance of phylogenetic methods in 
simulation. Syst. Biol. 44: 17-48 (1995)

Huelsenbeck assesses the performance of different phylogenetic 
reconstruction methods on the following tree space.

Huelsenbeck tree space



  

Neighbor-JoiningNeighbor-Joining Maximum LikelihoodMaximum Likelihood Invariantsnvariants

length
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Homogeneous Data

length
500

length
1000



  

Nonhomogeneous Data

S t =eQt

● Evolution not always happens at one rate. However, common 
reconstruction methods assume that transition matrices have the form 

where Q is the same rate matrix for each branch of the tree 
(homogeneous models). This leads to difficulties on data with non-
homogeneous rates (Kolaczkowski-Thornton, 2004 Nature).

 In the algebraic model, one is allowing different rates at each branch 
of the tree (non-homogeneous models). Since invariants are based on 
algebraic models, they allow for arbitrary rate matrices.
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ConclusionsConclusions

3 major motivations for using phylogenetic invariants:

 Evolutionary models underlying the theory of invariants 
allow for non-homogeneous evolutionary processes. 

 Prohibitive computational expense of a full ML non-
homogeneous estimation of a tree. 

 The computation of the phylogenetic invariants of a given 
model just needs to be done once and they do not depend on 
the length of the sequences. of the alignment. 

Need of developing methods based on invariants for more that 4 leaves



  

Thanks to all !Thanks to all !



  

Software usedSoftware used
Casanellas, Fernández-Sánchez. Performance of a new 
invariants method on homogeneous and nonhomogeneous 
quartet trees. Mol.Biol.Evol.24:288-293 (2007)

 Seq-Gen v1.3.2 (Rambaut and Grassly, 1997)
 Algorithm NJ implemented by N. Eriksson 
 R (R Develop ment Core Team 2005) v2.1.1 to compute Kimura distance
 PAML (Yang 1997) for phylogenetic inference involving ML methods.

Estimation of time for inferring the correct tree 
1000 alignments of length 1000

time
NJ 1 day
Invariants 2 days
ML 2 weeks


