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Overview

I Review key aspects of frequentist parametric inference of last
25 years or so.

I Justify assertion that parametric bootstrap procedures, with
appropriate handling nuisance parameters, provide
satisfactory, simple approach, retaining finer inferential
components of theory. Inferential approach of choice.

I Flag issues, theoretical questions worth development.
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Frequentist approaches to parametric inference

Key characteristics:

I Aimed at accurate inference with small sample sizes, n.

I Explicitly constructed to respect key principles of inference,
especially conditionality principles.

I Focus primarily on interest parameter low dimension p,
typically p = 1, validated in terms of accommodation of
nuisance parameter of dimension ' n.
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“Break the research question of interest into simple components
corresponding to strongly focused and incisive research questions.”
(D.R. Cox)



I Consider fairly general classes of model, where ‘inferential
subtlety’ important:

I multi-parameter exponential families,

I transformation models, admit ‘ancillary statistics’.
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The inferential problem

Let Y = {Y1, . . . ,Yn} be random sample from underlying
distribution F (y ; η), indexed by d-dimensional parameter η, and let
θ = g(η) be (possibly vector) parameter of interest, dimension p.

Without loss η = (θ, λ), θ p-dimensional, λ q-dimensional
nuisance.

Wish to test H0 : θ = θ0, or (duality) construct confidence set for
θ.

If p = 1, want one-sided inference e.g. test H0 against (one-sided)
alternative θ > θ0 or θ < θ0, or one-sided confidence limit.
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Inference, notation

Let l(η) ≡ l(η;Y ) be log-likelihood, η̂ = (θ̂, λ̂) the overall MLE of
η, λ̂θ the constrained MLE of λ, for fixed value of θ.

Likelihood ratio statistic is w(θ) = 2{l(η̂)− l(θ, λ̂θ)}.

If p = 1, inference uses

r(θ) = sgn(θ̂ − θ)w(θ)1/2.

Other statistics possible, broadly, same conclusions as regards
parametric bootstrap.
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First-order theory

We have w(θ) is distributed as χ2
p, to error of order O(n−1).

Also, r(θ) distributed as N(0, 1), to error of order O(n−1/2).
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Exponential family context

Suppose that the log-likelihood is of the form

l(η) = θs1(Y ) + λs2(Y )− k(θ, λ)− d(Y ),

so that θ is a natural parameter of a multi-parameter exponential
family.

The conditional distribution of s1 given s2 depends only on θ:
conditioning on s2 eliminates the nuisance parameter.

Appropriate inference on θ is based on the distribution of s1, given
the observed value of s2. This is, in principle, known, since it is
completely specified, once θ fixed: ‘ideal bootstrap’.
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In fact, this conditional inference has the unconditional (repeated
sampling) optimality properties of being uniformly most powerful
unbiased etc etc.

In practice, the exact inference may be difficult to construct: the
relevant conditional distribution typically requires awkward analytic
calculations, numerical integrations etc. Ideal bootstrap often
practically infeasible.
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Ancillary statistic context

Fisherian proposition: inference about θ should be based not on
the original specified model F (y ; η), but instead on derived model
obtained by conditioning on an ancillary statistic, when this exists.

Suppose minimal sufficient statistic for η can be written as

(η̂, a),

with a (approximately) distribution constant.

Then, a is ancillary, and the Conditionality Principle (CP) dictates
that to be relevant inference on θ should be made conditional on
the observed value of a.
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Refinements: higher-order accuracy

Two approaches:

I Analytic procedures, ‘small sample asymptotics’, saddlepoint,
related methods;

I Simulation (‘bootstrap’) methods.
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Analytic methods: the highlights

I Bartlett correction of likelihood ratio statistic w(θ).

I Analytically modified forms of r(θ), specifically designed to
offer conditional validity, to high (asymptotic) order, in both
contexts. ‘Barndorff-Nielsen’s r∗’.
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Bartlett correction

Have

E{w(θ)} = p

(
1 +

b(η)

n
+ O(n−2)

)
,

so modify w(θ) to

w ′(θ) = w(θ)/{1 + b(θ, λ̂θ)/n}.

Then w ′(θ) is distributed as χ2
p, to error of order O(n−2).
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Adjusted signed root statistic r ∗

r∗(θ) = r(θ) + r(θ)−1 log{u(θ)/r(θ)}

Here, adjustment u(θ) necessitates:

I explicit specification of ancillary a in ancillary statistic
(transformation) context;

I awkward analytic calculations, in both ancillary/exponential
family situations.
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Sampling distribution of r∗(θ) is N(0, 1), to error of order
O(n−3/2), conditionally on a. Normal approximation to
distribution of r∗(θ) yields third-order (relative) conditional
accuracy in ancillary statistic setting.

Inference which respects that of exact conditional inference in
exponential family setting to same third-order.
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Some comments on analytic methods

I Typically require specification of conditioning ancillary, a.

I Often very awkward analytic calculations.

I Successfully packaged (Davison et al.) for certain classes of
model, e.g. nonlinear heteroscedastic regression models.

I Also, relatively unexplored is idea of using simulation etc. to
replace analytic calculations.

I Versions of r∗ for vector interest parameters possible, seen as
less effective than in case p = 1, or than Bartlett correction.
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(Constrained) Bootstrap

Estimate sampling distribution of interest by that under a fitted
model.

Key: appropriate handling of nuisance parameter.

Use as basis of bootstrap calculation F (y ; (θ, λ̂θ)), fitted model
with nuisance parameter taken as constrained MLE, for given value
of interest parameter.
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Properties: repeated sampling perspective

I Estimate true sampling distribution of w(θ) to error of order
O(n−2).

I Estimate true sampling distribution of r(θ) to error of order
O(n−3/2). [Reduction of error by magnitude O(n−1) true for
general, asymptotically N(0, 1) statistic, not just r(θ)].

I Other schemes, e.g. substituting global MLE of nuisance
parameter, less effective, in general.
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Example: p = 1, q = 20, ‘Behrens-Fisher’

Let Yij , i = 1, . . . , ng , j = 1, . . . , ni be independent normal rvs,
Yij ∼ N(µ, σ2

i ).

Interest parameter is µ, nuisance parameter (σ2
1, . . . , σ

2
ng

).

Take case ng = 20, ni ≡ n, σ2
i = i , varying n.

Compare coverages of one-sided (upper) confidence limits for true
µ = 0, obtained by N(0, 1) approximation to distributions of r , r∗,
and by (constrained) bootstrap estimation of distribution of r
(based on drawing 10,000 bootstrap samples). Figures based on
50,000 MC replications.
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Nominal 1.0 5.0 10.0 90.0 95.0 99.0

n = 3 r 7.6 16.3 22.5 77.6 83.7 92.4
r∗ 3.3 9.9 15.9 83.3 89.4 96.1

boot 1.1 5.1 10.2 89.9 94.8 99.0

n = 5 r 3.3 9.9 15.7 84.3 90.2 96.7
r∗ 1.9 7.2 12.8 87.3 92.7 98.0

boot 1.0 5.0 10.0 90.1 95.0 99.0

n = 10 r 1.8 7.0 12.5 87.6 92.9 98.1
r∗ 1.3 5.9 11.1 88.9 93.9 98.6

boot 1.0 5.1 10.0 90.0 94.8 98.9



Example: p = 2, q = 10

Let Y1ij ,Y2ij , i = 1, . . . , ng , j = 1, . . . , ni be independent normal
rvs, Y1ij ∼ N(µ1, σ

2
i ),Y2ij ∼ N(µ2, σ

2
i ).

Interest parameter is (µ1, µ2), nuisance parameter (σ2
1, . . . , σ

2
ng

).

Take case ng = 10, ni ≡ n, σ2
i = i , varying n.

Compare coverages of confidence regions for true (µ1, µ2) = (1, 2),
obtained by χ2

2 approximation to distribution of LRS w and by
bootstrap estimation of sampling distribution of w (based on
drawing 10,000 bootstrap samples). Figures based on 50,000 MC
replications.
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Nominal 1.0 5.0 10.0 90.0 95.0 99.0

n = 5 w 0.8 4.1 8.0 83.9 90.7 97.5
boot 0.9 5.0 9.9 89.9 94.9 99.0

n = 10 w 0.8 4.5 9.0 87.7 93.4 98.5
boot 1.0 4.9 9.8 90.0 95.0 99.1

n = 20 w 0.9 4.6 9.6 89.2 94.3 98.7
boot 1.0 5.0 9.6 90.0 95.1 99.1



Other properties of bootstrap, p = 1

I Multi-parameter exponential family context: inference
agreeing with exact conditional inference to relative error
third-order,O(n−3/2). Same conditional accuracy as r∗.

I Same context, automatically reproduces appropriate objective
(‘conditional second-order probability matching’) Bayesian
inference to order O(n−3/2), in many circumstances.

I Ancillary statistic models: inference agreeing with conditional
inference to second-order, O(n−1), compared to third-order
conditional accuracy of r∗. Third-order conditional accuracy
unwarranted?



Other properties of bootstrap, p = 1

I Multi-parameter exponential family context: inference
agreeing with exact conditional inference to relative error
third-order,O(n−3/2). Same conditional accuracy as r∗.

I Same context, automatically reproduces appropriate objective
(‘conditional second-order probability matching’) Bayesian
inference to order O(n−3/2), in many circumstances.

I Ancillary statistic models: inference agreeing with conditional
inference to second-order, O(n−1), compared to third-order
conditional accuracy of r∗. Third-order conditional accuracy
unwarranted?



Other properties of bootstrap, p = 1

I Multi-parameter exponential family context: inference
agreeing with exact conditional inference to relative error
third-order,O(n−3/2). Same conditional accuracy as r∗.

I Same context, automatically reproduces appropriate objective
(‘conditional second-order probability matching’) Bayesian
inference to order O(n−3/2), in many circumstances.

I Ancillary statistic models: inference agreeing with conditional
inference to second-order, O(n−1), compared to third-order
conditional accuracy of r∗. Third-order conditional accuracy
unwarranted?



Other properties of bootstrap, p = 1

I Multi-parameter exponential family context: inference
agreeing with exact conditional inference to relative error
third-order,O(n−3/2). Same conditional accuracy as r∗.

I Same context, automatically reproduces appropriate objective
(‘conditional second-order probability matching’) Bayesian
inference to order O(n−3/2), in many circumstances.

I Ancillary statistic models: inference agreeing with conditional
inference to second-order, O(n−1), compared to third-order
conditional accuracy of r∗. Third-order conditional accuracy
unwarranted?



Example of conditional inference

Y1, . . . ,Yn IID gamma, mean µ, shape parameter ν and density

f (y ;µ, ν) =
νν

Γ(ν)
exp

[
−ν

{y

µ
− log

(
y

µ

)}]1

y
, y > 0, µ, ν > 0.

Sufficient statistic is S = (n−1
∑n

i=1 log Yi , n
−1

∑n
i=1 Yi ).

Appropriate inference on µ is conditional, tractable only for
n = 2, 3.
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Compare absolute relative error of p-values obtained by bootstrap
and N(0, 1) approximation to r∗, compared to exact conditional
p-values.

n = 2, S = (133.5, 4.89), testing H0 : µ = µ0, against appropriate
one-sided alternative, range of µ0. Bootstrap figures based on 5
million samples.
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Concluding thoughts

I Theories for p > 1 much less developed than case p = 1.
‘Best use’ of simulation.

I Theory specifically for cases d →∞ with n. Rates?

I Relevance of conditionality principles etc.?

I Robustness/model misspecification. Robust forms of statistics
w and r . Centrality of MVN assumptions?

I More relevant inference problems: multiple testing, model
selection?
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