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On partial least squares regression (PLS or PLSR):

• Originally proposed as an algorithm for prediction in chemometry.

• A flexible tool with many applications.

• But: There are arguments that the algorithm cannot be optimal with
respect to prediction: The estimates fall outside the parameter space.
- Helland, I.S. Chemolab 58 (2001).

• A recent example of an improved prediction methods:
- Bo Cheng and Xizhi Wu J. Data Science 4 (2006).
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Aims of this talk:

1. Start with the parametric version of the PLS algorithm.

2. Argue that this is equivalent to a model reduction of a multiple regression
model under symmetry.

3. Discuss an implication: One can find an optimal prediction method by a
better estimation of the parameters of this model.

4. Sketch an example.
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The parametric PLS algorithm:

Take starting values e0 = x, f0 = y, and then for a = 1, 2, ... do:

wa = Cov(ea−1, fa−1),

ta = e′a−1wa.

pa = Cov(ea−1, ta)/Var(ta),

qa = Cov(fa−1, ta)/Var(ta),

ea = ea−1 − pata, fa = fa−1 − qata.
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Theory: Spectral decomposition of the x-covariance matrix:

V(x) = Σ =
p∑

k=1

νkdkd
′
k.

Regression vector with number of terms maximally reduced:

β = Σ−1σ =
m∑

k=1

(νk)−1dkd
′
kσ.

Theorem 1.

a) The parametric PLS algorithm stops automatically (wA+1 = 0) at
the step where A is equal to the number of relevant components m.

b) Then βA,PLS is equal to β.
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Estimation.

• Maximum likelihood estimation under this reduced model is not
successful: Still too many parameters.

• Present approach: Best equivariant estimator under some group.

• Know quite generally: Best equivariant estimator equals Bayes estimator
under the group’s right invariant prior.

• Choice of group: One that leads to the correct model reduction.

• Practical estimation procedure: MCMC.
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The random x regression model:

y = x1β1 + x2β2 + ... + xpβp + ε,

V(x1, x2, ..., xp) = Σ, Var(ε) = σ2.

First group: Rotation in the x-space.

When the x-variables in the regression model have the same unit, one
may consider the symmetry group induced by rotating in the x-space.

General requirement for model reduction:

The reduced model should be invariant with respect to the chosen group.
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How do the rotation group translate to the parameters β?

• Recall that we can always write:

β =
q∑

k=1

(νk)−1dkd
′
kσ =

q∑
k=1

γkdk,

where dk are eigenvectors of Σ corresponding to different eigenvalues.

• In the formula for β, the ordering of the dk’s and hence of the γk’s may
be taken as arbitrary.

• The transformation of β under the rotation group is given by the rotation
of the dk. Each ordered vector (γ1, ..., γq) corresponds to an invariant
set under rotation.
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An extended group.

The rotation group gives too many invariant sets to be useful for model
reduction. A solution of this is to extend the rotation group by adjoining
the scale transformations:

(γ1, ..., γq) → (a1γ1, ..., aqγq)

for positive scalars a1, ..., aq.

The scale group γ → aγ has two orbits: {γ : γ = 0} and {γ : γ 6= 0}.

Hence: The invariant sets in the β-space are then characterized by a
single number m: The number of γk’s which are non-zero.
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Note that when there are m non-zero γk’s, we have

β =
m∑

k=1

γkdk.

That is, there are m relevant components for regression in the terminology
of Næs and Helland (1993). Essentially from this:

Theorem 2.

The model resulting from reducing the regression model to
the invariant set characterized by m under the group above, is
mathematically equivalent to the parametric PLS model with m relevant
components.

This is a precise link between languages of the two cultures;
(cp. Breiman, 2001)
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Equivariant estimation in the reduced multiple regression model.

• Under rotations, the regression estimators PCR, PLS and ridge regression
are equivariant. PCR with a certain ordering and PLS are equivariant
under the extended group.

Equiv.: The rotated estimate of β = The estimate of the rotated β.

• For the extended symmetry group the best equivariant estimator (under
quadratic loss) is given by the Bayes estimator - (Bayes-PLS):

β̂ =

∫
β · exp(− 1

2σ2‖y −Xβ‖2)dπ∫
exp(− 1

2σ2‖y −Xβ‖2)dπ
,

β =
m∑

k=1

γkdk, , dπ =
d‖β‖
‖β‖

(uniform measure over the unit sphere).
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Data example: NIR on maize

• Response Y = Protein percentage in dry matter of n = 50 maize plants

• Predictors X = NIR reflectance (R) spectra transformed by log(1/R)
The reflectance was measured at p = 100 wavelengths between 1102 and
2500 nm

– Typeset by FoilTEX – 11



NIR spectra of 50 maize samples (training data)

Wavelength

lo
g(

1/
R

)

1102 1228 1354 1480 1606 1732 1858 1984 2110 2236 2362 2488
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Comments to results

• Bayes-PLS is initiated from an 11 component model, but the MCMC
algorithm soon reduce the influence from 3 of these to a minimum. The
final estimated model is highly correlated to a regular 8-component PLS
model

• Bayes-PLS performs marginally better than the 8-component PLS model
for these data.

• Simulated data with varying n and p indicate that the Bayes-PLS
performs well compared to regular PLS and tends to choose the best
level of complexity (number of components) better than regular PLS
with cross-validation.
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Conclusion.

PLS can be improved

by a modelling approach.
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