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Introduction

This course is about multi-stratum experiments, i.e. experiments in
which the treatments are combinations of levels of several factors
and there are sets of experimental units which must all have the
same level of at least one factor.

The textbook example is the split-plot design, but we will consider
structures which are more general in three ways:

I There can be more strata (e.g. split-split-plots, etc.).

I The treatment design can be an incomplete factorial.

I The design need not be orthogonal.
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Outline

There are three sessions:

1. today: general ideas and standard multi-stratum structures;

2. Friday morning: regular fractional factorial structures;

3. Friday afternoon: irregular fractional factorial and response
surface structures.

There is plenty of time for discussion within these sessions, so
please interrupt at any point.
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Aims

1. To give those with no prior knowledge of the area a broad
grounding in the subject.

2. To define a clear and unambiguous terminology and notation,
so that different researchers find it easier to discuss each
other’s work.

3. To summarize some recent research in this area, from my
personal viewpoint.
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Treatments and Units

In an experiment, the treatments are the full sets of conditions
which are fixed by the intervention of the experimenter in order
that they can be compared.

Hence the discussion is restricted to intervention experiments and
comparative experiments.

The experimental units are the objects to which the treatments are
applied, so that each experimental unit can receive only one
treatment and different experimental units might receive different
treatments.
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The Design Process

Designing an experiment involves the following stages (as well as
many other things with less statistical input).

1. A set of treatments is chosen to meet the objectives of the
experiment.

2. The experimental units are identified.

3. It is decided which response variable(s) to measure on each
unit (and perhaps how often or where).

4. Any likely patterns of variation in response among the units
are noted. These are used to define the unit structure.

5. Any restrictions on which treatments can be applied to which
units are noted.

6. Given 1-5 a method is chosen to decide which treatment is to
be applied to which unit.
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Factorial Treatment Structures

We will discuss treatments which are combinations of the levels of
several (treatment) factors, i.e. variables (qualitative or
quantitative) which are set to different levels by the experimenter.

Note that the definition of treatment factors is not unique,
although the definition of treatments is.

Example: In experiments in bioprocess engineering, the
experimenters often define substrate concentration and
enzyme:substrate ratio as treatment factors. Obviously, they could
use enzyme concentration and substrate:enzyme ratio, etc.
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Discussion point: The concept of a factorial treatment structure
is crucial to the concept of multi-stratum experiments.

How should
treatment factors be defined in a specific experiment?

I Those which come naturally to the experimenters?

I The variables which will be manipulated?

I The variables which we expect will lead to a relatively simple
treatment model?

I Or is the whole concept of treatment structure meaningless,
so we should discuss only treatments and treatment models?

If we adopt the last point of view, multi-stratum experiments are
just incomplete block designs.

Aside: the property of rotatability in response surface designs
derives from the view that in a continuous factor space, the axes
representing levels of factors are not special.
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Unit Structures

Experimental units can also have structures defined by unit (or
block) factors.

Unit factors are always qualitative (although
continuous covariates might also exist).

These can be crossed structures in which each unit is defined by
the cross-classification of two (or more) factors (row-column unit
structures).

More relevant to our discussion are nested unit factors, in which
each level of one unit factor contains all units with a particular
subset of the levels of another unit factor, e.g. weeks and days
within weeks.

I will use the notation U1/U2/ · · · /Us to denote nested units and
call them · · · /Superblocks/Blocks/Units.
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Unit Structures

Discussion point: How do unit structures arise?

There are two
different viewpoints:

I Unit factors represent structure in the responses expected
prior to the experiment, i.e. they are part of the model for
analysing the data.

I Unit factors arise from the randomization, i.e. the allocation
of treatments to units arises from a random permutation of
the labels of each unit factor, within each level of the next
higher unit factor.
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My view:

I As much as possible, the experiment should be designed so
that the two views give the same model.

I All unit factors defined by the randomization must be included
in the model.

I Other “factors” can be used based on prior knowledge of the
units; they have the same status as covariates.

I Randomization provides the only basis for inference based on
a repeated sampling definition of probability; any further
analysis must be based on subjective probability.
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Strata

In a nested unit structure, each unit factor defines a stratum in the
decomposition of the data.

In an orthogonal block structure, a stratum is an eigenspace of
Cov(Y) (Bailey, 2008).

Associated with the strata are variance components
σ2
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2
s = σ2.

This corresponds to the null analysis of variance, or random effects
model, with all treatment differences assumed to be zero.
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Restrictions in Allocating Treatments to Units

Example: A biochemical engineer wanted to study the effects of
five factors on the yield and purity obtained from a protein
extraction process: inflow feed position, feed flow rate, gas flow
rate, concentration of protein A and concentration of protein B.

About 20 days’ experimentation could be done and 2 runs per day.

However, setting the level of feed position involves taking the
equipment apart and reassembling it, while the other factors’ levels
can be set much more easily and quickly.

The design should be restricted so that runs in the same day
receive the same level of feed position.

The unit structure is Days/Runs, but the main effect of feed
position is completely confounded with day effects.
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Multi-Stratum Designs

We define a multi-stratum design to be one in which there are at
least two strata, and the main effect of at least one treatment
factor is completely confounded with a unit factor (defining a
higher stratum than the experimental units).

Multi-stratum designs generally arise from some factors being
harder to set than others, so that

I their levels must be applied to a longer time period, as above;

I their levels must be applied to a bigger area, as in some
agricultural experiments (and baking cakes);

I their levels must be applied to groups of subjects, as in some
experiments with people and animals.
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Other Descriptions of Multi-Stratum Structures

The randomization being restricted so that units in the same block
always have the same level of a particular factor or main effects
being confounded with blocks are essentially identical (one implies
the other).

Other descriptions of the genesis of multiple strata:

I Experimental units (plots) are split into subplots, subsubplots,
etc. and some factors are applied to each.

I Different factors are applied to experimental units of different
sizes.

These descriptions contradict my (and usually the authors who use
them’s) definition of experimental units - the objects to which the
treatments are applied, not the objects to which treatment factors
are applied.
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Split-Plot Designs
The textbook split-plot design has three strata,
Blocks/Main plots/Subplots, The treatments form a full factorial
design, with each block containing a single complete replicate and
each main plot containing a single complete set of the
combinations of levels of the factors which are easy to set.

Example: baking cakes: 4 baking conditions × 3 recipes, 3 days /
4 intervals / 3 shelves. The skeleton analysis of variance is

Stratum Source df

Days 2

Intervals Baking conditions 3
Residual 6
Total 9

Shelves Recipes 2
B×R 6
Residual 16
Total 24
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The analysis of variance (or the corresponding mixed model)
should be specified in most packages using notation similar to:

Fixed: B+R+B.R
Random: Days/Intervals

Some user guides to some packages suggest using Days.B to
estimate the main plot residual terms.

This is computationally correct for this specific model, but does
not generalize and is incredibly confusing for users.

It is not a requirement of the packages, just a cheap computational
trick, which is no longer necessary and should never be used.
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Hard-to-Set Factors

Most authors refer to “hard-to-change” factors.

This is imprecise.

If, in a completely randomized design, the randomization gives
several consecutive units with the same level of a factor, say
temperature at 200◦C , then for each run the temperature should
be put back to a standard level and then reset at 200.

So, having several consecutive units with the same level of a factor
does not save any time or effort. Hence, they are hard-to-set
factors.
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Randomized-not-Reset Factors

It is very common in practice for experimenters not to reset factors
between experimental units.

Such factors are described as being randomized-not-reset (RNR)
and have been intensively studied by J. Lucas and co-authors.

Discussion point: What are the consequences of RNR factors?

I It has become common to describe this as “inadvertent
split-plotting” (“plot-splitting”, surely? or “subplot joining”!).

I But there is no restriction to the randomization.

I If time is described as a covariate or post-blocking factor, the
same problem arises even if the factors are reset.
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I believe that there is the inadvertent introduction of new
treatments.

The correct way to describe Temperature=200 is that temperature
is set to 200.

RNR factors introduce new treatments, with temperature set to
200, m units previously, for m = 1, 2, . . ..

The design will usually be horribly inefficient in terms of the
treatment factor describing the time since setting the temperature.

Discussion point: Can we encourage experimenters to reset
factors?
If so, how?
If not, is this whole topic a waste of time?
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