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What did we learn on Tuesday?

The treatments are combinations of levels of q treatment factors,
X1, . . . ,Xq.

Multi-stratum structures are most clearly defined by considering
randomization.

There is a nested unit structure U1/ · · · /Us , or
· · · /Superblocks/Blocks/Units.

Some treatment factors must have the same level in all
experimental units within the same category of Ui for some i < s.
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Desirable randomization is not always possible for practical
reasons.

A modelling approach might be useful in such circumstances and
can lead to the same structures.

When considering the choice of design, it does not always matter
which viewpoint we take.

Randomized-not-reset factors are very common in practice (and
probably will continue to be). There are unexplored problems here,
but these probably have little to do with multi-stratum designs.
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What will we learn today?

This morning we will concentrate mainly on designs with two-level
treatment factors.

We will stick mainly to designs with two strata in which each unit
factor has a number of levels which is a power of 2.

Recall that two-stratum designs have the main effect of one or
more factors confounded with Blocks.

The emphasis will be on which effects can be estimated and in
which stratum. In Session 3, we will think about efficiency of
estimation in a single model.

We will concentrate on regular designs in which all treatment
effects are either completely confounded with or orthogonal to
blocks.
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Application: Seven factors which can affect the efficiency of a ball
mill: motor speed (X1), feed mode (X2), feed sizing (X3), material
type (X4), gain (X5), screen angle (X6), screen vibration level (X7)
(Montgomery, 1993).

There are resources for 16 runs and X1, X2, X3 and X4 are
hard-to-set.

We must use a 1/8-replicate, but setting these four factors as few
times as possible.

Discussion point: Note a slight difference of opinion:

I Most authors try to use the minimum possible (statistically)
number of blocks;

I I assume that we have negotiated the maximum possible
(practically) number of blocks.
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Confounding Two-Level Designs

When a 2q set of treatments is to be arranged in blocks of size
2q−r , we must confound 2r − 1 effects with blocks.

We choose which effects to confound in such a way that important
effects (usually low-order effects) are not confounded.

If two effects are confounded, their generalized interaction is also
confounded, e.g. if X1X2X3 and X1X4X5 are confounded, so is
X2X3X4X5.
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Confounding of Easy-to-Set Factor Effects

There are many situations in which the number of easy-to-set
factors might be too great to allow a complete set of combinations
in each block.

This does not present any new problems.

We are just choosing confounded designs in which we are forced to
confound the main effects of hard-to-set factors.
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Example: One hard-to-set factor, 3 easy-to-set factors in 4 blocks
of 4.

Confound: X1,X2X3X4,X1X2X3X4

Discussion point: In multi-stratum structures, the literature
discusses which effects are estimable in which strata. In
confounded designs, much of the literature discusses estimability as
if blocks were fixed.

Given the same unit structure, why should we be prepared to use
inter-block information to estimate main effects, but be reluctant
to do so to estimate interactions?
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Regular Fractional Factorial Designs
Regular two-level fractional replicates can be identified by their
defining contrasts.

The fraction

X1 X2 X3

− − −
− + +
+ − +
+ + −

has defining contrast I ≡ −X1X2X3, from which we can
immediately see

X1 ≡ −X2X3 X2 ≡ −X1X3 X3 ≡ −X1X2.

[This notation means that the main effect of X1 is fully aliased

with the interaction of X2 and X3, etc., i.e. for β̂1 estimated from
the main effects only model, E (β̂1) = β1 − β23 under the full
model, etc.]
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Regular Two-Level Designs

Regular fractions can be assessed by the lengths of the words in
their defining contrasts,

e.g. quarter replicates of 27:

I I ≡ −X1X2X3 ≡ X4X5X6X7 ≡ −X1X2X3X4X5X6X7

I I ≡ X1X2X3X4 ≡ X1X5X6X7 ≡ X2X3X4X5X6X7

I I ≡ X1X2X3X4 ≡ −X1X2X5X6X7 ≡ −X3X4X5X6X7

have word-length patterns

I 3,4,7

I 4,4,6

I 4,5,5

The resolution is the length of the shortest word in the defining
contrast [Box & Hunter (1961)]. Designs are chosen to have
maximum resolution - here the last two designs have resolution-IV,
the maximum possible.
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Regular Two-Level Designs

The word-length counts are:

I (0, 0, 1, 1, 0, 0, 1)

I (0, 0, 0, 2, 0, 1, 0)

I (0, 0, 0, 1, 2, 0, 0)

The aberration of a resolution-R design is the number of words of
length R [Fries & Hunter (1980)]. Maximum resolution designs are
chosen to have minimum aberration.
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Discussion point: I always use fractions with defining contrasts
having negative odd-numbered-letter words and positive
even-numbered-letter words.

The logic (due to Tony Baker,
formerly Unilever Research) is:

I Choose the levels of the factors, so that prior belief suggests
that the main effect will be positive, i.e. the + level is
expected to give a higher response.

I The interaction between two positive main effects is more
likely to be negative than positive (and so on for higher-order
interactions).

I It is better to have two aliased terms exaggerating each
other’s effects than cancelling out.



Discussion point: I always use fractions with defining contrasts
having negative odd-numbered-letter words and positive
even-numbered-letter words. The logic (due to Tony Baker,
formerly Unilever Research) is:

I Choose the levels of the factors, so that prior belief suggests
that the main effect will be positive, i.e. the + level is
expected to give a higher response.

I The interaction between two positive main effects is more
likely to be negative than positive (and so on for higher-order
interactions).

I It is better to have two aliased terms exaggerating each
other’s effects than cancelling out.



Discussion point: I always use fractions with defining contrasts
having negative odd-numbered-letter words and positive
even-numbered-letter words. The logic (due to Tony Baker,
formerly Unilever Research) is:

I Choose the levels of the factors, so that prior belief suggests
that the main effect will be positive, i.e. the + level is
expected to give a higher response.

I The interaction between two positive main effects is more
likely to be negative than positive (and so on for higher-order
interactions).
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Questions:

I Am I the only person who does this?

I Does it make sense?

I Why is it not better known?

I How else should a fraction be chosen?

More speculatively,

I Does this logic also apply to irregular fractions? (Think
Plackett-Burman.)

I This would mean that effects should be estimated with
correlations of particular signs (but close to zero).

I What about response surface designs? mixtures??

I Does this have any implications for design construction
algorithms?

I How would it change the optimality criteria?
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Confounding in Fractional Factorial Designs

There are two extra (obvious) rules here.

1. We cannot confound effects which are in the defining contrast.

2. If an effect is confounded with blocks, so are its aliases.

Example: 24−1 treatments in 2 blocks of 4.

Defining contrast: I ≡ X1X2X3X4

Confound: X1X2 ≡ X3X4.
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An Interesting Complication

Example: 25−1 in 4 blocks of 4.

Defining contrast: I ≡ −X1X2X3X4X5

Confound: X1X2 ≡ −X3X4X5, X3X4 ≡ −X1X2X5,
X1X2X3X4 ≡ −X5

This is unfortunate. However, we can have

Defining contrast: I ≡ X1X2X3X4

Confound: X1X2X5 ≡ X3X4X5, X1X3 ≡ X2X4, X2X3X5 ≡ X1X4X5
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A General Theory of Regular Designs

Chen and Cheng (1999) solved the problem by formally considering
a 2q−r fraction in 2m blocks as a 2(q+m)−(r+m) fraction, with m
two-level pseudo-factors b1, . . . , bm used to define the blocks.

Then the problem becomes one of choosing a regular fraction.

In the above example, the defining contrasts are

I ≡ −X1X2X3X4X5 ≡ X1X2b1 ≡ −X3X4X5b1 ≡

X3X4b2 ≡ −X1X2X5b2 ≡ X1X2X3X4b1b2 ≡ −X5b1b2

and
I ≡ X1X2X3X4 ≡ X1X2X5b1 ≡ X3X4X5b1 ≡

X1X3b2 ≡ X2X4b2 ≡ X2X3X5b1b2 ≡ X1X4X5b1b2
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Resolution and Aberration

The above designs both appear to have Resolution-III, but this is
no longer meaningful.

Sun, Wu and Chen (1997) defined the treatment word-length
count Ti for words of length i containing only treatment letters
and the blocking word length count Bi for words containing i
treatment letters and at least one block letter.

Chen and Cheng (1999) proposed the ordering
T1,T2,B1,T3,B2,T4,T5,B3, . . ..

Cheng, Steinberg and Sun (1999) showed that, by considering
estimation capacity, this is not satisfactory.

Research has continued in this area.



Resolution and Aberration

The above designs both appear to have Resolution-III, but this is
no longer meaningful.

Sun, Wu and Chen (1997) defined the treatment word-length
count Ti for words of length i containing only treatment letters
and the blocking word length count Bi for words containing i
treatment letters and at least one block letter.

Chen and Cheng (1999) proposed the ordering
T1,T2,B1,T3,B2,T4,T5,B3, . . ..

Cheng, Steinberg and Sun (1999) showed that, by considering
estimation capacity, this is not satisfactory.

Research has continued in this area.



Resolution and Aberration

The above designs both appear to have Resolution-III, but this is
no longer meaningful.

Sun, Wu and Chen (1997) defined the treatment word-length
count Ti for words of length i containing only treatment letters
and the blocking word length count Bi for words containing i
treatment letters and at least one block letter.

Chen and Cheng (1999) proposed the ordering
T1,T2,B1,T3,B2,T4,T5,B3, . . ..

Cheng, Steinberg and Sun (1999) showed that, by considering
estimation capacity, this is not satisfactory.

Research has continued in this area.



Resolution and Aberration

The above designs both appear to have Resolution-III, but this is
no longer meaningful.

Sun, Wu and Chen (1997) defined the treatment word-length
count Ti for words of length i containing only treatment letters
and the blocking word length count Bi for words containing i
treatment letters and at least one block letter.

Chen and Cheng (1999) proposed the ordering
T1,T2,B1,T3,B2,T4,T5,B3, . . ..

Cheng, Steinberg and Sun (1999) showed that, by considering
estimation capacity, this is not satisfactory.

Research has continued in this area.



Resolution and Aberration

The above designs both appear to have Resolution-III, but this is
no longer meaningful.

Sun, Wu and Chen (1997) defined the treatment word-length
count Ti for words of length i containing only treatment letters
and the blocking word length count Bi for words containing i
treatment letters and at least one block letter.

Chen and Cheng (1999) proposed the ordering
T1,T2,B1,T3,B2,T4,T5,B3, . . ..

Cheng, Steinberg and Sun (1999) showed that, by considering
estimation capacity, this is not satisfactory.

Research has continued in this area.



Discussion point: I wouldn’t do it this way!

I If we think of strata, aliasing and confounding are
fundamentally different.

I Aliased effects are lost forever, confounded effects are
estimable in the Blocks stratum.

I Otherwise, all multi-stratum designs are illegal (except some -
see later).

I Blocks might be so variable as to give little inter-block
information, but this is a property of the units, not the
treatments applied to them.

Besides, why should we restrict ourselves to regular confounding?

In the example above, I can write down (immediately, without
thinking) an irregular blocking of I ≡ −X1X2X3X4X5 which
confounds one two-factor interaction and partially confounds four.

I would always choose the best fraction, then block it as well as
possible, i.e. get as much information as possible, then allocate it
to strata as well as possible.
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Fractional Factorial in Hard-to-Set Factors

If there are too few blocks to have even a single replicate of all
combinations of the hard-to-set factors, we use a fractional
factorial.

This is chosen in exactly the same way as above, subject to the
restrictions in allocating the hard-to-set factors.

Example: 3 hard-to-set and 2 easy-to-set factors in 4 blocks of 4.

Defining contrast: I ≡ −X1X2X3

Confound: X1 ≡ −X2X3, X2 ≡ −X1X3, X1X2 ≡ −X3

There is no choice here. Although we are choosing a confounded
fractional factorial design, the randomization restriction means
that once we have chosen the fraction there is nothing else to do.
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Restrictions in Both Strata

If there are too few blocks to have even a single replicate of all
combinations of the hard-to-set factors and the number of
easy-to-set factors is too great to allow a complete set of
combinations in each block, then we have a new problem.

Choosing regular designs for such cases is a topic of much current
research interest. The first big advances were by Huang, Chen and
Voelkel (1998) and, especially, Bingham and Sitter (1999a,b).

They used the standard definitions of resolution and aberration,
applied to the whole design, but at the same time minimising the
aliasing of easy-to-set factor effects with hard-to-set factor effects.
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Example: 3 hard and 3 easy factors in 4 blocks of 4.

Defining contrast: I ≡ −X1X2X3 ≡ X1X4X5X6 ≡ −X2X3X4X5X6.

Confound: X1 ≡ −X2X3 ≡ X4X5X6 ≡ −X1X2X3X4X5X6,
X2 ≡ −X1X3 ≡ X1X2X4X5X6 ≡ −X3X4X5X6,
X1X2 ≡ −X3 ≡ X2X4X5X6 ≡ −X1X3X4X5X6.

Bingham and Sitter (1999a) gave an algorithm which will always
find a minimum aberration design.

Mukerjee and Fang (2002) used the number of letters in words
containing easy-to-set factors which are confounded to define
secondary aberration and chose designs to minimise this, subject to
being minimum aberration.

Others have studied secondary estimation capacity (Yang et al.,
2006), weak minimum aberration (Yang, Zhang and Liu, 2007),
etc.
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Bingham, Schoen and Sitter (2004) present a 29−4 in 8 blocks of 4
in cheese making.

Unfortunately, details on the factors are confidential.
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Late News

Cheng and Tsai (2008) treat blocked and split-plot fractional
factorials in a unified framework, using proper consideration of
strata.

They define an “information capacity” criterion, which depends on
the ratio of stratum variances. For fixed blocks it reduces to Chen
and Cheng (1999); for no interblock variance component it reduces
to Bingham and Sitter (1999a).

This makes everything else in this session obsolete!

Also, it generalizes to more general multi-stratum structures. See
also Bingham et al. (2008) for different generalizations.
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Graphical Analysis

People who use two-level fractional factorials love (half-)normal
plots of estimated effects.

In multi-stratum designs, a separate plot is needed in each stratum
containing treatment effects.

Discussion point: Or is it?

If we are factor screening, we should look for factors which might
be active, not those which we are convinced are active.

We should screen out factors which are clearly inactive. This will
rarely include hard-to-set factors.

If effects are estimated with different standard errors, only a
Bayesian analysis will give meaningful information.
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Robust Product Experimentation
If some factors are included in the experiment, only because their
interactions with other factors are of interest, it can be
advantageous to confound them with blocks, even if they are
easy-to-set.

Box and Jones (1992) discussed this in the context of noise factors,
e.g. in making cake mixes, we might want to find a recipe which is
robust to the different baking conditions consumers will use.

Discussion Point: Minimising variance means (at least) three
different things. Finding levels of control factors which:

I give consistent responses across levels of noise factors (by
exploiting interactions);

I reduce the variance between experimental units (thus
contradicting the basic assumption of the randomization
approach);

I reduce the variance between observational units within
experimental units.
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