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Introduction

Multi-stratum experiments are those in which the treatments are
combinations of levels of several factors and there are sets of
experimental units which must all have the same level of at least
one factor.

The textbook example is the split-plot design, but here we will
consider structures which are more general in three ways:

I There can be more strata (e.g. split-split-plots, etc.).

I The treatment design will be suitable for fitting a
(second-order) polynomial response surface model.

I The design will not have a complete set of combinations of
the subplot factors in each whole plot.
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Restrictions in Allocating Treatments to Units
Example: A biochemical engineer wanted to study the effects of
five factors on the yield and purity obtained from a protein
extraction process: inflow feed position, feed flow rate, gas flow
rate, concentration of protein A and concentration of protein B.

About 20 days’ experimentation could be done and 2 runs per day.

However, setting the level of feed position involves taking the
equipment apart and reassembling it, while the other factors’ levels
can be set much more easily and quickly.

The design should be restricted so that runs in the same day
receive the same level of feed position.

The unit structure is Days/Runs, but the main effect of feed
position is completely confounded with day effects.

Multi-stratum designs usually arise from some factors being harder
to set than others.
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Multi-Stratum Response Surface Designs

The first paper to consider the design problem was Draper and
John (1998), who considered different run orders in CCDs.

Now, there are three somewhat different approaches, the
stratum-by-stratum strategy of Trinca and Gilmour (2001),
D-efficiency using a prior estimate of the ratio of stratum variance
components (Goos and Vandebroek, 2001, Jones and Goos, 2007)
and partially orthogonal designs (Kowalski et al., 2006, Parker,
Kowalski and Vining, 2006, 2007a,b).
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Stratum-by-Stratum Construction
Assume unit structure is U1/ . . . /Us with fi factors applied in
stratum i , fi ≥ 0.

Do the following for all strata, Ui , in which fi > 0:

1. Choose a treatment design for the factors applied in Ui .

2. Treating the units in Ui−1 as blocks, obtain a good block
design for the treatment design in 1.

3. Combine the block design chosen in 2 with the treatment
design for the factors applied in Ui−1 to obtain good
estimates of the interactions.

4. Maintaining the design in 3, obtain a good block design
considering the units in Ui−2 as blocks. Repeat this for
Ui−3, . . . ,U1.

This approach gives “optimal” designs as η = σ2
i /σ2

j →∞ for all
i < j , which is the worst case.

The choice of criterion at each step is independent of the
algorithm, e.g. we could use D everywhere.
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D-Optimal Split-Plot Designs

A prior point estimate of η is plugged into V = 1
σ2 Var(Y).

The D-criterion |X′V−1X| is based on the GLS estimator.

Then search for optimal designs using standard exchange
algorithms, but modified to obey the randomization restrictions.

Jones and Goos (2007) speed things up by using a
“candidate-set-free” algorithm.
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Partially Orthogonal Designs

These are built using several methods which ensure that OLS and
GLS give the same estimates.

In fact the methods used ensure more than this, namely that linear
and interaction effects are orthogonal to blocks and the OLS-GLS
equivalence holds for all submodels.

They look a bit odd at first sight, e.g. including blocks with centre
points in every run.
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Advantages of Each Method

I Stratum-by-stratum:

I completely general for any multi-stratum structure;
I does not depend on prior estimates of variance components;
I is robust to different values of variance components;
I is optimal within strata.

I D-optimal:

I D-optimal across strata;
I takes account of prior information;
I fast implementation available in commercial software.

I Partially orthogonal:

I does not depend on prior estimates of variance components;
I is robust to different values of variance components;
I allows pure error estimation.
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Disadvantages of Each Method

I Stratum-by-stratum:

I not very easy to implement;
I does not optimise an easily stated criterion;
I rarely produces designs with GLS-OLS equivalence.

I D-optimal:

I D-optimal;
I the criterion is only D-efficiency if η is known;
I for practical use, finding designs for several values of η is

recommended;
I rarely allows pure error estimation.

I Partially orthogonal:

I designs are inefficient, spectacularly so;
I more efficient designs can have the same good properties.
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How Large Can η Be?
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Variance is More Meaningful Than Efficiency
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Look at All η
Let ρ = η/(1 + η) be the inter-block correlation.

0.0 0.2 0.4 0.6 0.8 1.0

0
10

0
20

0
30

0
40

0
50

0
60

0

rho

A
 c

rit
er

io
n



Look at All η
Let ρ = η/(1 + η) be the inter-block correlation.

0.0 0.2 0.4 0.6 0.8 1.0

0
10

0
20

0
30

0
40

0
50

0
60

0

rho

A
 c

rit
er

io
n



Difference in Variances
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Average A Criterion Values

Over a grid of values of ρ between g and 1− g in steps of g :

g 0.1 0.01 0.001 0.0001

A1 16.43 22.69 29.48 36.37
A2 13.86 26.38 39.95 53.73

Starting at ρ = 0.2 gives

g 0.1 0.01 0.001 0.0001

A1 17.19 25.62 34.23 42.87
A2 15.38 32.24 49.47 66.73
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The Problem

The comparison between designs depends almost entirely on the
upper limit allowed for η in the prior.

It is even worse than this, because the GLS estimator is used with
an estimate of η. As η gets larger, this estimate and those of the
fixed effects get worse.

Average (“Bayesian”) optimal design approaches which rely on
sampling from the prior are dangerous, because the design
efficiencies depend on the extremes of the prior distributions.
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How Should We Choose A Design?

Either:

1. think of the largest plausible value for η, double it, and search
for an optimal design using a global algorithm; or

2. use the stratum-by-stratum approach with your favorite
optimality criterion.
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Future Research

Some areas that might be worth investigating:

I Changes to the stratum-by-stratum algorithm to make it look
across strata more.

I Changes to D-optimal searches to allow them to go to the
limit as η →∞.

I Design implications of methods of estimation which are better
than GLS.

I Specification of prior information using extreme value
distributions?
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