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1 Kubo formula and binary correlators

1.1 Why conductivity?

• An important physical quantity

• A challenge for M ∩ Φ ”localizationists”

• A quantity to study (”order parameter”) in the presence of

interaction (e-e, e-ph)
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1.2 Kubo formula and corresponding measures

Linear conductivity of the ideal Fermi gas of spinless electrons

HN =
N∑

j=1

(∇2
j + V (xj) + E · xj cos νt)

at temperature T , external time independent field V and time

dependent electric field of frequency ν (Kubo 55)

σαβ(ν, T ) =

∫
nF (E)− nF (E + ν)

−ν
vαβ(E, E + ν)dE

where V̂ = ∇ is the velocity operator,

nF (E) = (1 + e(E−EF )/T )−1
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is the Fermi distribution. To avoid technicalities, we consider below

v(E1, E2) :=
d∑

α=1

vαα(E1, E2).

where

vα,β(E1, E2) = E{(V̂αδ(H − E1)V̂βδ(H − E2))(0, 0)}
can be viewed as the density of the ”VV” measure.

In particular for T << ν (zero temperature)

σ(ν, 0+) := σEF
(ν)

= ν−1

∫ E

E−ν

v(E, E + ν)dE ' v(EF , EF + ν), ν << E
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Use V = i[H, X] to write

σEF
(ν) = −ν2

2

∫
y2C2(EF , EF + ν, y)dy,

where

C2(E1, E2; y) = E{eE1(0, y)eE2(y, 0)},
eE(x, y) = (δ(H − E)(x, y))

and there is a related ”XX” measure with ”density”

x(E1, E2) = E{(δ(H − E1)X
2δ(H − E2))(0, 0)}
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Rigorous results:

P. 72, Khorunzhy, P. 93, Bouclet et al 05

No ”sufficiently good” analog of Wegner’s lemma for ”VV” (??) and

”XX” measures (Combes et al ?)

By the way, eE(x, x) is known as the local DOS and by ergodicity the

DOS is

ρ(E) = E{eE(0, 0)}.
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1.3 Correlation functions

We have had already

C2(E1, E2; x) = E{eE1(0, x)eE2(x, 0)},

the cross (current-current) correlator of e’s and it is natural to

introduce

C1(E1, E2; x) = E{eE1(0, 0)eE2(x, x)},

the correlator of local DOS’s.
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2 Conductivity: outline of weak and strong

localization regimes

A standard potential

V (x) =
∑

j

u(x− xj),

where u is impurities potential, {xj} are their positions, assumed to

be the Poisson with the density c.
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2.1 Weak localization

u << E; low frequencies: ν << E and more (Thouless, 70’).

DOS: ρ(E) = CdE
(d−2)/2

Conductivity: is given by the Drude-Lorentz formula

σE(ν) =
σE(0)

1 + (ντ)2
, σE(0) = τvd

where τ = l/v is the mean free time, l = 1/cû is the mean free

path, û is the impurity scattering cross section, v =
√

E is the Fermi

velocity.
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Methods: kinetic equation (classical, 00’ and quantum, Bethe,

Sommerfeld 30’),

Kubo formula and summing (ladder) diagrams (Abrikosov-Gorkov,

Edwards, 60’).

Quantum corrections (fan diagrams, the early 80’, Moscow -

Leningrad, Cambridge, MA).
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2.2 Strong localization

The same potential, attractive impurities (u < 0), |u| << |E|.
DOS: (I. Lifshitz, 64)

log ρ(E) = − |E|
|u(0)| log

|E|
|u(0)| ,

due to big (]{xj} = O(|E|/|u(0)|)) clusters of impurities

(localization centers),

an optimization procedure, one-instanton approach, rigorously

confirmed by a kind of large deviation argument
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Low frequency conductivity, ν << |E|: (Mott 70)

σE(ν) = ρ2(E)(ν/I0)
2 logd+1(I0/ν),

due to resonance tunneling between the pairs of localization centers

on the distance

lres = lloc log(I0/ν),

lloc is the localization length (radius),

I0 is the energy parameter, controlling the tunneling (the overlap

integral, typical level spacing), I0 ∼ E for strong localization

Again an optimization procedure I(lres) ∼ ν

Houghton et al, 80, two-instanton approach, Mott formula and

correlators C1,2
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3 One-dimensional asymptotically exact

results

3.1 1-d white noise: high energies

E{V (x)} = 0, E{V (x)V (y)} = 2Dδ(x− y), D2/3 << E.

DOS: ρ(E) = (2π
√

E)−1(1 + O(D/E3/2));

Lyapunov exponent: γ(E) = D/E = l−1
loc .
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Low frequency conductivity: ν << E

σE(ν) = σ0(ντ)2 log2(1/ντ)

for

ντ << 1 ⇐⇒ ν/E << E3/2/D

and with

τ = l/v, l = lloc = γ−1 = E/D.

l is the mean free path and/or the localization length.

(Berezinsky 74, Gogolin et al 75, Abrikosov and Ryzhkin 76,

Antsygina et al 81, Gorkov et al 81).
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The rise of C1 as well as the negative peak in C2 is in the

lloc-neighborhood of lres = lloc log 1/ντ .

ATTENTION! The above results are in the weak localization

(semiclassical) regime E >> D2/3, far, in fact opposite (in energy)

to the strong localization regime |E| >> D2/3. Hence Mott’s

argument about the resonance tunneling between pairs of localization

wells is not applicable.

But a hint of universality of localization.
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3.2 1-d white noise: low energies

E{V (x)} = 0, E{V (x)V (y)} = 2Dδ(x− y), D2/3 << |E|.

DOS:

ρ(E) =
E1/2

2D
exp

{
−4|E|3/2

3D

}
(1+O(D/|E|3/2)), E → −∞,

Lyapunov Exponent: γ = |E|1/2 = l−1
loc

(Frish and Lloyd 61, Halperin 65).
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Low frequency conductivity:

σE(ν) = |E|−3/2ρ(E)ρ(E + ν)ν2 log2(8|E|/ν),

the ”genuine” Mott formula (Hayn and John 91, Grassman integration

and the saddle point with |E|/D2/3 as the big parameter).

Correlation functions: Have the same qualitative form with the

replacements

lloc = E/D → lloc = |E|1/2,

lres = lloc log(1/ντ) → lres = lloc log(|E|/ν).

This can be viewed as a kind of universality of Mott’s and other

asymptotic formulas in the localization regime.
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4 Semi-heuristics in the strong localization

regime

We follow essentially the paper by Kirsh, Lenoble, P. 03

(i) It is assumed that typical realizations of any random potential in the

strong localization regime have the form of deep and rare random

wells (Lifshitz-Mott localization centers or traps) chaotically distributed

in the space, i.e., there exists an ”effective universal ”potential

Veff (x) =
∑

j

uj(x− ξj).

Here {ξj} are the Poisson random points of the density n(E0),
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modeling the centers of the localization wells, and the random

functions {uj} are independent of each others and independent of

{ξj} functions, modeling the shape of the localization wells. We will

choose a simple model form of localization wells, setting

vj(x) = gjv
(√

gjx
)
,

where v(x) is a finite range potential well and {gj} are independent

identically distributed random variables, independent of {ξj} and

assuming arbitrary big positive values according to a smooth

probability density p(g), slowly varying in a ∆E-neighborhood of E0.
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(ii) Since the density n(E0) is assumed small, we can construct the

conductivity and correlation functions by using the density expansion.

lim
Λ→∞

|Λ|−1E{FN((ξ1, g1), ..., (ξN , gN))}

= F0 +

∫
(F1(g1)− F0)µ(g1)dg1

+
1

2

∫
[F2(x; g1, g2)− F1(g1)− F1(g2) + F0]

×µ(g1)µ(g2)dxdg1dg2 + ...,

where µ(g) = n(E0)p(g).
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DOS: µ = ρ, i.e., the scheme is self-consistent the

Low frequency conductivity: the leading contribution is due two the

second order term of the density expansion:

σ
(2)
E (ν) = νρ2(EF )

∫

2|I(y)|≥ν

|y|2I2(y)√
ν2 − 4I2(y)

dy,

and for ν << |E|

σ(2)(ν, EF ) =
ν2ρ2(EF )Sd

4
|EF |−(d+2)/2

(
log

2|EF |
ν

)d+1

.

This is our version of Mott’s formula (for recent rigorous results see

Klein et al 06).
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Correlation Functions.

By using the same approximation we find in the second order of the

density expansion

C
(2)
1 (x; ν, E) =

2ρ2(E)

ν

∫
ϕ2(a)da

×
∫

|y|≥r(ν)

I2(y)√
ν2 − 4I2(y)

[
ϕ2(a + x)− ϕ2(a + x− y)

]
dy.

and

C
(2)
2 (x; ν, E) = C

(2)
1 (x; ν, E)

+ρ2(E)

∫
ϕ2(a)da

∫

|y|≥r(ν)

ν√
ν2 − 4I2(y)

ϕ2(a + x− y)dy.
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4.1 Higher orders of the expansion (philosophy)

”Tunneling configurations” are present for any number of wells (in

higher terms in the density expansion of the low frequency

conductivity and binary correlators). For example, for l = 3 there are

two families: the equilateral triangles and the three equidistant points

on a straight line. The configurations produce new peaks and new

length scales in the higher terms, but the amplitudes of peaks are

small w.r.t. that of resonant pairs. One might guess that for bigger

density of states (energies closer to the mobility edge) higher

resonant configurations and corresponding ”multi-hump” states play a

more significant role, leading eventually to the loss of the exponential

decay of the correlators and to the delocalization transition.
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5 One-hump world

Assume that the tunneling is suppressed, hence two hump states are

absent. Then the conductivity (energy absorbtion) is due transitions

between levels of the same well (localization center).

5.1 Maryland model

Fishman et al 80, Figotin, P. 84: Discrete Schrodinger in Zd with

potential

V (x) = g tan π(α · x + ω), x ∈ Zd
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where

|(α, x) + m| ≥ C/(1 + |x|)β, β > d.

DOS:

ρ(E) =
1

2π

d ∫

Td

g

π(E −∑d
1 2 cos ki)2 + g2

dk

i.e., no Lifshitz tail.

The DOS and the Lyapunov exponent (1d) are the same as those for

the Lloyd model (i.i.d. Cauchy distributed potential).

Spectrum: If

N(E) =

∫ E

−∞
ρ(E ′)dE ′.

26



is the IDS, then

{Eξ}ξ∈Zd = N−1{(α, ξ) + ω mod 1, ξ ∈ Zd)}

Eigenfunctions:

∃ u(E, x), ||u(E, ·)|| = 1, |u(E, x)| ≤ Ae−|x|/lloc ,

ψξ(x) = u(Eξ, x− ξ),

i.e., Mott’s notion of the localization centers is explicit here but no two

hump states

Conductivity (smoothed):

σE(ν) = ν−1

∫ ν

0

σE(ν ′)dν ′ w exp{−(ν1(E)/ν)1/β}.
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Because of the absence of long range tunneling the spectrum is too

”rigid”, the energy levels are too regularly distributed and small level

spacing are too rare for the long-range tunneling to happen.

Spacing distribution, 1-d case: For Lebesgue a.e. α ∈ (0, 1] there is

a dense enough subsequence {n′} of integers such that

C−/q2
n′ log1+ε qn′ ≤ |α− pn′/qn′| ≤ C+/q2

n′ log qn′

with an odd qn = 2Ln′+1 and that the eigenvalues of the periodic

problem on [−Ln′+1, Ln′+1] falling in an O(q−1
n′ -neighborhood of E0

form the arithmetic progression with the difference (spacing)

ρ(E0)/qn′ up to 1/q2
n′ error terms (Molchanov, P. 08).
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