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Momentum Balance for Fluids

The Navier-Stokes equation for a viscous, incompressible fluid:

∂tuk =
1

2
εklmΣlm − ∂k

(
p + U +

1

2
|u|2

)
.

where the anti-symmetric tensor Σ is given by

Σij = uiωj − ujωi + ν

(
∂ωi

∂xj
−

∂ωj

∂xi

)
+ εijkfk,

U is the potential of any conservative force and f is any non-

potential body force, e.g. from electromagnetic stirring by Lorenz

force or stress from polymer additives.

This form of the equation of motion is most useful to illuminate

the effects of vortex motion on momentum and energy balance.



Vorticity Conservation

Taking the curl of the velocity equation gives vorticity balance

∂tωj + ∂iΣij = 0,

where the anti-symmetric tensor Σij represents the spatial flux
of the jth component of vorticity in the ith coordinate direction:

Σij = uiωj

}
convective transport of vorticity

−ujωi

}
transport by vortex-tilting

+ν

(
∂ωi

∂xj
−

∂ωj

∂xi

) }
viscous diffusion

+εijkfk

}
vortex transport by Magnus effect



Vorticity Generation at Solid Walls

At a solid boundary ∂Ω with outward-pointing normal n̂

σ = Σn̂

is the vorticity source-density. The relation σ·n̂ = 0 implies that
generated vortex lines are everywhere parallel to the wall.

For an impermeable, uniformly moving wall u·n̂ = ω·n̂ = 0, so

σ = −n̂×ν(∇×ω) + n̂×f .

Substituting the Navier-Stokes equation yields the result of Lighthill
(1963) and Morton (1984):

σ = n̂×(∇p + Dtu).

For a non-accelerating wall (Dtu = 0), vortex lines are generated
along pressure isolines at rate given by the pressure-gradient.



Energy Balance of Flow Through a Channel

Ė =
∫

dJ(h1 − h2) +
∫
Ω

%u·g d3x

1004 W. Zimmermann, Jr. 

superfluid velocity. A somewhat different approach to energy transfers in 

vortex motion and phase slip in superfluid 4He is contained in the article by 

K. W. Schwarz to appear in this same journal issue. 

In this article, we shall assume that the results for a classical ideal 

incompressible fluid in the limit of an infinitesimal vortex core radius can be 

applied directly to the superfluid component of 4He. At a minimum, this 

assumption limits velocities to much less than the speed of sound (and second 

sound in the two-fluid region) and lengths to much larger than the interatomic 

distance in liquid 4He. In making this application we shall assume that with 

an appropriate choice of core radius parameter the superfluid 4He vortex 

energy can be treated as if it were all kinetic. 11 

2. ENERGY TRANSFER 

The results derived by Huggins on which this paper is based are the 

following. Imagine the flow of an ideal nonviscous incompressible fluid in a 

channel with fixed wails completely filled by the fluid. For definiteness and 

simplicity, let us imagine the channel to be simply-connected and to be closed at 

both ends by pistons which move with the fluid, as shown in Fig. 2.1. The 

velocities of the pistons may vary with time. Further, assume that in addition 

to potential flow between the pistons, vortices with filamentary cores may be 

present. These vortex lines either close upon themselves or terminate at the 

walls. For the application of this formalism to superfluid 4He, we assume that 

all of the vortices have the same circulation lc. Further, let us assume that the 

ends of the flow region at the pistons are far away from a central region in 

which vortices are present. As suggested by the figure, we shall be interested 

primarily, but not exclusively, in cases in which the channel contains a 

I J 
Piston 1 

Region in which 

vor tex motion occurs 

Piston 2 

Fig. 2.1. Schematic view of the flow tube in which the fluid is contained 

between two pistons that are located far from the region in which vortex motion 

takes place. 
dJ ≡ %u·dA = element of mass flux

h ≡ p + U +
1

2
|u|2 = generalized pressure/enthalpy.

g = −ν(∇×ω) + f = non-potential forces



Potential Flow and Vortex System

Decompose the velocity as the sum u = uφ + uω of a potential

part uφ = ∇φ and a vortical part uω, with ω = ∇×uω, where

n̂·uφ

∣∣∣
boundary

= n̂·u|boundary ,

and thus n̂·uω|boundary = 0.

Then the total kinetic energy is given as a sum

E = Eφ + Eω =
1

2

∫
Ω

d3x |uφ|2 +
1

2

∫
Ω

d3x |uω|2.

The cross terms vanish!

This is the standard proof of the “Kelvin minimum energy the-

orem” (1849), which states that E ≥ Eφ.



Energy Dissipation and Vortex Motion

E. R. Huggins (1970) has proved an energy balance for the po-

tential flow, or the “detailed Josephson-Anderson relation” :

Ėφ =
∫

dJ(h1 − h2) +
∫

dJ
∫
streamline

1

2
εijkΣijd`k.

The corresponding energy balance for the vortex system is

Ėω = −
∫

dJ
∫
streamline

1

2
εijkΣijd`k +

∫
Ω

%u·g d3x.

The term 1
2εijkΣijd`k represents flux of a transverse component

of vorticity across a streamline element of the potential flow.

Energy is transferred into the vortex system by flux of vortex

lines across the mass flow, and removed as energy dissipation

D = −
∫
Ω %u·g d3x by nonpotential forces.



Turbulent Channel Flow

We consider flow between infinite parallel planes, with bottom

plane at y = 0 and top plane at y = 2h :
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Channel Flow -- DNS by Kim et al.

Description

Direct numerical simulation of a turbulent channel flow where all essential scales of motion are resolved.

Re = 3300 based on channel half height and centreline velocity.

Geometry

A diagram of the flow geometry and co-ordinate system are shown below in figure 1. The channel half-
width is designated 

The initial choice of the computational domain is made by examining experimental two-point correlations.
The computational domain is adjusted as necessary to ensure that the turbulent fluctuations are uncorrelated
at a separation of one half-period in the homogenous directions.

The computation is carried out with 3 962 880 grid points (192 x 129 x 160, in x, y, z). For the Reynolds
number considered here, the streamwise and spanwise computational periods are chosen to be 4  and 2 ,
respectively (2300 and 1150 in wall units). With this computational domain, the grid spacings in the
streamwise and spanwise directions are respectively x   12 and z   7 in wall units. Non uniform
meshes are used in the normal direction with y  = cos  for  = (j-1) /(N-1), j = 1,2,....,N. Here N is the



Mean Spanwise Vorticity

The mean vorticity vector is spanwise, ω̄z(y) = −∂ū/∂y(y), neg-

ative for y < h and positive for y > h.
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Instantaneous Vortex Lines

Vortex lines are created at the wall along pressure isolines, oriented in the

spanwise direction on average.
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FICWRE 15. Vortex lines of an instantaneous vortical structure detected by QD-2: 
(a) oblique view; (b )  side view; (c) end view; ( d )  top view. 
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FIGURE 16. Vortex lines from QD-2. The lines shown are those that approach y+ % 33 as z+ cc : 
(a) oblique view; (b )  side view. This figure should be compared with figure 8. [Kim & Moin (1986)]



Wall-Normal Flux of Spanwise Vorticity

In statistically stationary turbulence, mean momentum balance
gives equality of the time-averages:

∂k(p +
1

2
|u|2) =

1

2
εklmΣlm, Σij = εijk∂k(p +

1

2
|u|2).

For channel flow, cross-stream flux of spanwise vorticity is equal
to the mean downstream pressure-gradient:

v′ω′z − w′ω′y − ν
∂ωz

∂y
= Σyz =

∂p

∂x

This exact relation was observed by G. I. Taylor (1932), moti-
vating his “vorticity-transfer hypothesis”.

See also B. D. Josephson (1962), P. W. Anderson (1966), for
quantum superconductors and superfluids.



Cross-Stream “Inverse Cascade” of Spanwise Vorticity

Vorticity conservation ∂yΣyz = 0 implies that

∂p

∂x
= Σyz = γ = constant

Momentum balance gives −2u2
∗ = (2h)γ, or γ = −u2

∗/h < 0.

Negative vorticity created at the bottom wall is transported up-

ward and positive vorticity at the upper wall transported down-

ward, cancelling each other in the central region of the channel.

This is an “inverse cascade” of spanwise vorticity away from the

viscous source at the wall.



Comparison with “Forward Cascade” of Momentum

The wall-normal flux of streamwise momentum is

Txy = u′v′ − ν
∂u

∂y
= −u2

∗

(
1−

y

h

)
.

Positive momentum from the channel center is advected outward

and transferred to the walls by viscous stress.

For 0 < y � h, it follows that Txy ≈ −u2
∗ . However,

Σyz = −∂yTxy = −u2
∗/h,

so that the stress can never be strictly constant.



Vorticity Cascade and Turbulent Dissipation

Energy balance for the mean velocity field:

ub

(
−

∂p

∂x

)
=

1

2h

∫ 2h

0

ε(y) + ν

(
∂u

∂y

)2
 dy = εtot

b .

Here ub = 1
2h

∫ 2h
0 u(y) dy is the bulk velocity, averaged over a

cross-section of the channel, and ε(y) = ν|∇u′|2 is the “turbulent

dissipation” (per unit mass) in the velocity fluctuations.

This relation can be rewritten as

Jb(−Σyz) = %εtot
b

where Jb = %ub is the mean mass flux through the pipe and %εtot
b

is the bulk-average energy dissipation per unit volume.



Near-Wall Dominance of Viscous Flux

At the wall (y = 0) the flux is entirely viscous. Using the relation
∂
∂y(−u′v′) = v′ω′z − w′ω′y,

v′ω′z − w′ω′y > 0 for y < yp

v′ω′z − w′ω′y < 0 for y > yp.

where yp is the location of peak Reynolds stress. Thus,

v′ω′z − w′ω′y − ν
∂ω̄z

∂y
= −

u2
∗

h

and ∂ω̄z/∂y > 0 implies that for y < yp∣∣∣∣∣ν∂ωz

∂y

∣∣∣∣∣ > ∣∣∣v′ω′z − w′ω′y
∣∣∣ .



Reynolds Scaling in the “Inertial” Sublayer

In wall-units:

v′ω′z − w′ω′y
+ −

∂ω+
z

∂y+
= −

1

Re∗
,

For classical Millikan-Isakson asymptotics that lead to log-law

ū+ = 1
κ ln y+ + B, viscous transport

−
∂ω+

z

∂y+
= −

1

κ (y+)2

dominates turbulent transport when y+ < y+
p ∼

√
Re∗/κ .

It is not true that “the overall dynamics of turbulent boundary

layers is independent of viscosity” (Tennekes & Lumley, 1972).



Perry-Chong Model of a Self-Similar Array of Hairpins

For δ1 < y < ∆E,

d

dy
u′v′ =

Mu2
∗

y

[
Ixy

(
y

δ1

)
− Ixy

(
y

∆E

)]
where Ixy(y∗) is Townsend’s “eddy intensity function”. With the

usual assumptions that Ixy(y∗) ≈ 0 for y∗ & 1 and Ixy(y∗) ∼ −Qy∗

for y∗ � 1, this gives

v′ω′z − w′ω′y =
d

dy
(−u′v′) ≈ −

MQu2
∗

∆E
< 0.

However, this can only be correct for y > yp! To obtain results

consistent with constant vorticity-flux over the whole log-layer

requires Ixy(y∗) ∼ −P
y∗ for y∗ � 1.



Only a very few studies have measured the velocity-vorticity correlations and

the vortex structures that produce them!

Experiments
*J.C. Klewicki, “Velocity-vorticity correlations related to the gradients of the Reynolds
stresses in parallel turbulent wall flows,” Phys. Fluids A 1 1285–1288 (1989)

*J. C. Klewicki, J. Murray and R. E. Falco, “Vortical motion contributions to stress transport
in turbulent boundary layers,” Phys. Fluids 6 277–286 (1994).

*P. J. A. Priyadarshana, J. C. Klewicki, S. Treat and J. F. Foss, “Statistical structure of
turbulent-boundary layer velocity-vorticity products at high and low Reynolds numbers,” J.
Fluid Mech. 570 307–346 (2007).

*J. Klewicki, P. Fife, T. Wei, and P. McMurty, “A physical model of the turbulent boundary

layer consonant with mean momentum balance structure,” Phil. Trans. R. Soc. A 365

823–839 (2007).

Simulations
*P. S. Bernard, “Turbulent vorticity transport in three dimensions,” Theoret. Comput. Fluid
Dyn. 2 165–183 (1990).

*C. H. Crawford and G. E. Karniadakis, “Reynolds stress analysis of EMHD-controlled wall

turbulence. Part I. Streamwise forcing,” Phys. Fluids 9 788–806 (1997)



“Drag Reduction” in Type-II Superconductors
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Effective resistance is eliminated by pinning vortices to prevent their cross-

current motion, e.g. by introducing impurities or disorder.



Conclusion

“In ordinary fluids flowing rapidly and with very low viscosity the phenomenon

of turbulence sets in. A motion involving vorticity is unstable. The vortex

lines twist about in an ever more complex fashion, increasing their length at

the expense of the kinetic energy of the main stream. That is, if a liquid is

flowing at a uniform velocity and a vortex line is started somewhere upstream,

this line is twisted into a long complex tangle further downstream. To the

uniform velocity is added a complex irregular velocity field. The energy for

this is supplied by pressure head.” —R. P. Feynman (1955)

The motion of vortex lines must in fact be organized and not

purely random: Pressure-drop and cross-stream transport of

spanwise vorticity are mathematically equivalent. Any method

of drag-reduction must impede this wall-normal flux of vorticity.


