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1 Multi-particle Hamiltonians

(H(ω)ϕ)(x) ≡ (H(N)(ω)ϕ)(x) acts in `2(ZNd) or L2(RNd) and is given by

(H(ω)ϕ)(x) :=
N∑

j=1

[
H

(j)
0 ϕ(x) + gV (xj ;ω)ϕ(x)

]
+ U(x)ϕ(x), x = (x1, . . . , xN )

N : the number of particles: N ≥ 1
d ≥ 1: the single-particle dimension
U(x): a short-range interaction potential (e.g., U(x) =

∑
i<j Φ(|xi − xj |)

where Φ(r) = 0 if r ≥ r1 (r1 = the range of interaction)). A hard core is
allowed (e.g., Φ(r) = +∞ when r < r0, r0 < r1); a uniform boundedness
is assumed (e.g., |Φ(r)| ≤ Φ0, outside the hard core)
V (x;ω): an external RF specified below, on a case-by-case basis
a large disorder |g| � 1 is assumed in Zd and a low energy in Rd

deterministic RF V (·) (e.g., quasi-periodic) can also be considered
the kinetic energy operator, for the jth particle (j = 1, . . . , N ):

on Zd : H(j)
0 f(xj) =

∑
y: ‖y−xj‖=1

f(y), on Rd : H(j)
0 f(xj) = ∆jf(xj)



1 Multi-particle Hamiltonians
Lattice case

On the lattice: the external potential RF {V (x;ω), x ∈ Zd} will be assumed IID.

The marginal distribution of V (·;ω) is assumed to be sufficiently regular: has
PDF p(v) = dF (v)/dv, v ∈ R, which is bounded and has a compact support.

Under these conditions, we prove exponential localisation for a large disorder.
However, this result remains true under considerably broader assumptions.

In particular, the large disorder assumption can be replaced, as in the
single-particle theory, by the low energy restriction: E ∈ I = [E0, E0 + E∗].
Then the localisation is proved in the energy band I.

The assumption of existence of the PDF for the random potential V (x;ω) can
be replaced by the requirement of Hölder-continuity (and even log-Hölder
continuity) of the CDF F of the potential V .



1 Multi-particle Hamiltonians
Main result: Lattice case

Theorem

Fix a positive integer N ≥ 1 and consider the N -particle Hamiltonian H(N)(ω)
in `2(ZNd) as above. Suppose that the random potential V (x;ω) is IID, with a
bounded, compactly supported PDF p.

Then there exists a constant g∗(N) ∈ (0,+∞) and a positive function
m+(g,N) →

|g|→∞
such that, if |g| ≥ g∗(N), then, with probability one, the

spectrum of operator H(N)(ω) is pure point, and all eigenfunctions Ψj(x;ω) of
H(N)(ω) decay exponentially fast at infinity:

|Ψj(x;ω)| ≤ Cj(ω) e−m+(g,N)‖x‖.



1 Multi-particle Hamiltonians
Continuouis case (Rd)

In the Euclidean space Rd: the potential RF {V (x;ω), x ∈ Rd} can be:
An alloy-type, with scatterers in a d-periodic lattice Z ⊂ Rd

An alloy-type with scatterers in a random configuration S ⊂ Rd generated
given by point process (e.g., Poisson). In these models:

V (x;ω) =
∑

s∈Z or S
ωsv(x− s),

{ωs} are IID, again satisfying some regularity conditions. We also assume
that v(x) ≥ 0, and inf [

∑
s v(x− s) : x ∈ Rd] > 0.

Another model: an external potential field with a continuous argument
(e.g., Gaussian). Here we assume some conditions on the distribution of
its average

∫∫∫
A V (x;ω)dx, over a domain A ⊂ Rd, of a specific form.



1 Multi-particle Hamiltonians
Main result: Continuous case

Theorem

Fix an integer N ≥ 1 and consider the N -particle Hamiltonian H(N)(ω) in
L2(RNd) with an alloy-type random potential, with scatterers in a d-periodic
lattice Z ⊂ Rd: V (x;ω) =

∑
s∈Z ωsv(x− s). Suppose also that

the RVs ωs have a bounded, compactly supported PDF p

∀x ∈ Rd v(x) ≥ 0
diam [supp v] < +∞
infx∈Rd

∑
s∈Z v(x− s) > 0

Then ∀ g > 0 ∃ E∗(N, g) ∈ (0,+∞) and m+(g,N) →∞ with g → +∞ such
that, with probability one, the operator H(N)(ω) has p.p. spectrum in the
interval [E0, E0 + E∗] and all its eigenfunctions Ψj(x;ω) with EV
Ej ∈ [E0, E0 + E∗] decay exponentially fast at infinity:

|Ψj(x;ω)| ≤ Cj(ω) e−m+(g,N)‖x‖.

Here, E0 = inf Σ
(
H(N)

)
], the (non-random) lower edge of the spectrum.



A similar assertion holds for the continuous model with an external potential
field {V ( · ;ω)} with a continuous argument in Rd.

The rest of the talk focuses on main ideas and principal elements of the proofs
of the above theorems (cf., e.g., [CS07] where the lattice case was treated).

We use the so-called Multi-Scale Analysis (MSA) originated by Fröhlich–
Spencer–Martinelli–Scoppola and refined by von Dreifus–Klein. It is an elabo-
rate scheme of a geometric induction. Various steps of MSA require different
assumptions on U(x) and V (x;ω). An important ingredient of MSA is Wegner-
type bounds (or Wegner–Stollmann bounds, WSB).



2 Stollmann’s lemma and 1-volume WSB

WSB are concentration bounds for random eigenvalues of H(N)

Λ (ω), a
finite-box approximation of H(N)(ω) in a bounded domain Λ. There are
several methods to prove such bounds; we discuss here an approach based
on Stollmann’s lemma. (It does not require existence of the PDF p.)

The approach is based on the notion of diagonally monotone functions,
introduced by P. Stollmann. Consider:

a finite set Γ, |Γ| = p > 0, identified with {1, 2, . . . , p}
a Euclidean space RΓ ∼= Rp with standard basis (e1, . . . , ep), and RΓ

+ its
positive orthant
a probability measure µ on R and product measure µΓ =

|Γ|
×

j=1
µ on RΓ

the continuity modulus of measure µ:

s(µ, ε) = sup
a∈R

µ ([a, a+ ε]) .



Definition

A function Φ : RΓ → R is called diagonally-monotone (DM) if it satisfies the
following conditions:
(i) ∀ r ∈ RΓ

+ and any q ∈ RΓ,

Φ(q + r) ≥ Φ(q);

(ii) moreover, with vector e = e1 + . . .+ ep ∈ RΓ, ∀ q ∈ RΓ and t > 0

Φ(q + te)− Φ(q) ≥ t.

Lemma

[Stollmann] Suppose function Φ : RΓ → R is DM. Then ∀ ε > 0 and any open
interval I ⊂ R of length ε,

µΓ{q : Φ(q) ∈ I } ≤ |Γ| · s(µ, ε).

In our situation, it is also convenient to introduce the notion of a DM operator
family.



Definition

A family of quadratic forms in a Hilbert space, Q(v) : H → R, v ∈ RΓ (Γ as
above), is called diagonally-monotone (DM) if ∀ f ∈ H with ‖f‖ = 1, the
function ΦQ,f : v 7→ Q(v)[f ] is DM. A family of self-adjoint operators A(v) in H
is called DM if the associated quadratic forms (A(v)f, f) form a DM family.

Lemma

Suppose that {A(v), v ∈ RΓ} is a DM family of self-adjoint operators, with
compact resolvents. Then the following statements hold true:

by min-max principle, each EV Ej(v) of A(v) (assuming increasing order)
is a DM function;
∀ self-adjoint operator K : H → H, the family B(v) := K +A(v) is also
DM.



Lemma

The finite-box approximations H(N)

Λ form a DM family, relative to external
potential samples {V (x;ω)}.

Corollary (One-volume Wegner–Stollmann bound)

Let s(ε) = s(F, ε) be the continuity modulus of F , the CDF of the random
variable V ( · ;ω). Then for any finite box Λ ⊂ ZNd and any E ∈ R and ε > 0,
we have

P
{

dist
[
E,Σ

(
H

(N)

Λ (ω)
)]
≤ ε

}
≤ |Λ| · min

1≤j≤N
|ΠjΛ| · s(2ε). (W1)

Here ΠjΛ is the coordinate projection of Λ to the configurational space of the
jth particle, and Λ and |ΠjΛ| stands for the volume of Λ and ΠjΛ (on the
lattice or in the space).

In fact, in MSA we need not only one-volume WSB, but also a two-volume
one, for two ”separated” boxes, Λ′,Λ′′. The definition of separation is simpler
for N = 2.



3 Separation of finite volumes: N=2

Definition

Two sets Λ′,Λ′′ ⊂ Rd (or ⊂ Zd ⊂ Rd) are completely separated, iff

ΠΛ′ ∩ΠΛ′′ ≡ (Π1Λ′ ∪Π2Λ′) ∩ (Π1Λ′′ ∪Π2Λ′′) = ∅.

The set Λ′ is partially separated from Λ′′ iff ∃ j ∈ {1, 2} such that

ΠjΛ′ ∩ (Π1−jΛ′ ∪ΠΛ′′) = ∅.

Two sets Λ′,Λ′′ are partially separated iff at least one of them is separated
from the other.

Lemma
Assume that for two finite boxes of size L we have that
min{d(Λ′L,Λ′′L), d(SΛ′L,Λ

′′
L)} > 8L. Then Λ′L and Λ′′L are either completely or

partially separated.

Proof: See CMP, v. 283, 479-489, 2008.
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Example of a partially separated pair of boxes (d = 1, N = 2)



4 Separation of finite volumes: N ≥ 2

Definition

A box ΛL(y) is called separable from a box ΛL(x) if there exists a subset
J ⊆ [[1, N ]] such that

⋃
j∈J

ΠjΛL(y) ∩

 ⋃
i 6∈J

ΠiΛL(y) ∪ΠΛL(x)

 = ∅.

A pair of boxes ΛL(x), ΛL(y) is called separable if either ΛL(y) is separable
from the box ΛL(x), or ΛL(x) is separable from the box ΛL(y).

Theorem

Suppose that a box ΛL(y) is separable from a box ΛL(x). Suppose also that
random field V (x;ω) is IID and its common marginal PDF F (u) has the
continuity modulus s(ε). Then

P
{

dist
[
Σ

(
HΛL(x)

)
,Σ

(
HΛL(y)

)]
≤ ε

}
≤ |ΛL(x)|

∣∣ΠΛL(y)
∣∣ s(2ε). (W2)
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4 Separation of finite volumes: N ≥ 2

Lemma

Consider an N -particle configuration x = (x1, . . . , xN ) ∈ ZNd. Then there
exists a finite set of cubes {Λ(k)(x, L)}, k = 1, . . . ,K(x,N) ≤ NN , of side
≤ AL, with A = A(N) = 5N , such that if a lattice point y satisfies

y 6∈
K(x,N)⋃

k=1

Λ(k)(x, L) (2.1)

then the boxes ΛL(x) and ΛL(y) are separable.
Moreover, cubes Λ(k) can be chosen in such a way that their centres belong
to Πx, i.e. each cube Λ(k) has the form ΛAL(xi) for a suitably chosen
i = i(k) ∈ [[1, N ]].



This is the end of the story about multiparticle EV concentration bounds.

Time for localisation ...



5 Localisation for lattice systems: MP MSA

Definition

Fix E ∈ R and m > 0. A box ΛL(u) is said to be (E,m)-non-singular
((E,m)-NS) if the GFs G(N)

ΛL(u)
(E;u, y) for H(N)

ΛL(u)
satisfy

max
y∈∂ΛL(u)

∣∣∣G(N)

ΛL(u)
(E;u, y)

∣∣∣ ≤ e−mL.

Otherwise, it is called (E,m)-singular ((E,m)-S).

Definition

Given E ∈ R, v ∈ ZNd and L > 1, we call the box ΛL(v) E-resonant (E-R) if
the spectrum of the H(N)

ΛL(v)
satisfies

dist
[
E, spec

(
H

(N)

ΛL(v)

)]
< e−Lβ

.



In the particular case where N = 2, this notion is defined as follows.

Definition

Fix m̂ > 0 and a positive integer `. Given v ∈ Zd, consider the 1-particle
Hamiltonian H(1)

Λ`(v). Let ψs(x) be the normalised eigenvectors and Es the

corresponding eigenvalues of H(1)
Λ`(v). We say that a 1-particle box Λ`(v) is

m̂-non-tunnelling (m̂-NT), if

max
y∈∂Λ`(v)

max
{
|ψs(v)ψs(y)| : Es ∈ σ

(
H

(1)
Λ`(v)

)}
≤ e−bm`.

Otherwise we call it m̂-tunnelling (m̂-T ).

A two-particle box Λ`(v) is called m̂-NT if both of its projections Π1Λ`(v) and
Π2Λ`(v) are m̂-NT.

Using the results and techniques of the conventional, 1-particle localisation
theory, one can easily show that a given 1-particle box is m̂-NT with high
probability (cf. Aizenman et al., under the assumption that the PDF
p(t) = pV (t) is bounded and compactly supported; see our forthcoming
manuscript for the case where the CDF F (t) = FV (t) is Hölder-continuous).



In the general case N ≥ 2, the notion of non-tunneling is defined as follows.

Definition

Fix m̂ > 0 and a positive integer `. Given N1 ≥ 1 and v ∈ ZN1d, consider the
N1-particle Hamiltonian H(N1)

Λ`(v)
. Let ψs(x) be the normalised eigenvectors and

Es the corresponding eigenvalues of H(N1)

Λ`(v)
. We say that Λ`(v) is m̂-NT, if

max
y∈∂Λ`(v)

max
{∣∣ψs(v)ψs(y)

∣∣ : Es ∈ σ
(
H

(N1)

Λ`(v)

)}
≤ e−bm`.

Otherwise we call it m̂-T .

Let N = N1 +N2 and consider the N1-particle Hamiltonian H(N1)

Λ`(u)
, the

N2-particle Hamiltonian H(N2)

Λ`(v)
, and the the N -particle Hamiltonian H(N)

Λ`
with

Λ` = Λ`(u)× Λ`(v). Assume that the interaction potential U vanishes on Λ`.
Then Λ` is called m̂-NT if both of its projections Λ`(u) and Λ`(v) are m̂-NT.

We will use an induction on N to prove probability estimates for m̂-NT boxes,
N ≥ 1.



We will fix parameters β = 1/2 and α = 3/2. For a given positive integer L0

(which will be assumed sufficiently big, so as to satisfy certain technical
conditions), define a sequence of integers (scales) Lk =

[
Lαk

0

]
, k ≥ 0, and a

sequence of positive numbers (”masses”) mk = m0 ·
∏k

j=1

(
1− γL

−1/2
k

)
(γ is

to be sufficiently large so that mk ≥ m0/2, k ≥ 0).

Theorem

Let I ⊆ R be an interval. Assume that for some m0 > 0 and L0 > 1,
lim

k→∞
mk ≥ m0/2, and for any k ≥ 0 the following properties hold:

(DS.k, I)
∀ pair of separable boxes ΛLk

(u), ΛLk
(v)

P { ∀E ∈ I : ΛLk
(u) and ΛLk

(v) are (mk, E)−S } ≤ L−2p
k .

Then, with probability one, the spectrum of operator H(N)(ω) in I is pure
point, and ∃m+ ≥ m0/2 such that all eigenfunctions Ψj(x;ω) of H(N)(ω) with
eigenvalues Ej(ω) ∈ I decay exponentially fast at infinity:

|Ψj(x;ω)| ≤ Cj(ω) e−m+‖x‖.

In the case of large disorder, it is simpler to assume I = R.



Basis of the scale induction

Bounds in the scale L0 are established exactly in the same way as in the
single-particle models. The specific form of the potential energy (in particular,
the presence of the interaction potential U(x)) is not crucial for these
estimates.

Basis of the induction on the number of particles N

The localisation bounds for N = 1 now make part of textbooks (and training
courses) on Anderson localisation theory. They are established with the help
of different methods, including the MSA and the Fractional-Moments Method
(FMM).



To perform the inductive MSA step (and prove MPAL), we have to prove

Theorem

∀m0 > 0 ∃ g∗1 ∈ (0,+∞) and L∗1 ∈ (0,+∞) such that if |g| ≥ g∗1 and L0 ≥ L∗1,
then, ∀ k = 0, 1, . . ., property (DS.k, I) implies (DS.k + 1, I).

Definition

A box ΛL(u) ⊂ ZNd is called non-maximally-interactive (NMI) if the interval
[[1, N ]] (labeling particles) can be decomposed into ≥ 2 non-interacting
clusters, i.e. [[1, N ]] = J1

∐
J2 so that dist[ΠJ1ΛL(u),ΠJ2ΛL(u)] > r

(interaction range). Otherwise it is called MI.

For an NMI box, we have H(N)

ΛL(u)
= H

(N)

ΠJ1ΛL(u)
⊗ 11J2 + 11J1 ⊗H

(N)

ΠJ2ΛL(u)
,

hence, EVs Ej,k = EJ1
j + EJ2

k , EFs Ψj,k = ψJ1
j ⊗ ψJ2

k .
Clearly, if all EFs ψJ1

j , ψJ2
k for partial spectral problems (with SMALLER

number of particles |J1|, |J2| < N !!!) are localised, then so are the N -particle
EFs Ψj,k. Certainly, the N -particle resolvent may still be (and indeed is)
singular at certain energies ( E = Ej,k). The latter, however, is controlled by
Wegner (–Stollmann) bounds, which are much easier to handle than
(DS.k, I).



The NITRoNS principle:

”Non-Interactive boxes are Tunneling, Resonant, or Non-Singular”.

More precisely, by ”Non-Interactive” we mean ”Non-Maximally-Interactive”.
This principle (once proved) is used as an implication:

NMI & NT & NR⇒⇒⇒ NS,

or, when appropriate, as

NMI & Non− Tunneling & [and yet ] Singular ⇒⇒⇒ Resonant

Proof of NITRoNS: Expand the resolvent into a sum of fractions

G(u, x;E) =
∑
j,k

Ψj,k(u)⊗Ψj,k(x)
E − Ej,k

and make use of decay of Ψj,k = ψJ1
j ⊗ ψJ2

k (NT-property). �



Corollary

(DS.k, I) holds for all k ≥ 0 (no induction required; but AL for N ′ particles is
assumed, N ′ = 1, . . . , N − 1).

Proof:

with high probability, by virtue of MSA bounds for N ′ < N , no N -particle
box is 2m0-T
If NMI boxes Λ′, Λ′′ are (E,m)-S and 2m0-NT, then they are both E-R
two separable boxes are simultaneously E-R with small probability, by
virtue of the two-volume Wegner–Stollmann bound (W2).

�



”Almost single-particle” case:
Two MI boxes (a ”compound, nearly point-like quantum particle”)

This case is, geometrically, quite similar to that of two disjoint (hence,
independent in the single-particle theory) single-particle boxes. The property
(DS.k + 1, I)is, indeed, derived from (DS.k, I)”almost” as its the single-particle
counterpart.

Indeed, two sufficiently distant MI boxes (physically, two non-decomposable
N -clusters) are COMPLETELY separable⇒⇒⇒ the respective Hamiltonians HΛ′ ,
HΛ′′ are completely independent. The actual proof requires some
adaptations, but genuinely new ideas are not required in this case.

So, we can consider the implication

(DS.k, I)⇒⇒⇒ (DS.k + 1, I)

proved for two MI boxes. To complete the proof of MPAL, we have to treat the
case of a ”mixed” pair of boxes (MI + NMI).



5 Anatomy of a singular MI + NMI pair



The most boring book-keeping

An MI + NMI pair of singular separable boxes (resp., Λ′ and Λ′′)

With high probability, both Λ′ and Λ′′ are 2m0-NT
The NMI box Λ′′ must be E-R: otherwise, by NITRoNS, it would be
(E,mk+1)-NS
Suppose that Λ′′ is E-NR and does not contain any E-R boxe of size Lk.
The same analysis as above, but at the scale Lk, shows that with high
probability Λ′ contains a uniformly bounded number ≤ J(N) of MI and
NMI boxes of size Lk; the resolvent inequality then proves that Λ′ must
be (E,mk+1)-NS: a contradiction.
Since Λ′ is also E-R (or contains R-sub-boxes), this event has a small
probability by (W2).⇒⇒⇒ (DS.k + 1, I) �



6 Continuous systems

Joint work with A. Boutet de Monvel, Y. Suhov and P. Stollmann

Required adaptations of assumptions/techniques used in the lattice case:
the RF V (x;ω) cannot have IID values (otherwise, its samples are not
measurable: ”white noise”)
the original Stollmann bound (and not our lattice version thereof) is to be
used: Stollmann lemma + Weyl estimate for the EVs of the Laplacian in a
finite volume
the resolvent expansion being an infinite series, and the Laplacian being
unbounded, the NITRoNS principle is proved by assuming AL for N ′ < N
particles in a finite energy band, combined with the Combes–Thomas
estimate for higher EVs

The main tool of the MSA, the geometric resolvent inequality, applies virtually
in the same way as in single-particle continuous models.



7 Generic deterministic potentials
”Grand Ensembles” of deterministic potentials. 1-particle case

Example:

H(ω; θ) = H0 + Vx(ω; θ), Vx(ω; θ) = v(T xω; θ), x ∈ Zd, ω ∈ T1 ∼= S1,

v(ω; θ) =
∞∑

n=1

an

2n−1∑
k=0

θn,kϕn,k(ω)

ϕn,k(ω) = 11In,k
(ω), In,k =

[
k

2n
,
k + 1
2n

]
Here, {θn,k, n ≥ 1, k ∈ [[0, 2n − 1]]} =: θ ∈ Θ is an IID family of RVs with, e.g.,
θn,k ∼ Unif [−1, 1], or θn,k ∼ N (0, 1). It is assumed that

∑
n |an| <∞. The

probability measure on the auxiliary space Θ will be denoted by µ.



7 Generic deterministic potentials
N -particle case

a PhD project (M. Gaume, Univ. Paris 7, advisors A. Boutet de Monvel & VC)

Here a parametric family of ergodic ensembles of Hamiltonians has the form

(H(ω; θ)ϕ)(x) :=
N∑

j=1

[
H

(j)
0 ϕ(x) + gV (xj ;ω; θ)ϕ(x)

]
+ U(x)ϕ(x),

where, as above,

V (x;ω; θ) = v(T xω; θ), v : Ω×Θ → R,

and, for example, Ω = T1, Tω = ω + α,

v(ω; θ) =
∞∑

n=1

an

2n−1∑
k=0

θn,kϕn,k(ω).

The AL can be proved for Diophantine (and some other) frequencies α, for
sufficiently large |g|, and for a set of functions v(·; θ) with θ ∈ Θg ⊂ Θ, such
that µ(Θg) → 1 when |g| → ∞.
The same results holds for a very large class of underlying dynamical
systems (including, e.g., the hyperbolic toral automorphisms).



7 Generic deterministic potentials
Grand ensembles generated by Gaussian r.f. on a manifold

(joint work with S. A. Molchanov; in progress)

Here the ”grand ensemble” of potentials, i.e. the parametric family of functions
v(ω; θ), is given by samples of a Gaussian field, w.r.t. θ ∈ Θ, on a torus (or
some other Riemannian manifold) Ω. The RF v(·; θ) has to satisfy the
following non-degeneracy condition:

The mean square error σ(ε) of the interpolation problem for the RF v(•; •) from
the exterior of any ball Bε(ω0) ⊂ Ω of radius ε > 0 to its center ω0 is bounded
from below by εb for some b ∈ (0,∞), uniformly in ω0 ∈ Ω

Under this assumption, for ”typical” values of θ (again, θ ∈ Θg with µ(Θg) → 1
as |g| → +∞), one can obtain (non-uniform) Wegner-type bounds sufficient
for the purposes of the single- or multi-particle MSA, and prove AL for
sufficiently large |g|.
The underlying dynamical system on Ω can be chosen from a very large
class, including almost-periodic (when Ω = TD, D ≥ 1) and strongly mixing
systems.



8 Final remarks

A few days ago, after our talk was scheduled for 30.09.2008 at the Isaac New-
ton Institute in the framework of the program Mathematics and Physics of
Anderson Localiszation: 50 Years After, we have learned that Michael AIZEN-
MAN and Simone WARZEL obtained results similar to ours, in the lattice case.
Using an adaptation of the Fractional-Moment Method to multiparticle systems
and an induction on N similar to ours, they prove spectral and dynamical lo-
calisation for N -particle systems in the lattice Zd, ∀N, d ≥ 1

[AW08] M. Aizenman, S. Warzel, Localization Bounds for Multiparticle Sy-
stems. - arXiv:0809.3436 [math-ph], 19 September 2008.

[CS07] V. Chulaevsky, Y. Suhov, Wegner-Stollmann bounds and localization in
correlated systems. - Preprint, Université de Reims, 2007; http://helios.univ-
reims.fr/Labos/UMR6056/VC/WS-corr-Beamer.pdf.
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