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Preamble

Anderson model: Single particle in random potential on Zd

H(1)(ω) = −∆ + λV (x;ω) , in `2(Zd)

For the purpose of this talk:

• λ > 0 {V (x)}x∈Zd iid

• P(V (x) ∈ dv) = %(v) dv for some % ∈ L∞c .

Phenomena we are familiar with:

Under certain conditions

• Spectral localization: p.p. spectrum, localized eigenfunctions

• Dynamical localization: initially localized wave packets, with ener-
gies in range I , remain localized indefinitely:

E
[

sup
t∈R

∣∣〈δy , e−itH(1)
PI δx〉

∣∣2] < C e−|x−y|/ξ (DL)

(implies spectral localization in I ⊆ R).

and

• Complete localization under strong disorder:

for some λ1 <∞ (DL) holds for I = R and all λ > λ1.

These properties are inherited by systems of non-interacting particles,
with a one-particle Hamiltonian.
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Some Challenging Questions

Question: Would localization persist under the addition of interparticle
interactions?

A strong claim: Basko/Aleiner/Altshuler ‘06 -
Localization persists even for (Fermi) systems of positive density :

V,N →∞ with N/V → ρ > 0

This would run against the equidistribution principle
“typically the dynamics evolve (in a weak sense) towards states which max-
imize the Entropy subject to the given Energy and Number of particles”.

(The KAM phenomenon is of relevance, but for an infinite system it may
initially be expected to affect only delicately selected initial conditions.)

The Jaksic challenge: “Establish the possibility of (generic) violation of
the equidistribution principle in the presence of interparticle interactions
which can even be limited to a neighborhood of a single site .”
(The mixing mechanism: resonances between different particle pairs.)
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At first glance it would be natural to ask whether such systems are not
covered by the existing analysis of localization.
After all – a configuration of particles in Zd may be regarded as a single
particle in ZdN , and the Hamiltonian is still of the form:

H(N)
ω = −∆(N) + U(x) + λVω(x) acting in `2(ZdN)

with Vω(x) random and strongly disordered !

—————–
However, what makes this problem technically challenging is the pres-
ence of infinite-range correlations in the configuration space (Zd)N ,

(the random potential is with far fewer indep. degrees of freedom than the
number of configurations). E.g. N = 2, d = 1:
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Some recent results, suggestions & works in progress

• (Non-rigorous) D. M. Basko, I. L. Aleiner, and B. L. Altshuler.
Metal-insulator transition in a weakly interacting many-electron sys-
tem with localized single-particle states.
Annals of Physics, 321:1126-1205 (2006).

• (First rigorous result) V. Chulaevsky and Y. M. Suhov :
Complete spectral localization for 2 particles on Z.
(2007 preprint: http://arxiv.org/abs/0705.0657)

• Eigenfunctions in a two-particle Anderson tight-binding model.
To appear in Comm. Math. Phys. (http://arxiv.org/abs/0810.2190).

Remarks: i) The Ch/Su proof is based on the multiscale approach of Fröh-
lich and Spencer [FS83], and von Dreifus and Klein [DK89].
ii) The authors expect that the analysis of theN = 2 case, could be extended
to any finite N .

• Related question: Dynamics (of generic wave packets) under non-linearity.
Fishman/Krivolapov/Soffer ‘08
Wang/Zhang ‘08

Aim of this talk: Proof of complete dynamical localization for N inter-
acting particles in random potential on Zd, in regimes of weak interactions
and/or strong disorder.
( Aiz. and S. Warzel , 2008 preprint: http://arxiv.org/abs/0809.3436)
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Statement of the Main Result

The N particle Hamiltonian:

H(N)(ω) =

N∑
j=1

[−∆j + λV (xj;ω)] + U(x; α) in `2(Zd)N

where:

• λ controls the disorder strength

• U(x; α) is a p-site interaction of range `U <∞:

U(x; α) =

p∑
k=2

αk
∑

A⊂Zd:|A|=k
diamA≤`U

UA((Nu(x))u∈A)

• α = (α2, . . . , αp) ∈ Rp are interaction parameters

• UA : N|A| → R is bounded, ‖UA‖ ≤ 1, and translational invariant

• Nu(x) = number of particles the configuration x = (x1, . . . , xN)

has at at u ∈ Zd.

The principal example: N Fermions with two-body interaction (p = 2).

The basic parameters: (λ,α) ∈ R+ × Rp−1
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Localization under Strong Disorder and/or Weak Interaction:

Theorem 1 ( A./Warzel ‘08 ). For each N, p ∈ N there is an open set in
the parameter space, Γ

(p)
N ⊂ R+×Rp−1 which includes regimes of strong

disorder(1) and of weak interactions(2), for which: at some A, ξ < ∞
and all (λ, α) ∈ Γ

(p)
N , all k ∈ {1, . . . , N}, and all x, y ∈ (Zd)k:

E

[
sup
‖f‖∞≤1

∣∣∣〈δx , f (H(k)) δy〉
∣∣∣2] ≤ Ae−distH(x,y)/ξ

where the exponential decay is in terms of what (we call) the Hausdorff
distance between the configurations x = (x1, . . . , xk) and y = (y1, . . . , yk)

distH(x,y) := max

{
max
1≤i≤k

dist(xi, y), max
1≤i≤k

dist(yi, y)

}

The meaning of terms:

1. strong disorder- for each α ∈ Rp−1 there is λ(α) such that Γ
(p)
n ⊃

(λ(α),∞)× {α}.

2. weak interactions - for any λ ∈ Γ1, i.e. one for which the one-particle
Hamiltonian exhibits complete localization, there are αj(λ) > 0 , j =

{1, ..., p}, such that Γ
(p)
N includes all (λ,α′) for which |α′j| ≤ |αj(λ)|

componentwise.

Remark: Dynamical localization: take f (H) = e−itH

Spectral localization then readily follows (Wiener Thm) - see below .
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Steps in the proof

1. Finiteness of the fractional moments of the Green function and the
Wegner estimate

2. Relation between the fractional moments of the Green function and
the eigenfunction correlator

3. Equivalence of exponential decay in the Hausdorff metric of the
eigenfunction correlator and fractional moments of the Green function,

4. Inductive construction of domains of uniform localization in param-
eter space.

A helpful picture for the discussion of the inductive step:
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The Eigenfuction Correlator

The definition:

Q
(N)
Λ (x,y; I) :=

∑
E∈σ(H

(N)
Λ )∩I

|〈δx , P{E}(H
(N)
Λ ) δy〉|

It is an important tool for establishing dynamical localization (Aiz. ‘94).

Although the eigenfunctions of HΛ need not converge to those of
H , in the limit Λ→ Zd, we still have :

Lemma 1.1. If for someA, ξ <∞ the following bound holds for a sequence
of finite domains Λ which converge to Zd,

E
[
Q

(N)
Λ (x,y; R)

]
≤ A e− distH(x,y)/ξ , ∀x,y ∈ (Zd)n , (1)

then the infinite volume operator H(N)(ω) satisfies

E

[
sup
‖f‖∞≤1

∣∣∣〈δx , f (H(N)) δy〉
∣∣∣2] ≤ Ae−distH(x,y)/ξ . (2)

For dynamical localization take f (H) = e−itH .

Spectral loc. then readily follows: using Wiener Thm one may conclude
p.p. spectrum , and the eigenfunction bounds

|ψ(x;ω)|2 ≤ A(ω;N) (1 + |xψ|)2Nd+2 e− distH(x,xψ)/ξ (3)

where A(ω;N) is an amplitude of finite mean.
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Finiteness of Green function’s fractional moments

An essential tool for the analysis is the Green function,
which for a finite domain Λ ⊂ Zd is:

G
(N)
Λ (x,y; z) :=

〈
δx,
(
H

(N)
Λ − z

)−1
δy

〉
The first step towards exponential bounds is to prove finiteness

of the fractional moments, with 0 < s < 1 (the regular moments diverge
for finite Λ). In the one-particle case, that is implied by the Wegner esti-
mate . Following is the argument’s natural generalization.

Lemma 1.2. For any s ∈ (0, 1) there is C < ∞ such that for any Λ ⊆ Zd,
any two (not necessarily distinct) sites u1, u2 ∈ Ω

and any pair of configurations x,y ∈ (Zd)N ,
with x and y having a particle at u1 and, respectively, u2 :

E
(∣∣∣G(N)

Λ (x,y; z)
∣∣∣s ∣∣∣ {V (v)}v 6∈{u1,u2}

)
≤ C

|λ|s
for all z ∈ C. (4)

Proof. In its dependence on V (u1) and V (u2) the Hamiltonian is of the form:

H
(N)
Λ = A + V (u1)Nu1 + V (u2)Nu2

The assertion is therefore implied by the weak-L1 estimate:∫
R2

1
[∣∣∣〈φ, (ξ N + ηM −K)−1 ψ

〉∣∣∣ > t
]
%(ξ) %(η) dξ dη ≤ C

t
‖%‖2

∞‖φ‖ ‖ψ‖ ,

(from Aiz./Elgart/Naboko/Schenker/Stolz ’06).
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The Eigenfuction Correlator and Green Function

The two are naturally related. In any finite volume:

Q
(N)
Λ (x,y; I) = lim

s↗1

1−s
2

∫
I

|G(N)
Λ (x,y;E)|s dE

However, since the reversal of the limits s ↗ 1 and Λ → Zd is far from
trivial, this is not a very useful relation. Nevertheless, for the systems dis-
cussed here we have:

Lemma 1.3 (AiWa‘08). With distH(x,y) the ‘Hausdorff (pseudo-)distance’
in the configuration space, the following statements are equivalent:

1. There is A, ξ <∞ such that for all x,y ∈ (Zd)N :

sup
Λ⊂Zd

E
[
Q

(N)
Λ (x,y; R)

]
≤ A e− distH(x,y)/ξ .

2. There is A, ξ <∞ and s ∈ (0, 1) such that for all x,y ∈ (Zd)k:

(UL) sup
I⊂R
|I|≥1

sup
Λ⊂Zd

1

|I|

∫
I

E
[∣∣∣G(N)

Λ (x,y;E)
∣∣∣s] dE︸ ︷︷ ︸

=: EI [... ]

≤ Ae− distH(x,y)/ξ .

Remarks: The easy direction is: 1.⇒ 2., and that is valid also for arbitrary
distance functions.
However, the relation 2.⇒ 1. does not hold, or could not be proven, for
other more natural notions of distance in the configuration space.

Page 12 of 17



In the less trivial step, 2.⇒ 1. we use:

For any configuration x for which X ≡ ∪{xi}i includes a point u ∈ Zd:

Nu(x) E
[
Q

(N)
Ω (x,y; I, s)

]
≤ Cs
|λ|1−s

∑
w: W3u

(
Nu(x)

Nu(w)

)s/2 ∫
I

E
∣∣∣G(N)

Ω (y,w; E)
∣∣∣sdE .

(now step to the blackboard ...)

It is at this point that our bounds get restricted to the Hausdorff metric .

Remark: In the analysis we alternate between estimates on the kernels G
and Q, repeatedly changing horses:

• Q(x,y) is what is ultimately need, and also
it is a very convenient tool for the induction step

• yet G(x,y) has a more convenient perturbation theory.

For H(J,K)
Ω := H

(J)
Ω ⊕H(K)

Ω we get convolutions, e.g.

G
(J,K)
Ω (x,y; z) =

∫
C
G

(J)
Ω (xJ ,yJ ; z − E)G

(K)
Ω (xK,yK ;E)

dE

2πi

but for Q (which is bounded!) we may use:

Q
(J,K)
Ω (x,y; I) ≤ Q

(J)
Ω (xJ ,yJ ; R) Q

(K)
Ω (xK,yK ; R) ,
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Some relevant Metrics in the Configuration Space

A natural decay rate for systems of iteracting particles, with permu-
tation symmetry is in terms of the symmetrized configuration distance

distS(x,y) := min
π∈SN

N∑
j=1

|xj − yπj|

with SN is the permutation group of the N elements {1, ..., N}.

However, because of the correlation in the potential , our proof
yields decay in ‘only’ the Hausdorff (pseudo-)distance .

The qualitative difference appears only at N > 2:

??

Starting from the configuration depicted on the left, at any later time except
for events of very small probability the collection of locations which are near
an occupied site does not change by much. However, the Hausdorff metric
bounds allow for the possibility that if the initial configuration had two or
more particle in sufficient proximity [within the localization distance] then
such ‘excess’ may transfer among the occupied regions.
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Inductive construction of domains of localization
(in the parameter space)

Definition An open subset of the parameter space, Γ ⊂ R+ × Rp−1 is said
to be a domain of uniform N -particle localization if for some s ∈ (0, 1)

there exists ξ < ∞ and A < ∞ such that (UL) holds for all (λ, α) ∈ Γ, all
k ∈ {1, ..., N}, and all x,y ∈ (Zd)k.

Assume Γ
(p)
N−1 is a domain of uniform (N − 1)-particle localization.

• Localization of non-clustered configurations:

sup
I⊂R
|I|≥1

sup
Λ⊆Zd

EI

[
|G(N)

Λ (x,y)|s
]
≤

A exp

(
−1

ξ
min

{
distH(x,y),

max{diam(x), diam(y)}
N − 1

})
for all (λ,α) ∈ Γ

(p)
N−1.

The proof proceeds through splitting the configuration into two parts,
and removing the intercluster interaction.
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Localization of clustered configurations:
Rescaling Inequalities

B(N)
s (L) := sup

I⊂R
|I|≥1

sup
Ω⊆ΛL

|∂ΛL|
∑
u∈∂ΛL

∑
x∈C(N)

L (Ω;0)

y∈C(N)
L (Ω;u)

EI

[∣∣∣G(N)
Ω (x,y)

∣∣∣s] ,
where

• ΛL := [−L,L]d ∩ Zd, and s ∈ (0, 1),

• C(N)
rL (Ω; 0) configurations in Ω with diameter less than L/2 and at least

one particle at 0.

•

•
•

•
•

•

0

u

!
L

x

y

Up to a small detail, one has:

Then there exists s ∈ (0, 1), a,A, p <∞, and ν > 0 such that

‘ B(N)
s (2L) ≤ a

|λ|s
B(N)
s (L)2 + AL2p e−2νL ’

for all (λ,α) ∈ Γ
(p)
N−1.

This yields exponential decay provided a
|λ|s B

(N)
s (L) is small for some L.

With the corresponding restriction one obtains the localization domain

(∅ 6=) Γ
(p)
N ⊂ Γ

(p)
N−1
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Directions for improvements and extensions of the analysis

• Symmetric distance

distS(x,y) := min
π∈Sn

n∑
j=1

|xj − yπ(j)|

instead of Hausdorff distance.

• Better understanding of non-clustered configurations
our bounds on the localization length ξ degrade with N
(in the induction step).

• Positive density
First, perhaps, do the ‘simple’ Jaksic challenge (?!)
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