
Zigzag instability of vortex arrays in
stratified and rotating fluids

Paul Billant, Axel Deloncle and Jean-Marc Chomaz

LadHyX, Ecole Polytechnique, France



Ubiquity of layers in stably stratified flows
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Zigzag instability of a counter-rotating
vortex pair in a strongly stratified fluid
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(Billant & Chomaz, 2000)
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Zigzag instability

  Mechanism for the formation of layers

  Occurs if

            => (not , Lilly (1983),
 Riley & Lelong (2000))



Zigzag instability of a co-rotating vortex pair

 Zigzag instability occurs in strongly stratified fluid independently of  

 strongly stratified and rotating fluid (Otheguy et al 2006) 

 strongly stratified fluid (Otheguy et al 2005) 



Quasi-Geostrophic fluids:
Tall- column instability

Dritschel &
de la Torre Juàrez
(1996)
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Is the zigzag instability generic ?

=>  general theory of the zigzag instabiliity in stratified 
and rotating fluid

=> stability of vortex arrays:

Von Karman street Symmetric double row

… … … …



Theory

Hypotheses:

- Inviscid fluid

- well-separated vortices : b >> R

- bending deformations

- long-wavelength : λ >> R

λ
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 radius R

=> Vortex 
filaments 
method 
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=> Circulation not conserved



Theory

Hypotheses:

- Inviscid fluid

- well-separated vortices : b >> R

- bending deformations

- long-wavelength : λ >> R

- stratified and rotating fluid
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 radius R

=> Vortex 
filaments 
method 

=> Expansion:
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Theory

Similar to the equations for vortex
filaments in homogeneous fluid
(Crow 1970; Jimenez 1975;
Robinson & Saffman 1982)



Theory

Self-induction

!

+¡

! Effect of the vortex on itself



Self-induction in homogeneous fluid

ω<0 ⇒ Self-induced rotation opposite
to the direction of rotation of the vortex

Widnall et al (1971), Moore & Saffman (1972),
Leibovich  et al (1986)



Self-induction in stratified and rotating fluid

ω > 0  whatever Ro and vortex profile

=>  Self-induced rotation in the same 
direction of rotation as the vortex



⇒ damping due to a singularity
where

Self-induction in stratified and rotating fluid



Self-induction in stratified and rotating fluid



Theory

Self-induction

Advection of  the perturbation of vortex 1 
by the basic flow of vortex 2

Strain

¡2



Theory

Self-inductionStrain
Mutual Induction

Advection of vortex 1 by the
perturbation of vortex 2

¡2



Mutual-induction functions

2nd function

1st function

Stratified and rotating
fluid

Homogeneous
Fluid (Crow 1970)



Theory

Self-inductionStrain
Mutual Induction
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Conditions of validity: -

-

- whatever Ro

-

 radius R
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-¡ Spacing ratio

Von Von Kármán Kármán StreetStreet

- 2D stability (Karman 1911)

- 3D stability in homogeneous fluid (Robinson & Saffman 1982)
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Equation for the vortex m

=> We seek the most 
unstable mode over all Φ

Strain (1st row)   + Mutual Induction 
       (1st row)

Strain (2nd row)

Mutual Induction
      (2nd row)

Self-induction

Three-dimensional stability analysis in aThree-dimensional stability analysis in a
stratified and rotating fluidstratified and rotating fluid



Close rows :

=> 3D instability

Distant rows :

Strongly stratified fluid (Strongly stratified fluid (FFhh=0=0.1, .1, RoRo==∞)∞)

=> 2D instability

∙=0.2 ∙=0.5 



zigzag instability 2D pairing instability

Strongly stratified fluid (Strongly stratified fluid (FFhh=0=0.1, .1, RoRo==∞)∞)

Close rows : Distant rows :



Close rows : ∙=0.2 Distant rows : ∙=0.5 

For Fh < 1, the Froude number has almost no
effect on the zigzag instability

For Fh > 1, damping of the instability

(due to the  critical layer)

The unstable range shrinks but the instability
remains 2D

Effect of the stratification (for Effect of the stratification (for RoRo==∞)∞)



The zigzag instability remains dominant
independently of RoRo

For small Ro, the most unstable wavelength
is

 The pairing instability remains dominant

Effect of the planetary rotation (for Effect of the planetary rotation (for FFhh=0=0.1).1)
Close rows : Distant rows :∙=0.2 ∙=0.5 



Is the theory valid ?Is the theory valid ?

⇒ numerical stability analysis with a linearized pseudo-spectral code

 - base state: 2D adapted Lamb-Oseen vortices (b/R = 15, Re=50000, 640x512)

  - initial perturbation: white noise with a given k



Close rows : ∙=0.2 

Is the theory valid ? : Is the theory valid ? : Comparison theory/numeric

- No fitting parameter !

- the zigzag instability is the most unstable instability 

Ro=∞ Fh=0.1



Experimental observation of the zigzag
instability of the Von Karman street ?

Praud, Fincham, Sommeria (2005)



Always unstable with respect to the zigzag instability

Symmetric double rowSymmetric double row



ConclusionsConclusions
 General theory for vortex interactions in stratified and rotating fluids
    (equivalent to vortex filaments approach)

  von Kármán street: 
- close rows         : unstable to a 3D zigzag instability 

        for independently of Ro

 - distant rows        : unstable to a 2D pairing instability 

  double symmetric rows always unstable to the zigzag instability

 The zigzag instability is generic and dominant



Random configuration of vertical vortices in a
stratified fluid (Fh=0.8, Re=1060, Ro=Ro=∞)∞)


