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Motivation
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The main topic of the conference, Rotating Stratified Turbulence in the

Atmosphere & Oceans, will be addressed by examining a particular
mechanism of generating small scale turbulence by internal waves which
is specific for the rotating stratified oceans.

The prime geophysical motivation is the mystery of deep ocean mixing.
Deep ocean mixing is a poorly understood key element of ocean
circulation and climate models. To reproduce the existing ocean
circulation one has to assume quite high values of eddy viscosity in the
deep ocean. It is not clear what might be the source of turbulence there.
Internal wave breaking is usually mentioned at hand waiving level, but no
specific mechanisms has been proposed and examined.

One of the plausible ‘candidate’ mechanisms concerned with the breaking
of inertial waves. was hypothesized by Gerkema and Shrira (2005, JFM
529). Here we examine in detail a mechanism of how internal wave field
can generate and sustain small scale turbulence in the deep ocean.
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Dynamics of near inertial internal waves we will examine is also of
interest and importance for a variety of other reasons:

■ as a challenging mathematical problem of general interest

■ Inertial band is by far the most energetic and whatever happens to
it - matters.



Traditional β-plane
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Inertial Latitude

Figure 1: Evolution of a monochromatic super-inertial wave of frequency
σ as it approaches towards and then is reflected from the inertial latitude.

On the ‘non-traditional’ β-plane the picture is qualitatively
different!



Non-Traditional f-plane. Basics
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In the equations of motions, written in a Cartesian frame fixed to the
tangent plane at latitude φ, the Coriolis vector has two components: a
horizontal (meridional) one f̃ = 2Ω cosφ, and a vertical one

f = 2Ω sinφ (Ω = |~Ω|). At mid-latitudes the two are comparable.

The neglect of the terms involving the horizontal component represents,
the ‘traditional approximation’.

Simultaneous taking into account of

(i) ”non-traditional” effects,

(ii) the fact that the fluid is vertically confined, and

(iii) β-effect (or any other horizontal inhomogeneity)
leads to profound implications for wave dynamics.



Basic Equations
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We begin with the linear equations under the Boussinesq approximation
on the non-traditional f -plane in the Cartesian coordinates (x (eastward),
y northward, z (upward), Coriolis components: f = f0, f̃ = f̃0).

ut − fv + f̃w=−px+ν̂∇2u

vt + fu=−py+ν̂∇2v

wt − f̃u=−pz + b+ν̂∇2w

ux + vy + wz=0

bt +N2w=0.

Consider strictly meridional wave propagation (∂x = 0) and introduce
stream function Ψ

v = Ψz, w = −Ψy.



Monochromatic wave
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On neglecting viscosity the equations can now be written as

∇2Ψtt +N2Ψyy + f2Ψzz + f̃2Ψyy + 2ff̃Ψyz = 0.

The substitution

Ψ = ψ(z) exp i(ly + σt+ δz), δ =
lf f̃

σ2 − f2

yields the Sturm-Liouville problem.

ψ′′ + l2
[N2(z) − σ2

σ2 − f2
+

( σf̃

σ2 − f2

)2]
ψ = 0 , ψ(0) = ψ(H) = 0, (1)



Non-Traditional f-plane. Super- and

sub-inertial waves
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Figure 2: Dispersion relation σ(l)

The range of allowed sub-inertial frequencies is (O((f̃/N)2)) narrow :

1( √ )



Trapped sub-inertial modes
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It is convenient to re-write the BVP in the equivalent more explicit form

ψ′′ + l̃2
[
−N2(z) + α2(σ)

]
ψ = 0, ψ(0) = ψ(H) = 0, (2)

where

l̃2 =
l2

|σ2 − f2| and α2(σ) = −σ
2f̃2 − σ2(σ2 − f2)

(σ2 − f2)
> 0

For a sub-inertial wave motion to exist the square brackets must be
positive, i.e. N2(z) < α2(σ), which implies that for the most of σ in the
allowed range the sub-inertial wave motion will be localized near minima
of N2(z) and prohibited near the maxima.



Stratification N(z) typical of ocean
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Figure 3: An empirical profile of the buoyancy frequency N , from the Bay
of Biscay (summer). The black dashes denote the regions where sub-inertial
waves, within the range 0.9785f–0.999f , can propagate



Bottom wave guide
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Expanding near bottom N2(z) = N2(0) + γ1z and simplifying the BCs

Ψy(z → 0) = Ψy(z → ∞) = 0, yields

ψ = Ai
(
l̃2/3

[
z − ∆

γ1(f2 − σ2)

])
, ln = ±γ1(f

2 − σ2)2
(
sn

∆

)3/2

,

with the corresponding group velocity

cg =
∓∆5/2

γ1σs
3/2
n (f2 − σ2)[4∆ + 3(f2 − σ2)(N2

0 + f̃2 + f2 − 2σ2)]

where Ai(−sn) = 0,

l̃2 = l2γ1/(f
2 − σ2),

∆ = f2f̃2 − (N2
0 − σ2 + f2)(f2 − σ2).



β-plane.
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On the β-plane,

f(y) = f0 + βy, f̃ = f̃0.

The original inviscid stream function equation reads

∇2Ψtt +N2Ψyy + f(y)2Ψzz + f̃2Ψyy + 2f(y)f̃Ψyz + βf̃Ψz = 0,

which is a Tricomi type problem with no obvious way to solve it.

What happens on the ‘non-traditional’ β-plane?



Reflection and penetration
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Figure 4: Propagation beyond the inertial latitude



Characteristics
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Figure 5: Evolution of the characteristics of a super-inertial wave as it
passes through the inertial latitude, becoming sub-inertial (Gerkema and
Shrira 2005).



WKB
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Consider a wave already trapped in the bottom waveguide. Assume
initial separation of scales

l0R ≫ 1, so, ǫ =
1

l0R
≪ 1

and the stream function equation becomes

∇2Ψtt +N2Ψyy + f(ǫy)2Ψzz + f̃2Ψyy + 2f(ǫy)f̃Ψyz + ǫβf̃Ψz = 0.

We should also ensure

l × distance to singularity ≫ 1



WKB 2
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We seek a solution in the form

Ψ = Φn,0(z, ǫy) exp i[
∫ y

yi

ln(ǫy1)dy1 − σt] +
∑

m,s=1

ǫmΨs,m(z, ǫy).

As expected the O(1) equation yields the f -plane solution, while the
O(ǫ) equation gives the conservation of wave action

∫
∞

0
l(N2 − σ2 + f̃2)ψ2dz + ff̃δ

∫
∞

0
ψ2dz = const,

which the gives explicit expression for the amplitude as function of y.

Remarkably, the accuracy of the WKB increases as we approach
singularity (ε→ 0);

At the singularity the solution is
asymptotically exact. (!)



Amplitude Growth
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Figure 6:

Evolution of wave am-
plitudes as the packet
approaches the singularity.
ŷ is the distance to the singu-
larity.

Av ∼ Au ∼ Ab ∼ ŷ−7/4,

εN ∼ ŷ−13/4,

vertical shear ∼ ŷ−13/4,

Ri ∼ ŷ13/2 .



Finite packet bandwidth
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Each Fourier harmonic of a wave packet has its own singular point. It is
not clear a priori whether a wave packet will be focused at the singular
point of central harmonic, or dispersed due to the spreading of its
harmonics.

Consider a gaussian spectrum of bandwidth ∆σ centered around σ̄,

Ψ =
1√
π∆σ

∫
∞

−∞

Ψ̂ exp [iσt+ i
∫ y

yi

l(y1, σ)dy1 − (
σ − σ̄

∆σ
)2]dσ.

Assume ∆σ ≪ σ̄ and expand the exponent.
Then to first order

Ψ = Ψ̂(σ̄) exp [iσ̄t+ i
∫ y

yi

l(y1, σ̄)dy1 − κ2],

where κ =
∆σ

2
[t+

∫ y

yi

dl

dσ
(y1, σ̄)dy1]
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Define characteristic meridional scale Ly of the packet by the condition
κ2 = 1. Then

Ly = |y − yc(t)|κ2=1 ≈
4const1
3∆σ

(yc(t))
5/2

where yc(t) is the location of the center of the wavepacket, measured
from the critical latitude. Therefore to the leading order, focusing
overcomes spreading.

At O((σ − σ̄)2), again the meridional scale was found to decrease as the
packet approaches the critical point. However, the amplitude growth is
slightly moderated by a factor of ŷ5/4, where ŷ is the distance to the
singularity.



Finite bandwidth. Amplitude Growth
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Figure 7:

Wave amplitude growth of
a finite bandwidth packet..
ŷ is the distance to the singu-
larity.

Av ∼ Au ∼ Ab ∼ Aw ∼ ŷ−1/2,

εN ∼ ŷ−2,

vertical shear ∼ ŷ−2,

Ri ∼ ŷ4 .



Role of viscous effects
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Now consider the original set of equations with small viscosity, ν̂

ut − fv + f̃w=−px + ν̂∇2u

vt + fu=−py + ν̂∇2v

wt − f̃u=−pz + b+ ν̂∇2w

ux + vy + wz = 0

bt +N2w= 0.

By standard perturbations we find the small decay rate

σ1 =

∫
∞

0 ψ(aψ + cψzz + dψzzz + eψzzzz)dz

2σ2
0

∫
∞

0 ψ(ψzz − (δ2 + l2)ψ)dz

where a, b. c, d,e are some constants.



Evolution affected by viscosity
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Evolution of the finite band-
width packet amplitude
with viscosity,

Av ∼ Au ∼ Aw ∼ ŷ−1/2γ(y)

γ(y) = e−[(ŷ/yviscous)
−4]

εN ∼ ŷ−2γ(y),
vertical shear ∼ ŷ−2γ(y) at var-
ious values of viscosity,
Thick dashed line - viscosity at
the bottom of the ocean.



Evolution affected by viscosity

22 / 27

20 000 40 000 60 000 80 000 100 000

-3

-2

-1

1

2

3

Log Amplitudes
Evolution of the finite band-
width packet amplitude
with viscosity,

Av ∼ Au ∼ Aw ∼ ŷ−1/2γ(y)

γ(y) = e−[(ŷ/yviscous)
−4]

εN ∼ ŷ−2γ(y),
vertical shear ∼ ŷ−2γ(y) at var-
ious values of viscosity,
Thick dashed line - viscosity at
the bottom of the ocean.
Thin dashing - a lower value of
viscosity.



Evolution affected by viscosity
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Evolution of the finite band-
width packet amplitude
with viscosity,

Av ∼ Au ∼ Aw ∼ ŷ−1/2γ(y)

γ(y) = e−[(ŷ/yviscous)
−4]

εN ∼ ŷ−2γ(y),
vertical shear ∼ ŷ−2γ(y) at var-
ious values of viscosity,
Thick dashed line - viscosity at
the bottom of the ocean.
Thin dashing - a lower value of
viscosity.
Upper solid line - molecular vis-
cosity.



Evolution affected by viscosity
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Evolution of the finite band-
width packet amplitude
with viscosity,

Av ∼ Au ∼ Aw ∼ ŷ−1/2γ(y)

γ(y) = e−[(ŷ/yviscous)
−4]

εN ∼ ŷ−2γ(y),
vertical shear ∼ ŷ−2γ(y) at var-
ious values of viscosity,
Thick dashed line - viscosity at
the bottom of the ocean.
Thin dashing - a lower value of
viscosity.
Upper solid line - molecular vis-
cosity.
Lower solid line - 50 x bottom
viscosity.



Evolution of Ri

(N0 = 2.5 ∗ 10−4s−1 ν = 1 ∗ 10−5m2s−1 )
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Evolution of Ri

(N0 = 5 ∗ 10−4s−1 ν = 1 ∗ 10−5m2s−1 )
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5 Periods 10 Periods Max(Ri−1) N0 ν
y(km) 10.6 17.5 - 2.5 ∗ 10−4 1 ∗ 10−5

Ri−1 32.6 130.6 33300 2.5 ∗ 10−4 1 ∗ 10−5

Ri−1 32.2 128.5 15900 2.5 ∗ 10−4 2 ∗ 10−5

Ri−1 31.7 124.0 5915 2.5 ∗ 10−4 5 ∗ 10−5

y(km) 4.8 8.6 - 5.0 ∗ 10−4 1 ∗ 10−5

Ri−1 3.2 7.2 526 5.0 ∗ 10−4 1 ∗ 10−5

Ri−1 3.2 7.0 261 5.0 ∗ 10−4 2 ∗ 10−5

Ri−1 3.1 6.7 103 5.0 ∗ 10−4 5 ∗ 10−5



Conclusions
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• There is no reflection. Wave energy must go either into mixing or
could very slowly leak away via nonlinear interactions.

• A sharp increase of the vertical shear is the most typical scenario
with the following important implications:

⋄ Although we do not know precisely the efficiency of the IW
penetration through inertial latitude (Roughly the share of
energy which goes through is 10-30%.), with the found rate of
increase of vertical shear wave breaking is the most likely
outcome. There is no nonlinear mechanism which could
extract energy over a few wave periods.

⋄ If the eddy viscosity is too strong and breaking does not occur,
then the wave anyway creates strong shear and thus feeds the
turbulence.



Concluding remarks: Perspectives
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• Now it has become possible to develop a coupled model of wave
packet evolution controlled by the vertical distributions of N(z) and
ν(z), with the stratification and eddy viscosity in their turn
determined by the field of incoming inertial waves.

• Zonal currents could be easily incorporated into the scheme without
any extra analysis. Their vertical vorticity ζ = Uy contributes to
‘effective’ Coriolis feffective = f + ζ/2. In our context the role of
current is in increase/decrease of ‘effective’ β.

• Arbitrary large-scale circulation could be also incorporated into the
scheme, although with much extra algebra.
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