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I: Overview.

This talk concerns a local-global principle for the existence of F -points on an F -

variety H; here F is the function field of a curve over a complete discretely valued field

and H is a homogeneous space for an F -group. Under some hypotheses, the principle says:

H(F ) 6= ∅ ⇔ H(Fξ) 6= ∅ for all ξ,

where Fξ ranges over a certain family of overfields of F . Here the fields Fξ correspond to

“patches” on a model of the curve. That is, they are the fraction fields of the rings that arise

in formal or rigid geometry, e.g in applications to the study of the étale fundamental group

of curves. The local-global principle was established in [HHK], along with applications to

quadratic forms and central simple algebras.

Subsequently, this local-global principle was used in [CPS] to obtain a related local-

global principle in terms of of discrete valuations on F , in special cases; and they conjec-

tured that it should hold more generally.

That work and the results in [HHK] raise several questions concerning the existence

of local-global principles and their applications. After discussing the results in [HHK] and

[CPS], these questions will be addressed, drawing on work in [HHK2] concerning reduction

graphs and split covers.

II: Local-global principles and patching.

We consider the following set-up: We have a complete discrete valuation ring T , with

fraction field K, residue field k, and uniformizer t. We take a connected projective k-

curve X , and a connected normal projective T -curve X̂ with closed fiber X . Let F be

the function field of X̂ . Take a non-empty finite set P ⊂ X of closed points, including in

particular the points at which distinct irreducible components of X meet. Let U be the

set of connected components of X − P. For every P ∈ P, let RP be the local ring of X̂

at P ; and let R̂P be the completion of RP at its maximal ideal (i.e. the complete local

ring of X̂ at P ). For every U ∈ U , let RU be the ring of rational functions f ∈ F that

are regular at each of the points of U ; let R̂U be the t-adic completion of RU . Let FP , FU

be the fraction fields of the domains R̂P , R̂U . These are the overfields Fξ that we view as

corresponding to “patches” on X̂.

Say that G is a connected linear algebraic group over F that is rational as a variety

over F (i.e. is birational to some A
n
F ). Let H be a homogeneous space for G, in the sense

that G acts on H with G(E) acting transitively on H(E) for every field extension E of F .

(In particular, this condition is satisfied if G(F̄ ) acts transitively on H(F̄ ), where F̄ is the
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algebraic closure of F , provided that G is reductive and H is projective; as well as in the

case of torsors.)

Theorem 1. [HHK, Theorem 3.7] In the above situation, H(F ) 6= ∅ if and only if

H(Fξ) 6= ∅ for all ξ ∈ P ∪ U .

We rephrase this by saying that (X̂,P) satisfies the local-global property for all con-

nected rational linear algebraic groups over F .

This theorem is proven via a matrix factorization result [HHK, Theorem 3.6], viz.

a form of Cartan’s Lemma. In the case that G = GLn, that factorization result was

previously shown in [HH, Theorem 6.4] (phrased there in terms of patching problems);

here the new issue is to show that the factors lie in G, not just in GLn. The factorization

result says in particular that if P ∈ P lies in the closure of U ∈ U , and if ℘ is a branch of

X along U at P (i.e. a height one prime of R̂P that contains t), then we may factor any

element of G(F℘) as the product of elements of G(FP ) and G(FU ); here F℘ is the fraction

field of the completion of the local ring at ℘. Moreover the factorization result asserts that

if we are given elements of G(F℘) for all branches of X at points of P, then we may find

elements of G(FP ) and G(FU ) for all P ∈ P and all U ∈ U that simultaneously factor all

the given elements. The reason that this assertion implies the above theorem is that if

we are given points AP ∈ G(FP ) and AU ∈ G(FU ) for all P, U , then F℘ is an overfield of

FP and FU whenever ℘ is a branch of X at P on the closure of U ; and by homogeneity

there exists A℘ ∈ G(F℘) carrying AP to AU . Adjusting AP and AU by the factors arising

from the factorization result applied to the matrices A℘, we obtain matrices in G(FP ) and

G(FU ) that induce the same element of G(F℘). Since this is true for all such triples P, U, ℘,

we obtain that these matrices actually lie in G(F ), using that F is the inverse limit of the

fields FP , FU , F℘ (as was shown in [HH, Proposition 6.3]). See [HHK, Section 3] for details.

The above matrix factorization result was first proven for smooth T -curves X̂, and

afterwards the general case was deduced from this special case by applying Weil restriction,

where we can view F as a finite extension of the function field of P
1

T via a finite morphism

of curves, thereby reducing to the smooth case. In the smooth case, even more follows from

the argument: that the matrix factorization result, and hence the above theorem, will hold

even if G is disconnected, provided that it is rational in the sense that every connected

component is rational in the previous sense (and in particular contains an F -point). This

more general rationality condition is lost in the process of taking Weil restriction; and

indeed the above results both fail in general for disconnected groups if X̂ is singular, e.g.

a Tate curve.

III: Applications of the local-global principle.

The following two applications of Theorem 1 were given in [HHK]:

a) Application to quadratic forms. [HHK, Section 4]

We assume that the characteristic of F is unequal to 2, and we consider a quadratic

form q over F . The associated special orthogonal group SO(q) is then a rational connected

2



linear algebraic F -group, and the projective quadric Q defined by q is a homogeneous

space for SO(q) provided that q is not a form of dimension 2. Theorem 1 then yields a

local-global principle for isotropy: the form q is isotropic over F if and only if it is isotropic

over each FP and each FU .

The reason for the restriction on the dimension is that Q will not be geometrically

connected if q has dimension 2, and so it cannot be a homogeneous space for the connected

group SO(q). In fact, the assertion is not in general true in dimension 2, and again there

is a counterexample with X̂ a Tate curve. On the other hand, if X̂ is smooth over T , then

the local-global principle for isotropy is true without restriction on dimension, because in

that case we can consider disconnected rational groups (in the sense described earlier), and

then take the orthogonal group O(q) instead of SO(q).

As a consequence of the local-global principle for isotropy, we are able to find the

value of the u-invariant of various fields F . (Recall that this invariant is defined to be the

maximal dimension of an anisotropic quadratic form over the given field.) In particular

we obtain that the u-invariant of the function field of a p-adic curve is equal to 8, for odd

p; this had shortly before been proven by Parimala and Suresh [PS, Theorem 4.6] after

having been an open conjecture for a number of years. Our local-global principle gives

the u-invariant for other fields F as well. For example, the u-invariant of the function

field of a curve over E((t)), where E is a p-adic field for p odd, is equal to 16. Moreover

this approach makes it possible to compute the u-invariant for fields FP and FU as well,

provided that X̂ is smooth. For example, if r is an odd prime power, then the u-invariant

of Fr((x, t)) is equal to 8; and if p is an odd prime, then the u-invariant of the fraction

field of any finite extension of Zp[[x]] is also equal to 8. (Here the smoothness assumption

was made in order to invoke a form of the Weierstrass Preparation Theorem, which was

proven for smooth curves in [HH, Proposition 4.7, Proposition 5.6]. The same holds in (b)

below.)

b) Applications to central simple algebras [HHK, Section 5]

Given a central simple algebra A over F , we may consider GL1(A) as a rational

connected linear algebraic group over F . Applying Theorem 1 to the action of this group

on a generalized Severi-Brauer variety, we obtain a local-global principle for the index of A:

ind(A) = lcm{ind(AP ), ind(AU ) |P ∈ P, U ∈ U},

where AP and AU are the central simple algebras over FP and FU that are induced from

A by base change.

We also obtain an answer to the period-index problem in many cases. Namely, it is

known in general that per(A) divides ind(A), and that these two integers have the same set

of prime factors. Thus the index of A divides some power of the period. The period-index

problem for F asks for a (minimal) uniform value of n such that ind(A) divides per(A)n

for all central simple F -algebras A, at least in the case that the period of A is not divisible

by the residue characteristic. Using our local-global principle, we obtain a new proof of a
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recent result of Lieblich [Lie, Theorem 5.3], in particular showing that n = 2 for function

fields F of p-adic curves, where p is not the characteristic of k. Moreover we also obtain

answers to the period-index problem over fields FP and FU provided that X̂ is smooth,

analogously to the situation for quadratic forms. For example, n = 1 for k((x, t)) if k

is separably closed, and n = 1 as well for the fraction field of Z
ur

p [[x]], where Z
ur

p is the

maximal unramified algebraic extension of Zp.

IV: Related themes and questions.

With notation as in Section II, it was asked in [CPS] whether there is an analogous

local-global principle in terms of discrete valuations. This assertion would be closer in

form to traditional local-global principles, and would state that H(F ) 6= ∅ if and only if

H(Fv) 6= ∅ for all discrete valuations v on F . (Here Fv is the completion of F at v.) The

validity of this principle is open in general, but it was proven in [CPS] in two special cases:

(i) [CPS, Theorem 3.1] It holds if G = SO(q) for some quadratic form q of dimension

greater than two, acting on the associated projective quadric hypersurface, provided that

dim(q) 6= 2 and char(k) 6= 2. This yields a local-global principle for isotropy, analogous

to that stated in Section III(a) above; and gives another proof of the u-invariant of the

function field of p-adic curves.

(ii) [CPS, Theorem 4.3(i)] It holds if the connected rational group G is defined, smooth,

and reductive over T ; and H is a G-torsor. The local-global principle here is equivalent to

the assertion that the local-global map H1(F, G) →
∏

v H1(Fv, G) has trivial kernel.

In each of these two cases, the proof in [CPS] proceeds by showing that for some model

X̂ of the function field F , and for some choice of finite set P, the hypothesis H(Fv) 6= ∅

implies that each H(FP ) and H(FU ) is non-empty. At that point, Theorem 1 above is

invoked.

These assertions raise the broader question of whether there is a local-global principle

that holds as generally as in Theorem 1, but which involves completions at all primes of a

given form, rather than with respect to a finite set of patches that are chosen. In fact, we

are able to show the following result:

Theorem 2. In the above setting, H(F ) 6= ∅ if and only if H(FP ) 6= ∅ for every point

P ∈ X .

Here, FP denotes the fraction field of the complete local ring of X̂ at P . Also, in this

assertion we include the non-closed points of X , i.e. the generic points η of the irreducible

components of X . As with the results in [CPS], this theorem is deduced from Theorem 1

by showing that the hypotheses of that theorem must hold. In doing this, we use the

Artin Approximation Theorem [Art] to pass from Fη to FU for some Zariski open subset

U ⊂ X that contains η. This replaces the analogous use of a result of Springer ([Lam], VI,

Prop. 1.9 (2)) on quadratic forms in the proof of (i) of [CPS].

Under smoothness assumptions, the Artin Approximation Theorem similarly yields a

local-global principle in terms of discrete valuations; but this is less general.
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Other questions raised by [HHK] and [CPS] are the following:

(1) When does Theorem 1 hold for disconnected rational groups G (beyond the case

of X̂ being smooth)?

(2) In that situation, do we get a stronger local-global principle for quadratic forms,

in particular concerning the Witt index and Witt group?

(3) Do the applications to the u-invariant and period-index problem for FP and FU

carry over to the case that X̂ is not smooth?

(4) Does the local-global principle (ii) in [CPS] for torsors carry over to disconnected

groups, at least for patches rather than valuations? In particular, is the kernel of the

local-global map H1(F, G) →
∏

ξ H1(Fξ, G) trivial for constant finite groups?

We address these questions using split covers and reduction graphs. We consider these

notions in the following section.

V: Split covers and reduction graphs.

The results here and in the following section can be found in [HHK2].

With X̂ as before, we say that a finite morphism Ŷ → X̂ is a split cover if it is (totally)

split over every point of X̂ except possibly the generic point. These are necessarily étale

covers. Moreover Ŷ → X̂ is a split cover if and only if it is split over FP for every point P

of X (including the generic points of X). If X̂ is regular, then Ŷ → X̂ is a split cover if

and only if it is split over every codimension one point of X̂, by Purity of Branch Locus.

If k is finite, then Ŷ → X̂ is a split cover if and only if it is split over every closed point

of X̂ ; this is by Tchebotarev Density (and compare [Sai, Part II]). In addition, given a

non-empty finite set P ⊂ X containing the points at which different components of X

meet, Ŷ → X̂ is a split cover if and only if it is split over each FP and FU , for P ∈ P and

U ∈ U .

Given X̂ and P as above, we can associate a bipartite graph Γ = Γ(X̂,P), with the

two sets of vertices corresponding to P and U . The edges correspond to the branches of

X at the points of P, with a given edge connecting vertices P and U in the case of a

branch at P lying on the closure of U . Note that if X̂ is regular and X has only nodes as

singularities, then this graph is homotopic to the classical reduction graph associated to

the closed fiber (e.g. see [Mum]), where the vertices and edges correspond to the elements

of U and P respectively, if P is the set of double points of X . Note also that enlarging the

set P or blowing up X̂ at a point of P does not change the homotopy class of the graph

Γ; so this homotopy class does not depend on the regular model X̂ of F or on the choice

of a set P as above. Each split cover of X̂ gives rise to a closed fiber which is a covering

space of the graph Γ; and this yields a lattice isomorphism between the split covers of X̂

and the covering spaces of Γ. The split fundamental group πs

1
(X̂) of X̂ is the quotient of

π1(X̂) that is given by the split covers of X̂. The above properties then imply that πs

1
(X̂)

is isomorphic to the profinite completion of the topological fundamental group of the graph

Γ. Hence it is a free profinite group of finite rank n ≥ 0; and it is trivial if and only if Γ is

a tree.
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VI: Applications to local-global principles.

Using the above properties of split covers and reduction graphs, we obtain the following

variant on Theorem 1, answering Question (1) above and generalizing the smooth case.

Theorem 3. (X̂,P) satisfies the local-global property for all (not necessarily connected)

rational linear algebraic groups over F if and only if Γ is a tree.

The forward direction of Theorem 3 holds since if Γ is not a tree then it has a non-

trivial covering space, which may be taken to be Galois. This covering space corresponds

to a non-trivial Galois split cover of X̂. Taking its function field yields a counterexample

to the local-global property for that Galois group.

To prove the forward direction of Theorem 3, we are reduced by Theorem 1 to the case

that G is a constant finite group. For that, the key ingredient is to prove the corresponding

simultaneous factorization result. In terms of the graph Γ, this says that if an element of a

finite group G is assigned to each edge of a bipartite graph, then we may assign elements

of G to each vertex such that the element assigned to each edge is the product of the

elements assigned to its vertices (taking the element assigned to the first vertex class first,

in the product). It is easy to prove this property for trees by induction on the number of

vertices.

Using this theorem, we obtain an answer to Question (2) above, giving a stronger

local-global principle for quadratic forms than was previously given in Section III:

Theorem 4. Consider (X̂,P) as above, and assume that the associated graph Γ is a tree.

Assume that F does not have characteristic 2.

(a) A quadratic form q over F is isotropic if and only if it is isotropic over each FP

and each FU (regardless of the dimension of q).

(b) The Witt index (counting the number of hyperbolic planes in a quadratic form)

satisfies iW (q) = minξ∈P∪U iW (qFξ
).

(c) The Witt group (of quadratic forms up to Witt equivalence) has the property that

W (F ) →
∏

ξ∈P∪U

W (Fξ) (∗)

is injective.

In fact, each of these assertions fails if Γ is not a tree. See [HHK, Example 4.4] in the

case of (a) and (b). Concerning (c), there is the following result, which follows from the

properties of split covers and reduction graphs given in Section V:

Proposition. For general (X̂,P), the kernel of (∗) is H1(Γ, Z/2Z), and hence is trivial if

and only if Γ is a tree.

Also using split covers, we can prove a version of the Weierstrass Preparation Theorem

for a general (X̂,P). For X̂ smooth, it was shown in [HH, Proposition 4.7, Proposition 5.6]

that any element of FP is the product of a unit in R̂P and an element of F ; and similarly
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for FU . This fails in general (in the case of FP ) if X̂ is not smooth. But after passing to an

appropriate split cover of X̂, the given element can be factored over the fields associated

to the cover. Here FP and FU are unchanged, since the cover is split, and F is replaced by

a finite extension. As noted in Section III above, the applications to the u-invariant and

the period-index problem for FP and FU in the case of smooth X̂ relied on the Weierstrass

Preparation Theorem. By applying the version above, we obtain the same results even if

X̂ is not smooth, thus answering Question (3) above.

Concerning Question (4) on torsors, let G be any constant finite group on which GF

acts trivially, and consider H1(F, G), classifying G-torsors over F . The properties of split

covers given in Section V then yield a local-global principle for torsors in the case of trees:

Theorem 5. Given (X̂,P) with function field F , the local-global map H1(F, G) →∏
ξ∈P∪U

H1(Fξ, G) is injective for all constant finite groups G if and only if the graph Γ

is a tree.

Moreover, in work in progress, we use the above Weierstrass Preparation Theorem

together with a comparison of the étale topology with a “patching topology” to obtain a

local-global principle for higher cohomology as well.
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