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1)
Basic Concepts
and
Classical Models



•Text

Formation Model: 
Core Accretion Paradigm 

Perri & Cameron 1974, Mizuno et al. 1978, Mizuno 1980, 
Bodenheimer & Pollack 1986, Pollack et al. 1996

Follow the concurrent growth of an initially small 
solid core (Ices, Rocks) surrounded by a gaseous 
envelope (H2 & HE) in the protoplanetary disk.

Divide problem in three modules
• Solid accretion rate
• Gas accretion (envelope)
• Planetesimal-envelope interaction



• collisional growth of one big body from small 
background planetesimals
• safronov-type rate equation for dMZ/dt

Accretion of solids

Safronov 1969, Ida & Nakazawa 1989, Greenzweig & Lissauer 1992, ..

dMZ

dt
= !"p!R2

captFG(e, i)

The core accretion model : phase 1

Accretion of planetesimals

Formation of a core

Accretion rate of gas very low

Depletion of the feeding zone

MZ < critical mass

Frejus - 30 November 2004

• random velocity σ(e,i) of planetesimals is 
key parameter (runaway, oligarchic, orderly)

• accretion from a feeding zone with spatially 
constant planetesimal surface density ΣP

The core accretion model : phase 1

Accretion of planetesimals

Formation of a core

Accretion rate of gas very low

Depletion of the feeding zone

MZ < critical mass

Frejus - 30 November 2004
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e,g,  Thommes et al. 2003



Accretion of gas 

• one dimensional hydrostatic envelope structure 
equations (similar to stars)

Heating by impacting 
planetesimals
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Accretion of gas

Pollack et al. 1996, Papaloizou & Nelson 2005, Stahler et al. 1980, Bodenheimer et al. 2000, Papaloizou & Terquem 1999

Rout = Min(RH , Racc)
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• attached case
• structure goes smoothly to Hill sphere radius
• low mass, pre-runaway planets 
• boundary conditions: background nebula
• dMXY/dt given by ability of envelope to radiate 
away energy (TKH)

• deteached case
• structure has a free surface
• high mass, post-runaway planets
• boundary conditions: accretion 
shock (or circumplanetary disk)
• disk and gap formation regulate 
dMXY/dt



Planetesimals-envelope interaction

• linking the other two modules
• the effective capture radius
• determines the location of energy and mass deposition 

Podolak et al. 1988,  Zahnle & MacLow 1995, Mordasini et al. 2006 

• complex models on their own
• gravity and gas drag
• thermal ablation 
• aerodynamical disruption 

    (lateral spreading “pancaking”, 
     hydrodynamic fragmentation 
     cf. the impact of SL9 into Jupiter)

Mordasini & Benz 2004 



3 Body

• presence of envelope increases effective capture radius of 
the planet for planetesimals over the core radius Rcapt (>Rcore).

• increase by 1 to 2 orders of magnitude
• important for the growth of the core (dMZ/dt∝Rcapt2)

• Rcapt  dependent on envelope structure, planetesimal size, velocity, composition
• energy criterion for capture (Podolak et al. 1988)

Inaba & Ikoma 2003, Chambers 2006, 
Tanigawa & Ohtsuki 2009

Drag enhanced capture radius

Capture radius

Limit impact parameter due to gas drag and gravity

RC corresponding periapsis
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2 Body

Mordasini & Benz 2004 



Planetesimals energy and mass deposition

• the higher the core mass, the more massive the 
envelope, so the more difficult to penetrate.

• leads to auto-regulation by self-shielding of max. 
core mass built by planetesimals in solid form. 

• for 100 km icy planetesimals: ca. 6 Earth masses. 
Additional processes may change this afterwards. 

• huge energies involved .. and  frequent ~10 yr -1

• SL9 like plume formation?  i.e. can some energy  
leave the thick protoplanetary atmosphere?

• reduction of envelope luminosity?=>formation 
time reduced

• observable from Earth?
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Shoemaker - Levy 9 peak energy deposition

Mcore=15 Mearth 

Mevn = 9 Mearth

Rcore= 2x109 cm

Mordasini et al. 2006 



Classical formation model: 
Pollack et al. 1996
Main model assumptions:  
• constant ambient T and P  (no disk evolution)
• in situ formation (no migration)
• standard opacities

•Phase I: Rapid build up of a core.  Planetesimal 
accretion until solid feeding zone emptied.

•Phase II: Slow accretion of gas and planetesimals
mass of gaseous 
envelope:      MG

size of feeding
zone: FZ (! M

2/3

planet)

mass of solids
accreted:    MS

external radius of
envelope:        Rext

•Phase III: Runaway gas accretion at Mcore> Mcrit

Existence intrinsic to core-envelope setup 
(Stevenson 1982)
Mcrit ca. 10-15 M⊕, extreme cases:1-40 M⊕ 
(Papaloizou & Terquem 1999)

4 x minimum mass solar nebula

Phase I

Phase III

Phase II

4 minimum mass solar nebula
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• Rcapt

▲ Min(Racc,RH)

Pressure Temperature

Density Mass inside R

Evolution of the internal structure



Σ (5.2 AU) = 7.5 g/cm2  (3 MMSN)Σ (5.2 AU) = 10.0 g/cm2  (4 MMSN)

Pollack et al 1996 baseline model

Sensitivity to planetesimal surface density: 
Time scale problem

Forms Jupiter in 8 Myrs in a 4 x MMSN, 
with a core-envelope ratio compatible with 
internal structure models.

Timescale for formation essentially given 
by phase II. Comparable to or longer than 
observed disk lifetimes.

Basic requirement for core accretion to form 
giant planets:
Assembly of a core having critical mass (≈ 
10 MEarth) is fast enough (< gas disk lifetime).

Formation timescale extremely sensitive to 
disk mass.  (Can be shortened by a higher 
solid surface density, but can leads to too 
large cores.)



2)
Improved
and
Extended Models



• equation of state (reviewed by Saumon & Guillot 2004)
• EOS Saumon, Chabrier, & van Horn 1995. Frist principle EOS Militzer et al. 2008

• reduced grain opacity in the envelope (dominant at T<1700 K)
• Podolak 2003: grains coagulate, settle and get destroyed in the envelope. 
• Ikoma et al 2000, Hubickyj et al. 2005, Dodson-Robinson et al. 2008

EOS and opacity

Hubickyj, Bodenheimer & Lissauer 2005

ΣP (5.2 AU) = 10.0 g/cm2  (4 MMSN)
Grain opacity 2 % interstellar.
Time to runaway: factor 3-4 reduced

Reduced grain opacity greatly speeds 
up the gas accretion timescale.



Incorporating constraints from 
disk-planet interactions 

• only particles inside ~ 0.25 RH are bound
• accretion rate limited by gap formation at > 30-100 Mearth

342 J.J. Lissauer et al. / Icarus 199 (2009) 338–350

Fig. 2. Initial positions (left) and trajectories (right), in a frame rotating at the angular velocity of the planet, of about 1000 tracer particles deployed close to the disk midplane
and within RH/2 of a 10M! (top) and a 30M! (bottom) point-mass planet located at the origin. Blue circles (left) and dots (right) indicate bound particles according to the
procedure described in the text. Orange circles or dots represent particles that leave the planet’s Hill sphere and return to the circumstellar disk. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)

dius Rp is determined by the procedure outlined in Bodenheimer
et al. (2000), and Rp < RA .

In past work, the gas rate was arbitrarily capped at 1.053 "
10#2M!/yr to account for the Bondi accretion limit. In most of
the present calculations, the hydrodynamic upper bound on the
gas accretion rate is determined from the results shown in Fig. 3.

3. Parameters of our simulations

In analogy with the principal simulation of Hubickyj et al.
(2005), denoted 10L$,2 all of our planetary evolution simulations
are performed at 5.2 AU from a 1M% star within a disk that has
an initial surface mass density of solids of 10 g cm#2, which are in
the form of 100 km radius planetesimals,3 and of gas !g(t = 0) =

2 The run designator 10L$ is used by Hubickyj et al. (2005) to denote that the
surface density of solids is 10 gcm#2, the dust opacity in the planet’s envelope is 2%
that of the interstellar medium and there is no cutoff in accretion of planetesimals
by the planet. As these three properties hold for all of the simulations presented
herein, we use a new set of designators, discussed below, for all of our new runs.
3 As pointed out by Fortier et al. (2007), using a more physically sophisticated

model to compute the eccentricities and inclinations of planetesimals (Kokubo and
Ida, 1998; Kokubo et al., 2000; Thommes et al., 2003) gives a lower value of Ṁ Z for
a given planetesimal size. However, growth of the core is more rapid with smaller
planetesimals (Pollack et al., 1996; Fortier et al., 2007). Thus, our simulations proba-

700 gcm#2. Also as in run 10L$, we assume that the opacity due
to grains within the growing planet’s envelope is 2% that of inter-
stellar gas. In Hubickyj et al. (2005), we performed additional runs
in order to examine the effects of differing values of the opacity
of the planet’s atmosphere and the initial surface mass density of
solids in the disk, and of terminating the accretion of solids prior
to the termination of gas accretion. Herein, we study the orthogo-
nal processes of (1) varying our prescription for the physical size of
the planet’s envelope, (2) changing the formula for the maximum
rate of gas accretion as a function of the planet’s mass, and (3) re-
ducing the gas surface density of the protoplanetary disk with time
throughout the accretion epoch.

The sixteen new simulations (runs) that we report herein are
divided into five groups. The input parameters for each of these
runs are listed in Table 1. In the three groups of runs whose labels
begin with “1,” referred to collectively as “groups 1,” T = 150 K
and the gas surface density remains constant throughout the com-
putation, as in Hubickyj et al. (2005). The purpose of these sim-

bly correspond more closely to a disk of &1–20 km radius planetesimals rather than
the nominal size of 100 km. The sizes of the planetesimals in all of these models
have been chosen in a largely ad hoc manner. A better estimate of Ṁ Z requires more
sophisticated calculations in which planetesimal sizes and velocities are computed
in a self-consistent manner rather than merely prescribed.

Planet’s Mass (most realistic case)

Models of Jupiter’s growth 343

ulations is to determine the effects of restricting gas flow onto
the planet using the formula given by 3-D accretion simulations
and/or reducing the radius of the outer boundary of the plan-
et’s envelope by up to a factor of four to account approximately
for unbound protoplanetary disk gas flowing through the planet’s
Hill sphere (Fig. 2). Specifically, Run 1G begins with the evolution
found in 10L!, but uses the gas flow limits from the 3-D calcula-
tions (Eq. (2)) in place of the constant maximum gas accretion rate
ṀXY = 1.053"10#2M$ per year that was inspired by a Bondi-type

Fig. 3. Limiting accretion rates as a function of the planet’s mass obtained from 3-D
hydrodynamical calculations of a planet interacting with a circumstellar disk (see
text for further details). Accretion rates are in units of the unperturbed surface den-
sity, !g , at the planet’s orbital radius, rp , and the planet’s orbital period, P . Filled
circles correspond to results for a disk with a viscosity " = 4" 10#3 at the planet’s
location. Empty circles are for a disk with " = 4 " 10#4. The disk temperature at
the orbital radius of the planet is T % 100 K. Masses on the lower axis are in units
of the solar mass but they can be rescaled by the mass of the star, which is the
unit of mass in the 3-D calculations. The thick orange curve represents a fit to the
high viscosity data according to Eq. (2) and the appropriate coe!cients. The thin
blue curve is a piecewise parabolic fit to the low viscosity data. (For interpretation
of the references to color in this figure legend, the reader is referred to the web
version of this article.)

estimate and used in our previous studies. Run 1s uses the same
formulation as 10L! except that the planet’s accretion radius, RA
(which prior to the onset of hydrodynamic limits to ṀXY lies at
the outer boundary of the planet’s envelope) is placed at the ra-
dius where the gas has enough thermal energy to escape to RH/4
rather than to RH. Run 1sG has the same planet size as Run 1s
and the same limits on gas flow as in simulation 1G. Run 1xsG
provides a test of the sensitivity of moving the outer boundary of
the envelope significantly inwards throughout the planet’s evolu-
tion. In Run 1xsG we (arbitrarily) set the outer boundary of the
envelope to be 1/4 as far from the center of the planet as in
10L! and use the same limits on the gas flow as in Runs 1G
and 1sG (i.e., we set k1 = k2 = 1/4 in Eq. (3)). In order to pro-
duce planets with mass equal to that of Jupiter, we taper off the
accretion rate by multiplying the calculated maximum rate of gas
accretion by a function which begins at unity when Mp = 0.85M J
and drops linearly with the planet’s mass so that it vanishes when
Mp = 1M J ; this is the same procedure as was used by Hubickyj et
al. (2005).

All simulations in groups 2 and 3 assume the temperature of
the disk (and thus at the upper boundary of the planet as long as
the planet’s envelope remains in contact with the disk) is 115 K,
the value used in the 3-D calculations for a gas of mean molecular
weight 2.25. The planet radius prescription for all of these groups
is the same as used for Runs 1s and 1sG.

In group 2, as in groups 1, the surface density of the gas re-
mains constant at !g = 700 gcm#2. In group 3, the surface density
of gas within the disk drops linearly according to the formula:

!g(t) =
!
700 g cm#2 3 Myr#t

3 Myr for t ! 3 Myr,
0 for t > 3 Myr.

(4)

The above equation accounts for disk dispersal in the planet for-
mation region over timescales suggested by observations (Haisch et
al., 2001) and recent theoretical models of disk photoevaporation
due to combined action of FUV, EUV, and X-ray photons emitted
by a solar-mass star (Gorti and Hollenbach, 2008).

In the “h” runs within groups 2 and 3, the dimensionless disk
viscosity is assumed to be " = 4"10#3, and therefore the limiting
gas accretion rate is taken from the 3-D calculations for disks with
this viscosity (as in Runs 1G, 1sG and 1xsG), as given by Eq. (2).
For the “l” runs within groups 2 and 3, the lower viscosity disk,
" = 4 " 10#4, is assumed, and the piecewise parabolic fit shown
as a narrow blue curve in Fig. 3 is used for the upper bound of the
planet’s gas accretion rate.

Table 1
Input parameters.

Run RA #XY (g/cm2) Tneb (K) " ṀXY ,limit (M$/yr) Limiting mass

10L! escape to RH 700 150 – 1.053" 10#2 1M J

1G escape to RH 700 150 4" 10#3 Eq. (2) 1M J

1s escape to 0.25RH 700 150 – 1.053" 10#2 1M J

1sG escape to 0.25RH 700 150 4" 10#3 Eq. (2) 1M J

1xsG 0.25 " (escape to RH) 700 150 4" 10#3 Eq. (2) 1M J

2h escape to 0.25RH 700 115 4" 10#3 Eq. (2) none
2hJ escape to 0.25RH 700 115 4" 10#3 Eq. (2) 1M J

2l escape to 0.25RH 700 115 4" 10#4 Fig. 3 none
2lJ escape to 0.25RH 700 115 4" 10#4 Fig. 3 1M J

3h escape to 0.25RH Eq. (4) 115 4" 10#3 Eq. (2) none
3hJ escape to 0.25RH Eq. (4) 115 4" 10#3 Eq. (2) 1M J

3h4RH escape to 0.25RH Eq. (4) & 4RH 115 4" 10#3 Eq. (2) none
3hRHJ escape to 0.25RH Eq. (4) & 3.2RH 115 4" 10#3 Eq. (2) 1M J

3l escape to 0.25RH Eq. (4) 115 4" 10#4 Fig. 3 none
3lJ escape to 0.25RH Eq. (4) 115 4" 10#4 Fig. 3 1M J

3l4RH escape to 0.25RH Eq. (4) & 4RH 115 4" 10#4 Fig. 3 none
3lRHJ escape to 0.25RH Eq. (4) & 11RH 115 4" 10#4 Fig. 3 1M J

α=4 x 10-3

α=4 x 10-4

Lissauer et al. 2009

2 D. Veras & P.J. Armitage

2 MIGRATION VIA GAS DISC

INTERACTIONS

2.1 Methods

We calculate the orbital evolution of massive planets embed-
ded within an evolving protoplanetary disc using a variant of
the approach described by Armitage et al. (2002). We use a
simple, one-dimensional (i.e. vertically averaged) treatment
to model the evolution of a protoplanetary disc evolving un-
der the action of both internal viscous torques and external
torques from one or more embedded planets (Goldreich &
Tremaine 1980; Lin & Papaloizou 1986; Trilling et al. 1998;
Trilling, Lunine & Benz 2002). For a disc with surface den-
sity !(R, t), the governing equation is,

!!
!t

=
1
R

!
!R

!

3R1/2 !
!R

"

"!R1/2
#

! 2"!R3/2

(GM!)1/2

$

+ !̇w . (1)

Here, " is the kinematic viscosity which models angular mo-
mentum transport within the disc gas, and !̇w is a term
which allows for mass to be lost from the disc – for exam-
ple as a consequence of photoevaporation. The second term
within the brackets describes how the disc responds to the
planetary torque, "(R, a), where this function is the rate of
angular momentum transfer per unit mass from the planet
to the disc. For a planet in a circular orbit at radius a, we
take,

" = ! q2GM!

2R

%

R
#p

&4

R < a

" =
q2GM!

2R

%

a
#p

&4

R > a (2)

where q = Mp/M!, the mass ratio between the planet and
the star,

#p = max(H, |R ! a|), (3)

and H is the scale height of the disc. Guided by detailed
protoplanetary disc models (Bell et al. 1997), we adopt H =
0.05R.

The transfer of angular momentum leads to orbital mi-
gration of the planet at a rate,

da
dt

= !
'

a
GM!

(1/2
%

4#
Mp

&
) Rout

Rin

R"!dR, (4)

if the only torque on the planet comes from the gravitational
interaction with the disc.

In the core accretion model for giant planet formation
(e.g. Pollack et al. 1996), the accretion of the gaseous en-
velope is predicted to take longer than any other phase of
the formation process (several Myr in the baseline model
for Jupiter presented by Pollack et al. 1996). In particular,
the time scale for accretion is much longer than the time
scale on which a su$ciently massive planet can establish
a gap in the protoplanetary disc, since numerical simula-
tions show that an approximately steady-state gap can be
set up by a massive planet within " 102 orbital periods
(e.g. Lubow, Seibert & Artymowicz 1999). A consequence
of the inequality of these time scales is that massive planets
– those of several Jupiter masses – probably accrete most
of their envelopes subsequent to the development of a gap
in the protoplanetary disc. Numerical simulations show how

this accretion may occur. Gas from the outer disc penetrates
the leaky tidal barrier created by the planet, and flows in-
ward to form a small circumplanetary disc around the grow-
ing planet (Lubow, Seibert & Artymowicz 1999; D’Angelo,
Henning & Kley 2002; Bate et al. 2003).

The existence of mass flow across gaps onto planets is
intrinsically a two (or three) dimensional phenomenon (e.g.
the discussion in Artymowicz & Lubow 1996). The torque
function (Eq. 2) used in our one dimensional code estab-
lishes a clean gap for all planet masses above about 0.1MJ ,
and this gap precludes any mass flow across the gap, or onto
the planet. To allow for the mass growth of planets, we have
therefore modified the one dimensional treatment to explic-
itly include mass flow from the outer disc on to the planet.
We begin by making an approximate fit to the results of
two-dimensional numerical simulations (Lubow et al. 1999;
D’Angelo et al. 2002). We define the e!ciency of mass accre-
tion across the gap via a parameter $, which is the planetary
accretion rate as a fraction of the disc accretion rate at large
radii (away from the location of the planet). The results of
the aforementioned numerical simulations can then be ap-
proximated by the formula,

$
$max

# 1.668
'

Mp

MJ

(1/3

e
"

Mp
1.5MJ + 0.04, (5)

where MJ is the mass of Jupiter and $max is an adjustable
parameter which can be used to test how the results depend
upon the overall e$ciency of planetary accretion. We use the
above equation to calculate at each timestep the appropri-
ate planetary accretion rate. We then remove the required
amount of mass from the first zone on the outer edge of the
gap, and add it to the mass of the planet. Note that we as-
sume that all the mass flow onto the planet originates from
the outer disc, and do not permit any material to ‘bypass’
the planet and flow directly from the outer disc to the inner
disc.

Mass accretion across the gap onto a planet may also be
expected to lead to accretion of angular momentum, given
that the specific angular momentum of gas at the outer gap
edge exceeds that of the planet. This e%ect – which it is
easy to show can have a significant influence on the mi-
gration rate – cannot be straightforwardly measured from
existing numerical simulations2. For this paper, we adopt
the simplest approach, and assume that the accreted gas
has the same specific angular momentum as gas at a radius
Rgap = 1.6a. This fixed radius approximates the location of
the outer edge of the gap throughout most of the calculation.

Eq. (1) is solved on a fixed, non-uniform mesh using
standard explicit numerical methods (e.g. Pringle, Verbunt
& Wade 1986). The mesh is uniform in a scaled variable
X $

%
R. Typically, 300 grid points are used, with an inner

boundary at 0.1 AU and an outer boundary at 200 AU.
A zero-torque (! = 0) boundary condition is applied at
Rin. For the protoplanetary disc model adopted, the outer
boundary is at su$ciently large radius that the choice of
boundary condition there has no influence on the results.

2 Bate et al. (2003), for example, explicitly exclude this advec-
tive torque from their estimates of the migration rate, due to
di!culties in measuring the net torque from the small scale cir-
cumplanetary disc formed in their simulations.

c! 0000 RAS, MNRAS 000, 000–000

( ) Lubow et al. 1999,  Veras & Armitage 2004,
Alibert et al. 2005

rate in disk reduction by gap



Planetesimal accretion rate

• dedicated talk Harold Levison on Thursday 

• runaway growth self-limited by increasing heating by the 
runaway body: oligarchic growth regime (Ida & Makino 
1993, Kobubo & Ida 1998)

•Thommes et al. 2003: Transition at M<<Miso

• Pollack et al.1996 assumed rather low planetesimal 
random velocities 

•Planetesimal eccentricities increased by protoplanet (like in oligarchic growth), but 
inclinations given by planetesimal-planetesimal interactions only (as in runaway). 



Planetesimal accretion rate cont.

• Using basic oligarchic dMz/dt leads to much longer 
formation timescales (>> disk lifetimes). 

• no plateau phase (phase II). Isolation mass not reached.
• can also be absent due to migration (Alibert et al. 2004) 

• formation time no more given by contraction rate, but solid 
accretion rate. 

• therefore, opacity doesn’t matter much (Dodson-Robinson et al. 2008)
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Fig. 1. Cumulative masses as a function of time for the formation of
a Jupiter–like object. With a solid line, we plot the total mass, with a
dashed line the core mass, and with a dotted line the envelope mass.
Nebular conditions are the same as in Case J3 of P96. We considered
three cases: one where the radius of accreted planetesimals is as in the
original case (rp = 100 km) and the other two for rp = 10 km and rp = 1
km. Clearly, the formation time is strongly dependent on the planetes-
imal’s radius, while the mass of the core at the moment of cross–over
remains approximately the same.

long phase where the core forms and simultaneously accretes
gas, and a short runaway phase after which the cross–over mass
is reached, where the protoplanet accretes most of its gaseous
mass in a negligible time. This is another di!erence with the
results of P96, where three phases can be distinguished in the
mass–accretion process. It is clear from Fig. 1 that “phase 2” is
absent in our simulations. This result, which was also pointed out
in Paper 1, agrees with the semi–analytical studies of Shiraishi
& Ida (2008).

We explored the dependence of the formation process on
both the size of the accreted planetesimals and the surface den-
sity of the protoplanetary disc. From our simulations, we can
conclude that reducing the size of accreted planetesimals is more
e!ective to shortening the formation timescale than considering
very massive nebulae. For example, in calculating the formation
of Jupiter for a 10 MMSN (the most massive one considered
here), the formation time was found to be 3.2 My for planetesi-
mals of 100 km, while for a disc of 6 MMSN and planetesimals
of 10 km the formation time is 2.43 My, the mass of the core in
both cases being nearly the same (Tables 1 and 2).

Whether planetesimals that populate the feeding zone of an
embryo are small or large remain unclear. Planetesimal forma-
tion is a problem that has yet to be solved. According to Ida
et al. (2008), accretion and fragmentation among planetesimals
are two competing processes. Moreover, the presence of turbu-
lence in the disc can impede the accretion. While calculations
have shown that it is possible to form protoplanetary embryos of
Ceres mass on very short timescales (Johansen et al. 2007), gi-
ant planets require the presence of small planetesimals to com-
plete the formation within the disc lifetime. Moreover, numerical
simulations showed that during the oligarchic growth, the proto-
planet is surrounded by smaller planetesimals (Kokubo & Ida
2000). At the moment, the average size of the planetesimals dur-
ing the formation of the giant planets is unclear and further work
is needed.
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Fig. 2. An unstable solution: for the nominal case of P96 but with a
planetesimal radius of 1 km. The evolution of the mass of the core (en-
velope) is plotted in dashed (solid) line.

Finally, despite the typos in the EOS, the unstable solutions
found by Benvenuto et al. (2007) remain. The simulation pre-
sented in this article (Fig. 2) is representative of the oscillatory
instability that can a!ect the entire mass of the envelope if the
isolation mass is reached before a significant amount of gas is
bound to the protoplanet.

We note that ablation of accreted planetesimals has not
been considered here. Ablation enlarges the cross-section of the
protoplanet accelerating the formation process (Benvenuto &
Brunini 2008). However, it also modifies both the opacity and
the EOS of the envelope, which on the other hand, could delay
the formation. Small planetesimals could also completely disin-
tegrate before they reach the core, reducing its final mass.

References

Alexander, D. R., & Ferguson, J. W. 1994, ApJ, 437, 879
Alibert, Y., Mordasini, C., Benz, W., & Winisdoer!er, C. 2005, A&A, 434, 343
Benvenuto, O. G., & Brunini, A. 2008, Icarus, 195, 882
Benvenuto, O. G., Brunini, A., & Fortier, A. 2007, Icarus, 191, 394
Fortier, A., Benvenuto, O. G., & Brunini, A. 2007, A&A, 473, 311
Hayashi, C. 1981, Progress of Theoretical Physics Supplement, 70, 35
Hillenbrand, L. A. Review Article to appear in A Decade of Discovery: Planets

Around Other Stars STScI Symp. Ser. 19, Ed. M. Livio (2005) [arXiv: astro-
ph/0511083]

Hubickyj, O., Bodenheimer, P., & Lissauer, J. J. 2005, Icarus, 179, 415
Ida, S., & Makino, J. 1993, Icarus, 106, 210
Ida, S., Guillot, T., & Morbidelli, A. 2008, ApJ, 686, 1292
Johansen, A., Oishi, J. S., Low, M.-M. M., Klahr, H., Henning, T., & Youdin, A.

2007, Nature, 448, 1022
Kokubo, E., & Ida, S. 1998, Icarus, 131, 171
Kokubo, E., & Ida, S. 2000, Icarus, 143, 15
Lissauer, J. J., & Stevenson, D. J. 2007, in Protostars and Planets V. Edited by

B. Reipurth, D. Jewitt, & K. Keil. (University of Arisona Press, Tucson),
607

Mizuno, H. 1980, Progress of Theoretical Physics, 64, 544
Pollack, J. B., McKay, C. P., & Christo!erson, B. M. 1985, Icarus, 64, 471
Pollack, J. B., Hubickyj, O., Bodenheimer, P. et al. 1996, Icarus, 124, 62
Rogers, F. J., & Iglesias, C. A. 1992, ApJ, 401, 361
Saumon, D., Chabrier, G., & van Horn, H. M. 1995, ApJS, 99, 713
Shiraishi, M., & Ida, S. 2008, ApJ, 684, 1416
Thommes, E. W., Duncan, M. J., & Levison, H. F. 2003, Icarus, 161, 431

L100 DODSON-ROBINSON ET AL. Vol. 688

Fig. 1.—Left: Mass of Saturn as a function of time. Solid lines represent model S0 (reduced grain opacity) and dashed lines represent model S1 (full grain
opacity). The black curves show the total planet mass, the blue curves show the solid mass only (presumed to be concentrated in the core), and the red curves
show the gas mass. Saturn reaches its current mass, 95 M!, in 3.4 Myr. Right: Remaining solid surface density, not yet accreted by Saturn, as a function of time.
Solid line shows model S0 and dashed line shows model S1. The sharp upturn at 3.3 Myr in S0 is due to the rapid expansion of Saturn’s feeding zone when
hydrodynamic gas accretion begins.

In this Letter, we will relax this assumption and also investigate
the limiting case of 100% interstellar grain opacity with respect
to Saturn.

If the fiducial disk from Paper I can form Saturn within 2–
3 Myr, we will have successful core accretion models of the
two gas giants forming near their present positions in a grav-
itationally stable disk (see Paper I for a discussion of the solar
nebula dynamics).

In § 2, we describe our theoretical treatment of the core
accretion process. In § 3, we discuss the results of our simu-
lations, with special emphasis on formation timescale, effect
of atmospheric opacity, and core/atmosphere mass ratio. We
present our conclusions in § 4.

2. THEORETICAL TREATMENT OF CORE ACCRETION

We use the theoretical model of planet formation described
by Laughlin et al. (2004) to model the core accretion and gas
capture of proto-Saturn. Initially, a protoplanetary core of mass

is embedded at Saturn’s heliocentric distance, 9.5 AU, inM!

a viscously evolving disk of age yr, surrounding a51.5 # 10
T Tauri star of mass 1 M,. We assume that by yr,51.5 # 10
the available dust has formed 100 km planetesimals that are
invulnerable to gas drag (Weidenschilling 1977): planetesimal
orbits are modified only by interactions with proto-Saturn. Gas
temperature and density are regulated by viscous evolution of
the solar nebula. We use the time-evolving temperature and
density at 9.5 AU, beginning at yr, as calculated5t p 1.5 # 10
in Paper I.

The contraction and buildup of protoplanetary cores and their
gaseous envelopes embedded in our model evolving disk are
computed with a Henyey-type code (Henyey et al. 1964). Fol-
lowing the argument of Podolak (2003) that grain settling in
the protoplanetary envelope would reduce envelope opacity
where grains exist, we adopt grain opacities of 2% of the in-
terstellar values used in Pollack et al. (1996) in our fiducial
model, which we will call S0. However, in order to assess the
effect of envelope opacity on Saturn’s formation timescale, we
present a second core-accretion simulation, S1, using full in-
terstellar grain opacity.

We use a core accretion rate of the form

dMcore p C pS R R Q (2)1 solid c hdt

(Papaloizou & Terquem 1999), where is the surface den-Ssolid

sity of solid material in the disk, Q is the orbital frequency at
9.5 AU, is the effective capture radius of the protoplanetRc

for solid particles, is the tidal radius1/3R p a[M /(3M )]h planet !
of the protoplanet (where a is the semimajor axis of the pro-
toplanet’s orbit), and is a constant near unity.C1

The outer boundary conditions for the protoplanet include
the decrease with time in the background nebular density and
temperature. During the late phase of planet growth, when
planetesimals may be ablated by the massive envelope before
reaching the core, we consider a planetesimal captured if it
deposits 50% or more of its mass in the envelope. At this stage,
we invoke the sinking approximation and assume the ablated
planetesimal debris sinks rapidly to the planet core without
leaving remnants in the envelope.

3. RESULTS

In both simulations (S0 and S1), we start the core accretion
model with midplane temperature, gas density and solid surface
density from the solar nebula model of Paper I. This model
has two key features favoring planet formation that are missing
from passive disk models: (1) viscous stresses drive the initial

surface density profile toward uniformity, so that!3/2S " R
Saturn’s feeding zone gains mass during the first yr45 # 10
of disk evolution, and (2) the presence of hydrated ammonia
ice at the snow line increases the solid surface density by 7%
over the standard water-ice-rock-refractory CHON mixture. We
use a starting solid surface density of 8.6 g cm (Paper I)!2

which decreases with time as proto-Saturn captures
planetesimals.

Figure 1 (left) shows the growth of Saturn from a core of 1
M! to its present-day mass of 95 M!. Solid lines correspond
to the S0 model (in which grains quickly settle and sublimate,
reducing their contribution to envelope opacity by an assumed
factor of 50), and dashed lines show the S1 model (in which
grains stay in the envelope and opacity due to grains takes on

Dodson-Robinson et al. 2008Fortier et al. 2009

Saturn

τ form :1.5 →13 Myr (!)

Can planetesimals be born  
“too” big ?(Johansen et al. 
2007, Cuzzi et al. 2008, 
Morbidelli et al. 2009)

Oligarchic growth not 
necessarily slow: 
Chambers 2006 oligarchic 
rates almost as fast as 
Pollack’s growth rate
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Figure 11. Evolution of disk mass and accretion rate as in Figure 10, except
for column density !0 = 104 g cm!2, with standard (top panel, RunF1) and
reduced (bottom panel, RunF2) opacity. A planet with " 0.5 MJ can be formed
in situ within "2 Myr.
(A color version of this figure is available in the online journal.)

5.2. With Planet Migration

Now, we finally show the cases with planetary formation and
migration in an evolving disk with a dead zone. The initial
conditions are the same as the previous subsection, except
that planetary migration is allowed with our fiducial softening
parameter B = 0.6.

In Figures 12 and 13, we show the evolution of a planetary
core initially at 8 and 10 AU in a MMSN-like disk with
!0 = 103 g cm!2, by assuming a reduced opacity and a 100 m
size planetesimal disk (RunG1 and G2, respectively). Since the
initial outer dead zone radius is 8.2 AU, the protoplanet starts
inside (outside) the dead zone in RunG1 (G2). Note that, in
Figure 12 (RunG1), the protoplanet appears as if it were initially

Figure 12. Evolution of planet and disk with a planetary core initially just
inside DZ at 8 AU. The disk column density !0 = 103 g cm!2, reduced opacity,
and a 100 m size planetesimal disk are assumed (RunG1). Top: evolution of
both disk and planetary orbital radius. Note that the planet appears as if it
were initially outside the DZ, because the time axis is logarithmic and starts at
105 yr. Bottom: corresponding evolution of planetary and disk masses as well
as the disk-accretion rate onto the central star. The dead zone slows down planet
migration significantly, but the disk mass is too low for gas giant formation.
(A color version of this figure is available in the online journal.)

outside the dead zone, because the time axis is logarithmic and
starts at 105 yr. In this case, the protoplanet is originally located
inside the dead zone, but is left outside it as the dead zone
shrinks over time.

Matsumura et al. 2009Klahr & Bodenheimer 2006

Since the opening of the planetesimal gap is the result of gas
drag and the protoplanet perturbation, the timescale for their ec-
centricity damping and therefore gap clearing depends on their
mass ( Ida & Lin 1996). Figure 4 displays the configurations of
survived planetesimals in the (a; e)-plane for planetesimals with
mass m ! 1023 g (model 2) and protoplanetary embryos with
m ! 1027 g (model 3), respectively.

During the buildup of the protoplanet asymptotic mass (at t !
105 yr in Figs. 4a and 4c), residual planetesimals are found inside
the feeding zone in all models. A closer inspection indicates that
the opening of the planetesimal gap is less efficient inmodel 2 than
in models 1 and 3. This minor difference supports the conjecture
that the clearing of the gap is due to the combined action of the
protoplanet perturbation and gas drag, because the e-damping and
a-decay rates of the intermediate-mass planetesimals (represented
by model 2) are smaller than those of the low-mass planetesimals
and high-mass embryos (see Fig. 1 for the drift timescale). On
timescales much longer than !grow, the intermediate mass contin-
ues to occupy the edge regions of the feeding zone. Many plan-
etesimals are also trapped in the outer mean motion resonances
with increased eccentricity (Fig. 4b). In contrast, the drift speed of
the embryos (m ! 1027 g) is faster than those in models 1 and 2,
and all the embryos in the feeding zone are cleared out after
t ! 106 yr (Fig. 4d). Nevertheless, the width of the planetesimal
gap is limited to "2

!!!
3

p
hap.

The opening of a planetesimal gap near the protoplanet is also
shown in Figure 5 with the intermediate-mass (1023 g) planetesi-
mals. At t ! !grow ! 105 yr, the radial distribution of the plane-

tesimals shows a diffusion profile around the corotation radius of
the protoplanet. Some survival planetesimals near the protoplanet
are caught in horseshoe or tadpoleorbits. Figure 6 plots two exam-
ples in the tadpole orbits librating around theL4 and L5 points, re-
spectively. In Figure 5, there is a slight enhancement of surface
density beyond the edge of the feeding zone due to the resonant
trapping of inward-drifting planetesimals, which will be discussed
in x 4.3. This accumulation of planetesimals increases the local
surface density andMiso, promotes the growth rate of protoplane-
tary cores and the emergence of secondary protoYgas giant planets.

3.2. Planetesimal Gap Clearing Timescale

There are several relevant timescales to be considered. Inx 2.2.1,
we showed that, under the protoplanet perturbation, planetesimals
with overlapping two-body (neglecting the stellar tide) orbits ex-
tend to the boundary of the inner feeding zone where "a < 1:5h.
The timescale of depletion of the total planetesimal population in
this region, Mp; f ! 4#!d"aa2

p , can be derived in view of equa-
tion (18), with e " "eh i from equation (19),

!p; f #
Mp; f

Ṁp

’ 3PK

4#

" #
"a
h

" #3

; 1$ 4

9

1:9h

"a

" #6" #
ap

Rc

" #
’ ap

Rc

" #
PK; %31&

where PK is the Keplerian period. So !p; f < 105 yr.

Fig. 3.—Configurations of survived planetesimals with mass m ! 1019 g in the (a; e)-plane during evolution. The protoplanet accretes gas according to the Bondi
model on a timescale !grow ! 105 yr. The dotted and solid lines are the boundaries of the feeding zone (E ! 0) at time t ! 104 and 105 yr, respectively. The gray dot at
a ' 5 AU shows the position of the protoplanet. Some locations of mean motion resonances between planetesimals and the protoplanet are shown in panel d.
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• formation at surface density gradients induced by dead zones (traps) 
(Morbidelli et al. 2007, Ida & Lin 2008, Matsumura et al. 2009)
• in an anticyclonic vortex (Klahr & Bodenheimer 2006)

• speed up by planetesimal fragmentation (Kenyon & Bromley 2009)

Kenyon & Bromley 2009
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Figure 1. Mass histograms at 1 Myr (left panel), 3 Myr (center panel), and 10 Myr (right panel) for coagulation calculations without grain accretion using the fS
fragmentation parameters at 5 AU. Magenta histograms plot median results for 25 calculations with xm = 1; blue histograms show median results for 25 calculations
with xm = 5. Independent of disk mass, calculations without grain accretion yield planets with maximum masses ! 1 M! in 10 Myr.
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Figure 2. As in Figure 1 for calculations with grain accretion. When large oligarchs can accrete fragments trapped by the gas, disks with xm " 1 produce gas giant
cores in 3–10 Myr.

4. RESULTS
Figure 1 shows mass histograms at 1–10 Myr for coagulation

calculations without grain accretion using r0 = 1 km and the
strong fragmentation parameters (fS). After the first oligarchs
with M " 0.01 M! form at " 0.1 Myr, the collisional cascade
starts to remove leftover planetesimals from the grid. Indepen-
dent of Qb, the cascade removes " 50% of the initial mass of the
grid in " 4 x#1.25

m Myr. As the cascade proceeds, growth of the
largest oligarchs stalls at a maximum mass Mo,max $ 0.1 xm M!.

These results depend weakly on r0. The time to produce the
first oligarch with r " 1000 km increases with r0, t1000 "
0.1x#1.25

m (r0/10 km)1/2 Myr. Calculations with larger r0 tend
to produce larger oligarchs at 10 Myr: Mo,max $ 1 M! (2 M!)
for r0 = 10 km (100 km). In " 50 calculations, none produces
cores with Mo,max ! 1 M! on timescales of " 10 Myr.

For r0 " 100 km, our results depend on fi. In models with
r0 = 1 km and 10 km, the fW fragmentation parameters yield
oligarchs with smaller maximum masses, Mo,max $ 0.3–0.6 M!.
Because leftover planetesimals with r " 1–10 km fragment
more easily, the cascade begins (and growth stalls) at smaller
collision velocities when oligarchs are less massive (Kenyon
et al. 2008, p 293).

Calculations with grain accretion produce cores rapidly.
Figure 2 shows results at 1–10 Myr for calculations with
r0 = 1 km and the fS fragmentation parameters. As the first

oligarchs reach masses of " 0.01 M! at 0.1 Myr, the cascade
generates many small collision fragments with r " 1 mm to 1 m.
These fragments rapidly settle to the disk midplane and grow
to sizes of 0.1–1 m. When the cascade has shattered " 25%
of the leftover planetesimals, oligarchs begin a second phase
of runaway growth by rapidly accreting small particles in the
midplane. For calculations with xm = 1–5, it takes " 1–2 x#1.25

m
Myr to produce at least one core with Mo ! 1–5 M!. Thus,
cores form before the gas dissipates.

These results depend on r0. For r0 = 10 km, fragmentation
produces small grains 2–3 times more slowly than calculations
with r0 = 1 km. These models form cores more slowly, in
5–10 x#1.25

m Myr instead of 1–2 x#1.25
m Myr. For models with

r0 = 100 km, fragmentation yields a negligible mass in small
grains. Thus, cores never form in " 10–20 Myr.

The timescales to form cores also depend on fi. Calculations
with the fW parameters form cores 10–20% faster than models
with the fS parameters.

5. CONCLUSIONS

Gaseous disks are a crucial element in the formation of
the cores of gas giant planets. The gas traps small collision
fragments and halts the collisional cascade. Once fragments

• opening of gaps in the planetesimal disk (Zhou & Lin 2007, Shiraishi & Ida 2008)

• early scattering of cores to large semimajor axes (monarchical growth, Weidenschilling 2008)

• accretion of other oligarchs (Chambers 2006)

Phys. Scr. T130 (2008) 014021 S J Weidenschilling

Figure 7. Mass versus semimajor axis of discrete bodies in the full
disk simulation. The dotted line shows Miso with a step at 4.5 AU
due to H2O condensation. Runaway growth and scattering of ‘seed
bodies’ produces a few large embryos beyond the snow line, but
growth is inhibited beyond 15 AU.

7. Summary

Numerical simulations using the multi-zone code support the
conventional paradigm of runaway growth and oligarchy for
accretion in the inner solar system. Type 1 migration may
cause loss of the more massive embryos into the Sun, unless
the gas is removed from the inner region of the disk within
a few million years. Runaway growth leaves a substantial
fraction of the starting mass in bodies comparable to the

initial size; these are subject to mutual collisions and loss
by fragmentation after formation of embryos. The efficiency
of planetary formation depends on the initial size(s) of the
planetesimals. If <1 km, collisional disruption depletes the
residual small bodies. Initial sizes >10 km make them much
more resistant to disruption due to gravitational binding
energy, and little mass is lost.

In the outer solar system beyond the ice line, non-local
effects influence accretion. Embryos are more mobile than in
the inner solar system, due to larger masses and lower orbital
velocities. Runaway growth may be triggered by seed bodies
scattered outward into dynamically cold regions of the swarm.
At larger heliocentric distances, long-range perturbations
become more effective relative to local gravitational stirring.
This effect reduces the effectiveness of dynamical friction and
can inhibit runaway growth in the outer part of the disk.
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timescale for depletion of planetesimals due to accretion by em-

bryos, !p/(d!p/dt). The upper dashed curve shows a case

in which embryo atmospheres are neglected, while the lower

dashed curve is for a case where the effect of an atmosphere

is included. In the absence of an atmosphere, the planetesi-

mal drift timescale is roughly 5 times shorter than the accretion

timescale, so drift plays an important role in moving planetesi-

mals inward. When embryo atmospheres are present, the accre-

tion timescale decreases. For embryos somewhat more massive

than Earth, the accretion timescale becomes comparable to or

shorter than the drift timescale. As a result, inward drift be-

comes a minor effect, since most planetesimals are accreted by

an embryo before they can drift very far.

8. Embryo–embryo collisions

Until this point, we have assumed that embryos grow solely

by accreting planetesimals. However, embryos can also grow

by accreting other embryos. In fact, collisions between embryos

must occur if they are to maintain a fixed orbital spacing in Hill

radii while their masses are increasing due to accretion of plan-

etesimals. In this section, we will estimate the growth rate due

to embryo–embryo collisions. We will assume that all collisions

between embryo pairs lead to coalescence to form a single body.

Hydrodynamical simulations suggest this is likely to be the case

for embryos moving on nearly circular, coplanar orbits (Agnor

and Asphaug, 2004). We will also assume that the timescale for

radial spreading of the disk of embryos is long compared to the

accretion timescale. N -body simulations typically support this

assumption (Kokubo and Ida, 2000, 2002).

The mass growth rate of an embryo is the sum of the growth

rate due to accretion of planetesimals (calculated in Sections 2

and 3), and the growth rate due to accretion of other embryos.

These growth components are indicated by the first and second

terms on the right-hand side of the following equation:

(47)
dM

dt
= dM

dt

!!!!
pl

+ dM

dt

!!!!
em

.

Consider a radial zone of width w containing N embryos

with mean orbital spacing of b Hill radii. Thus

(48)b = w/(Nrh).

If the number of embryos in the zone decreases due to colli-

sions between embryos, their mean mass will increase accord-

ingly, so that

(49)N
dM

dt

!!!!
em

+ M
dN

dt
= 0.

However, we require that the mean spacing between em-

bryos remains fixed when measured in Hill radii. Hence

(50)
db

dt
= ! w

N2rh

dN

dt
! w

Nr2h

drh

dt
= 0.

Combining Eqs. (47), (49) and (50), and noting that drh/

rh = dM/(3M), we find that

(51)
dM

dt

!!!!
em

= 1

2

dM

dt

!!!!
pl

.

Fig. 11. Solid curve: embryo massM versus time in a toy model in which em-

bryos are assumed to grow by accretion of planetesimals as dM/dt = M2/3.

Embryos initially have orbits spaced by 10 Hill radii and neighboring embryos

merge when their orbital separation falls below 7 Hill radii. Lower dashed

curve: analytic solution to the M2/3 growth law. Upper dashed curve: ana-

lytic solution when the growth rate is augmented by 50% to account for em-

bryo–embryo collisions.

Thus, the growth rate of an embryo is increased by 50%

when we include embryo–embryo collisions in addition to col-

lisions between embryos and planetesimals. This effect has

generally not been included in analytic treatments of oligarchic

growth to date. In order to check that growth really is enhanced

in this way when using a population of discreet embryos, we

can use a simple toy model in which 100 embryos, with initial

mass of 0.001 Earth masses, are allowed to grow in accordance

with a growth law of the form

(52)
dM

dt
= M2/3.

This growth law mimics oligarchic growth before there is sig-

nificant depletion of the planetesimals. The embryos are ini-

tially spaced by about 10 Hill radii, and the growth law is

applied in a series of short timesteps. Whenever the separa-

tion between a pair of embryos falls below 7 Hill radii, they

are assumed to merge into a larger body, conserving mass and

momentum.

The solid curve in Fig. 11 shows the growth of the mean

embryo mass in the toy model versus model time. The lower

dashed curve shows the analytic solution of Eq. (52). The toy

model growth curve follows the analytic solution at early times,

but diverges after 0.002 time units as embryos begin to coa-

lesce. The upper dashed curve shows the result of augmenting

the growth rate in Eq. (52) by 50% in order to account for

embryo–embryo collisions. It is apparent that this solution pro-

vides a much better fit to the toy model than the solution in

which growth is due solely to accretion of planetesimals.

9. Putting the pieces together

In this section, we will examine the growth of planetary em-

bryos subject to all of the physical processes described in the

previous sections. These calculations will include nonequilib-

Chambers 2006



Disk evolution and migration

2)  disk evolution  
       (1+1 D) α-disk with photoevaporation  (Papaloizou & Terquem 1999)

1)  type I and type II planetary migration 
         (Lin & Papaloizou 1986; Ward 1997; Tanaka et al. 2002). Type I reduced by constant 
         factor f1 (free parameter). New promising results exist (e.g. Kley, Bitsch & Klahr 2009).

• One embryo per disk, no systems 

•  No particular stopping mechanism, amin=0.1 AU

•  No eccentricity, planets on circular orbits 

simplifications (most important)

•  Formation only until the gas disk disappears:  No evolution after disk 
    dispersal (Terrestrial planets, Ice giants, evaporating planets)

→ extend model to include in a self consistent way (Alibert, Mordasini, Benz 2004)

similar timescales of various processes: 
τmigration  ≤ τformation ≈ τdisk evolution



Effects of migration

migration prevents the 
depletion of feeding zone

feeding zone
without migration

feeding zone with migration

Alibert, Mordasini & Benz. 2004

migration greatly speeds up 
the formation timescale: skip
phase 2

Alibert, Mordasini & Benz 2004

with migration

without 
migration



Jupiter

Models meet observations

Saturn

species measured computed

species measured computed

slow type I
fast type I

Alibert et 
al. 2005b
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Extrasolar planet population synthesis: 
Observational Motivation I

extreme diversity

no more single objects, 
but a population
• distributions of
•masses
•semimajor axes
•host star metallicities
•eccentricities

•correlations

• hot Jupiters
• super Jupiters

• hot Neptunes
• eccentric planets

J. Schneider’s exoplanet.eu

no giant planets!

• planetary systems

diversity of protoplanetary 
disks, too. Planetary diversity 
simple consequence?
Reproducible? 



Extrasolar Planet Population synthesis: 
Principle

 Extended core accretion model
Formation model quantitatively tested in 
the Solar System (Alibert et al. 2004)

Initial Conditions: Probability 
distributions & parameters

Disk gas mass
Disk dust mass
Disk lifetime

From 
observations

Draw and compute 
synthetic 

planet population

Apply observational
detection bias

Model solution 
found!MatchNo match: improve, 

change parameters

Observed 
population 

Observable sub-population
- Distribution of semi-major axis
- Distribution of masses
- Fraction of hot/cold Jupiters
- Metallicity effect

Comparison:

Predictions
(going back to the full 
synthetic population)

 
Cross check 

Couple to other detection 
methods

Mordasini et al. 2009a
Mordasini et al. 2009b



Ida & Lin (2004a,b, 2005,2008a,b)

- Planet desert
- Separation of types in mass-
distance
- Metallicity effect (correlation 
between metallicity and giant 
planet detection probability)
-effects of type I migration
-effects of dead zone

Ida & Lin planet formation model 
differs significantly from Pollack 
et al. and from Alibert et al. 
→ Effect on population synthesis

Other recent works: Miguel et al. 2008a,b & 
Edward Thommes et al. we just heard about 

Pioneering Monte Carlos



Population Synthesis: Initial conditions
Some can be constrained by observations, some from theoretical 

arguments and some are just “educated” guesses.

Four Monte Carlo variables with probability distributions

N. C. Santos et al.: Statistical properties of exoplanets 367

Fig. 2. Left: metallicity distribution of stars with planets making part of the CORALIE planet search sample (shaded histogram) compared
with the same distribution for the about 1000 non binary stars in the CORALIE volume-limited sample (see text for more details). Right: the
percentage of stars belonging to the CORALIE search sample that have been discovered to harbor planetary mass companions plotted as a
function of the metallicity. The vertical axis represents the percentage of planet hosts with respect to the total CORALIE sample.

suggests that we may be looking at the approximate limit on the
metallicity of the stars in the solar neighborhood.

Here we have repeated the analysis presented in Paper II,
but using only the planet host stars included in the well de-
fined CORALIE sample7. This sub-sample has a total of 41 ob-
jects, !60% of them having planets discovered in the con-
text of the CORALIE survey itself. Here we have included all
stars known to have companions with minimum masses lower
than !18 MJup; changing this limit to e.g. 10 MJup does not
change any of the results presented below.

The fact that planets seem to orbit the most metal-rich stars
in the solar neighborhood has led some groups to build planet
search samples based on the high metal content of their host
stars. Examples of these are the stars BD-10 3166 (Butler et al.
2000), HD 4203 (Vogt et al. 2002), and HD 73526, HD 76700,
HD 30177, and HD 2039 (Tinney et al. 2002). Although clearly
increasing the planet detection rate, these kind of metallicity bi-
ased samples completely spoil any statistical study. Using only
stars being surveyed for planets in the context of the CORALIE
survey (none of these 6 stars is included), a survey that has
never used the metallicity as a favoring quantity for looking for
planets, has thus the advantage of minimizing this bias.

As we can see from Fig. 2 (left panel), the metallicity distri-
bution for the planet host stars included in the CORALIE sam-
ple does show an increasing trend with [Fe/H]. In the figure,
the empty histogram represents the [Fe/H] distribution for a
large volume limited sample of stars included in the CORALIE

7 These are: HD 142, HD 1237, HD 4208, HD 6434, HD 13445,
HD 16141, HD 17051, HD 19994, HD 22049, HD 23079, HD 28185,
HD 39091, HD 52265, HD 75289, HD 82943, HD 83443, HD 92788,
HD 108147, HD 114386, HD 114729, HD 114783, HD 121504,
HD 130322, HD 134987, HD 141937, HD 147513, HD 160691,
HD 162020, HD 168443, HD 168746, HD 169830, HD 179949,
HD 192263, HD 196050, HD 202206, HD 210277, HD 213240,
HD 216435, HD 216437, HD 217107, and HD 222582.

survey (Udry et al. 2000). The metallicities for this latter sam-
ple were computed from a precise calibration of the CORALIE
Cross-Correlation Function (see Santos et al. 2002a); since the
calibrators used were the stars presented in Paper I, Paper II,
and this paper, the final results are in the very same scale.

The knowledge of the metallicity distribution for stars in
the solar neighborhood (and included in the CORALIE sam-
ple) permits us to determine the percentage of planet host stars
per metallicity bin. The result is seen in Fig. 2 (right panel). As
we can perfectly see, the probability of finding a planet host is
a strong function of its metallicity. This result confirms former
analysis done in Paper II and by Reid (2002). For example, here
we can see that about 7% of the stars in the CORALIE sample
having metallicity between 0.3 and 0.4 dex have been discov-
ered to harbor a planet. On the other hand, less than 1% of the
stars having solar metallicity seem to have a planet. This result
is thus probably telling us that the probability of forming a giant
planet, or at least a planet of the kind we are finding now, de-
pends strongly on the metallicity of the gas that gave origin to
the star and planetary system. This might be simple explained if
we consider that the higher the metallicity (i.e. dust density of
the disk) the higher might be the probability of forming a core
(and an higher mass core) before the disk dissipates (Pollack
et al. 1996; Kokubo & Ida 2002).

Although it is unwise to draw any strong conclusions based
on only one point, it is worth noticing that our own Sun is in the
“metal-poor” tail of the planet host [Fe/H] distribution. Other
stars having very long period systems (more similar to the Solar
System case) do also present an iron abundance above solar. If
we take all stars having companions with periods longer than
1000 days and eccentricities lower than 0.3 we obtain an aver-
age <[Fe/H]> of +0.21. A lower (but still high) value of +0.12
is achieved if we do not introduce any eccentricity limit into
this sample. We caution, however, that these systems are not
necessarily real Solar System analogs.

• Dust-to-gas ratio (solid surface density). Constrained by observed stellar 
metallicities. Distribution in the CORALIE planet search sample (Santos et al. 2003). 

• Initial gas surface density. Constrained by observed disk masses. Distribution of  
Beckwith & Sargent 1996 for Ophiuchus.

• Photoevaporation rate. Constrained by observed disk lifetimes. Distribution adjusted to 
obtain (with fixed alpha) disk lifetime distribution found by Haisch et al. 2001.

• Initial semimajor axis of the small planetary seed put into the disk. Analytical arguments 
only. Uniform in log a (Ida & Lin 2004)

 Parameters (fixed for one synthetic population)
• Type I migration rate reduction factor f1 

• Disk viscosity parameter α (0.007)

• Planetesimal size (R=100 km)

• Initial solid surface distribution (∝ r-3/2) 

• Stellar mass
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Type I migration 
(Analytical rate reduced by fI)

Type II migration 
(Disk dominated: Mp<Mdisk,loc)

: 

Planetary formation tracks

Type II migration 
(Planet dominated: Mp>Mdisk,loc & 
disk limited gas accretion)

Mstar=1 M⊙

Nominal model

possible
evapora-
tion

Mordasini et al. 2009a
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Synthetic Population 
Nominal Model: alpha= 7x10-3, f1=0.001, M=1 M⊙

Planets that 
reached inner 

boarder of                    
computational disk

20 C. Mordasini et al.: Extrasolar planet population synthesis I

Fig. 14. Final mass M versus final distance a of all Nsynt ! 50 000 synthetic planets of the planetary population orbiting G type stars using the
parameters and distributions described in §3 (! = 7 " 10#2, fI = 0.001). The feeding limit at atouch is plotted as dashed line. Planets migrating into
the feeding limit have again been put to 0.1 AU. As atouch gets very large for M ! 20M!, also a few extremely massive planets are in the feeding
limit which should however be regarded as a simulation artifact. One remarks how the di!erent phases of the formation tracks leave their traces in
the final positions of the planets.

planets around single host stars are considered (Udry et al. 2003,
Zucker & Mazeh 2002). In future simulations, we will study the
dependence of the particular slope of Mmax(a) at small distances
on the disk surface density profile. With the initial surface den-
sity profile used for the populations discussed here (" $ a#3/2),
we find that inside 3 AU, Mmax scales approximately as a3/4 (as
Miso), provided that type I migration is slow, as discussed in §5.2.
For populations obtained with higher type I migration rates Mmax
is flat inside % 3 AU. Future observations of a very large num-
ber of single giant planets out to several AU (Ge et al. 2007)
around single stars will help to define better the exact slope of
Mmax(a), and therefore constrain further migration models, and
disk surface density profiles.

When comparing fig. 14 with actual discoveries, one should
bear in mind the incompleteness of the model for close-in, ter-
restrial mass planets. The reason for it was discussed in §5.2.

5.3.3. Additional sub-structures in the a # M diagram

The di!erent phases of planet formation and migration that were
identified in the formation tracks leave traces also in the fi-
nal properties of the planets. Clearly, one can distinguish the
“failed cores”, the “horizontal branch”, the “main clump”, and
the “outer group” planets.

As a new feature, fig. 14 however also shows a slight deple-
tion of planets with masses between 30 to 100 M&. This deple-
tion is the analogue of the “planetary desert” first discussed by
Ida & Lin (2004a). Compared to their results, the depletion is
much less severe in our simulations.

The reason for this di!erence is di#cult to pinpoint exactly,
as both formation models di!er in many aspects, but could be
related to the way the maximal gas accretion rate of the planets
is calculated. Both models use the criterion that the gas accretion
rate given by the planet’s Kelvin-Helmholtz timescale (which we

The variation of the 
initial conditions within 
the observed limits 
(protoplanetary disk 
properties) produces 
synthetic planets of a 
very large diversity.

Mordasini et al. 2009a



Includes effects of
• Orbital eccentricity
• Stellar rotation rate
• Stellar jitter
• Actual measurement schedule

Instrumental precision =10 m/s

Naef, Mayor, Beuzit et al. 2004 
(originally for the spectrometer ELODIE,
the 51 Peg b detection instrument)

Radial velocity method:
Strong bias towards detection of 
massive, close-in planets.

Pdetec(a,M)

RV detection bias
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Detectable sub-population

&
Observ. comp. sample

• 0.7 < Mstar < 1.3
• e < 0.3
• One planet / star
• Single host stars
• KRV>10 m/s

 Tip of the iceberg
 Overall detection
    probability: 9 %  
    (∼as obs.)

Comparison with observations 
a-M

Full synth. population “Observe” 10 yrs at 10 m/s

KS a-Msini: 88%

Core accretion is able to reproduce well 
the mass-distance distribution of the 
actual extrasolar planet population.

best fitting models is chosen by statistical comparison with observation

Non-trivial because 1) many constraints at 
one time  2) few parameters 3) probability 
distributions fixed 4) cannot force arbitrarily

Mordasini et al. 2009b



The mass distribution is very well reproduced.

Blue lines: Observational comparison sample
Black lines: Detectable synthetic sub-population

Mass: 
 KS 96%

4 Marcy, Butler, Fischer, Vogt, Wright, Tinney and Jones

The target list also includes 120 M dwarfs, located mostly within 10 pc with
declination north of !30 deg.87) For the late-type K and M dwarfs, we restricted
our selection to stars brighter than V = 11. All slowly rotating stars are surveyed
with a Doppler precision of 3 m s!1 to provide a uniform sensitivity to planets. Thus
far, our Lick, Keck, and Anglo-Australian surveys have revealed 104 planets orbiting
88 stars, including 12 multi-planet systems. The orbital elements and masses of these
exoplanets are regularly updated at: http://exoplanets.org .

§3. Observed properties of exoplanets

We derive the statistical properties of planets from the 1330 FGKM target stars
for which we have uniform precision of 3 m s!1 and at least 6 years duration of
observations. Detected exoplanets have minimum masses, Msin i, between 6 MEarth

and "15 MJup, with an upper mass limit corresponding to the (vanishing) tail of
the mass distribution. The planet mass distribution is shown in Fig. 1 and follows
a power law, dN/dM # M!1.05 54), 55) a!ected very little by the unknown sin i.41)

The paucity of companions with Msin i greater than 12 MJup confirms the presence
of a “brown dwarf desert”54) for companions with orbital periods up to a decade.

 Planet Mass Distribution
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dN/dM ! M !1.05

Keck, Lick, AAT

104 Planets

Fig. 1. The histogram of 104 planet masses (Msin i) found in the uniform 3 m s!1 Doppler survey
of 1330 stars at Lick, Keck, and the AAT telescopes. The bin size is 0.5 MJup. The distribution
of planet masses rises as M!1.05 from 10 MJup down to Saturn masses, with incompleteness at
lower masses.

Marcy et al. 2005

Comparison with observations 
Mass distribution



Observations show: Extrasolar planets are preferentially found around stars with a high heavy 
element abundance: “Metallicity effect”  

Does not mean there are no planets 
around low [Fe/H] stars... we just can’t 
detect them at the moment...

Comparison with observations 
“Metallicity effect”

Well reproduced by the synthetic population.
•Dependence not strong enough: Additional 
mechanisms? Anders Johansen’s talk. 

Large metallicity effect on RV detections
• Metal rich systems tend to produce more 
massive planets
• Radial velocity method favors massive 
objects

cf. also Santos et al. 2004, 2005

Blue: Observation (Fischer & Valenti 2005)
Red: Observation (Udry & Santos 2007)
Black: Observable synthetic planets

[Fe/H]

∝ Z

∝ Z2

Mordasini et al. 2009b



Model incompleteness

Mordasini 
et al. 2009b
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Mstar=1 Msun
Nominal Model

Planetary Initial Mass Function PIMF

Type Mass (MEarth) %

(Super)-Earth < 7 58

Neptunian 7-30 17

Intermediate 30-100 6

Jovian 100-1000 14

Super-Jupiter > 1000 4

Model predicts that planets with 
M < 30 MEarth account for over 

75% of all planets 
• Complex structure, dominated by low mass planets
• Consistent w. non-detection of Jupiters around 90-95% stars.
• Maxima at masses similar to Solar System planets.



Fe/H mainly just scales 
PIMF for giant planets:
Fe/H: threshold, but final 
mass not given by Fe/H
•higher number of giants
•but not more massive 

Disk mass changes the MF 
shape for giant planets.
High disk mass: giant 
planets of higher mass, but 
less of lower mass.

Disk lifetime changes both. 
Long living disks: giants
• more numerous and
• higher mass

-Correlation with MD

PIMF: Dependence on disk properties

Metallicity Disk mass Disk lifetime

• Metal poor systems produce more small bodies
• Minimum metallicity effect for Super-Earths & Neptunes   

No metallicity effect 
for Neptunes

366 S. Udry et al.: The HARPS search for southern extra-solar planets. V.

check whether these models lead to a di!erent planetary initial
mass function than in Ida & Lin (2004a).

At first glance, the relatively numerous small-mass objects
discovered so far seem to pose a problem for current planet
formation theories (Lovis et al. 2005); however, the situation
is actually more complex. For example, examining a poten-
tial metallicity-mass relation for exoplanets, Rice & Armitage
(2005) raise the possibility that the planet desert might be popu-
lated by late-forming planets for which the evolution/migration
is stopped at intermediate masses and distances by the dissolu-
tion of the disk. Also, since all the very low-mass planets that
are currently known are located close to their star, one cannot
exclude the possibility that these objects were initially much
more massive and then have lost a significant amount of their
mass through evaporation during their lifetime (see Bara!e
et al. 2004, 2005, for a more detailed discussion).

While mass loss from initially more massive objects could
possibly account for the light planets very close to their star, it
is not clear whether µ Ara c located at a distance of 0.09 AU
could actually result from the evaporation of a more massive
object. The situation is even more critical for HD 4308 b that is
located farther away (0.115 AU) from its parent star, which is,
in addition, less luminous than µ Ara by a factor of !1.8. The
e!ects could possibly be compensated for, at least partially,
by the estimated very old age of the star. However, as more
µ Ara-like objects are being discovered, and if they are all the
results of the evaporation of larger mass planets, the question of
the probability of detecting these systems shortly before com-
plete evaporation will become a central one. As already stated
by Bara!e et al. (2005), the current evaporation models are
still a!ected by large uncertainties – lack of detailed chemistry,
non-standard chemical composition in the envelope, e!ect or
rocky/icy cores, etc. – that will need to be clarified in order
to solve the question of the possible formation of µ Ara-type
planets through evaporation.

Finally, given their close location to their star, the detected
small mass planets are likely to have migrated to their current
position from further out in the nebula. The chemical compo-
sition of these planets will depend upon the extent of their mi-
gration and the thermal history of the nebula and, hence, on the
composition of the planetesimals along the accretion path of
the planet. The situation is complicated by the fact that the ice-
line itself is moving as the nebula evolves (see e.g. Sasselov
& Lecar 2000). Detailed models of planetary formation that in-
clude these e!ects have yet to be developed.

5.2. Influence of parent star metallicity

It is well-established that the detected giant planets prefer-
entially orbit metal-rich stars (Gonzalez 1998; Gonzalez &
Vanture 1998; Gonzalez et al. 2001; Santos et al. 2001, 2003,
2005; Fischer & Valenti 2005). The frequency of planets is
even found to be a steeply rising function of the parent star’s
metallicity, as soon as the latter is over solar (Santos et al.
2001; Fischer & Valenti 2005). In the scenario where gas giants
acquire their mass through planetesimal coagulation followed
by rapid gas accretion onto the core, the high probability of a

Fig. 7. Metallicity distribution of the sample of extrasolar planet hosts
for planets with shorter periods than 20 days. Stars with Neptune-mass
planets are indicated by the shaded histogram.

planet to be present around metal-rich stars arises naturally4 if
protostellar disks attain the same fraction of heavy material as
the forming central star (Ida & Lin 2004b).

If the new hot Neptune planets are the remains of evapo-
rated ancient giant planets, they should also follow the metal-
licity trend of their giant progenitors. This does not seem to be
the case, considering that the 7 known planets with m2 sin i "
21 M# – µ Ara c (Santos et al. 2004b), 55 Cnc (McArthur et al.
2004), Gl 436 (Butler et al. 2004), Gl 777A c (Vogt et al. 2005),
Gl 876 d (Rivera et al. 2005), Gl 581 (Bonfils et al. 2005),
and HD 4308 b – have metallicities of 0.33, 0.35, 0.02, 0.14,
$0.03, $0.25, and $0.31, respectively. Although the statistics
are still poor, the spread of these values over the nearly full
range of planet-host metallicities (Fig. 7) suggests a di!erent
relation between metal content and planet frequency for the
icy/rocky planets in regard to the giant ones.

However, we have to note here that 3 of the candidates
orbit M-dwarf primaries. Recent Monte-Carlo simulations by
Ida & Lin (2005) show that planet formation around small-
mass primaries tends to form planets with lower masses in the
Uranus/Neptune domain. A similar result that favours lower-
mass planets is also observed for solar-type stars in the case of
the low metallicity of the protostellar nebula (Ida & Lin 2004b;
Mordasini et al. in prep.). Future improvements in the planet-
formation models and new detections of very-low mass planets
will help to better understand these 2 converging e!ects.

6. Summary and concluding remarks

In this paper we have reported the detection of a new very
light planet in the Uranus/Neptune mass range that orbits the

4 On the contrary, such a correlation is not expected with the
gravitational-instability scenario. Recent simulations even lead to the
opposite result (Cai et al. 2005).

[Fe/H] dist. of Hot Neptunes: flat!
[Fe/H] dist. of all known planets 
P<20 d

Low mass 
planets

Observation

Udry, Mayor, Benz 
et al. 2006



Observation 

10 m/s (KS)
1m/s
0.1 m/s
Full Population

Synthetic 

dryness of the planetary 
desert

Hints of the Neptunian bump and 
the minimum at 30 M⊕?

?

Observational 
bias

All instruments
HARPS (1 m/s)

Udry & Santos 2007

Towards the underlying mass distribution



★ Improved/extended core accretion models form giant planets well within disk lifetime
‣  No need for a faster formation mechanism at small distances.

★    Improved/extended core accretion models allow quantitative tests with observations
-for the giant planets of our own solar system
-for extrasolar planets

★    The principles of core accretion explain in an unified way the formation of giant  
and terrestrial planets.

‣ No need for a special mechanism for giant planets. “Direct imaging” planets: 
core accretion +  (scattering, tidal outward migration,..) ?

Conclusions

★   Population synthesis is a powerful method for such tests  
‣ The whole population of known planets can be used to constrain model 
parameters and to improve the models.
‣ Exploit the full observational investment to feed back on theory

★   Populations obtained from extended core accretion models can reproduce the most 
important observed properties & correlations in a quantitative significant way. 

‣ This is not obvious as formation models are still a much simplified 
description .. much can be improved and extended
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