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Outline

• Isothermal Type I planetary migration

• Corotation torques and horseshoe drag

• Migration in adiabatic discs

• Outstanding issues



Set-up
• Vertically averaged quantities (2D problem)

• Disc scale height h = H /r < 1

• Mass ratio planet/star q < h3

• Power law in density (index -α) and 
temperature (index -β) initially

• Adiabatic index γ



Isothermal Migration

• Type I: low-mass, q < h3 

• Isothermal: β=0, γ=1

• Linear disc response (no gap) 
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Isothermal migration

• Torque can be decomposed in:

• Lindblad torque (due to wakes)

• Corotation torque

• Linearise dynamical equations and solve...



Isothermal migration

• Tanaka et al. (2002)

• Widely used

• Inward migration

• Corotation ∝ (3/2-α)

• Time scale problem...
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3 NUMERICAL METHODS

Equations 1, 2 and 3 are solved on a cylindrical grid, ex-
tending from r/rp = 0.4 to r/rp = 1.6, and the full 2! in
azimuth. The typical resolution amounts to !r/rp = 0.0013
and !" = 0.0025. Due to the small radial extent of the
horseshoe region, a large radial resolution is required. We
have checked that taking square cells around the planet’s
location (by doubling the resolution in ") does not influence
the results.

We have used three independent numerical codes:
RODEO (ROe solver for Disc Embedded Objects,
Paardekooper & Mellema 2006b), based on an approxi-
mate Riemann solver, FARGO (Fast Advection in Rotating
Gaseous Objects, Masset 2000a,b), and RH2D (Radiation
Hydrodynamics in 2 Dimensions, Kley 1989, 1999). The lat-
ter two methods are based on the van Leer upwind algo-
rithm.

RODEO is based on the general relativistic Roe solver
outlined in Eulderink & Mellema (1995). It uses station-
ary extrapolation to integrate gravitational and geometrical
source terms, and can handle arbitrary coordinate frames.
Since it is based on a Riemann solver, RODEO is specifically
designed to handle sharp discontinuities, usually in the con-
text of shocks. We will see in section 6 that although shocks
do not play a role for low-mass planets, discontinuities arise
in the flow for which the use of a Riemann solver can be an
advantage.

RH2D is a 2D mixed explicit/implicit second-order up-
wind algorithm that also uses a staggered grid. It can treat
radiation transport in the flux-limited di"usion approxima-
tion, but in this paper we are only concerned with adiabatic
discs. Its advection algorithm is based on the monotonic
transport scheme by van Leer (1977).

FARGO1 is a 2D hydrodynamical code, using a polar
grid centred on the star. It solves the Navier-Stokes and
continuity equations, as well as the energy equation in a
more recent version (Baruteau & Masset 2008a), which we
use here. It is based on van Leer upwind algorithm, on a
staggered mesh. Both FARGO and RH2D use the FARGO
algorithm : in each ring i, at every time-step, the averaged
azimuthal velocity v̄!,i is computed. The ring is globally
shifted by the corresponding number of cells for the consid-
ered time-step length #t : ni = E[v̄!,i

"t
r"! ], where #" is the

elementary angle associated to a cell, and r the radius of
the ring. Then, the advection is performed using the rem-
nant azimuthal velocity in every cell v!

! = v!!ni r #"/#t. In
rotating disks where |v!

!| " v̄!, this enables a speed-up of
the computation, and a lower numerical di"usivity becasue
of the larger time step.

4 ISOTHERMAL TYPE I MIGRATION

In this section, we briefly review recent progress on Type I
migration in the isothermal limit. This will prove helpful in
understanding the general case, since very similar processes
operate.

One can linearise equations 1 and 2 and solve these
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numerically using outgoing wave boundary conditions (Ko-
rycansky & Pollack 1993). This yields a Lindblad torque
(Tanaka et al. 2002, their 2D result):

#L/#0 = !3.2! 1.468$, (7)

with2

#0 = (q/h)2$pr4
p%2

p, (8)

and a corotation torque

#c,lin/#0 = 2.04! 1.36$. (9)

Note that the linear corotation torque is proportional to the
radial gradient of specific vorticity (Goldreich & Tremaine
1979), being zero for $ = 3/2. It is also important to stress
that these results were obtained with essentially no gravita-
tional softening.

It was shown in Paardekooper & Papaloizou (2009a)
that corotation torques are non-linear in general, unless a
very strong viscosity is applied. The linear corotation torque
is replaced by non-linear horseshoe drag (Ward 1991):

#HS/#0 =
3
4

„
3
2
! $

«
x4

s
h2

q2
, (10)

where xs is the half-width of the horseshoe region, in units of
rp. In the limit b# 0, it was shown in Paardekooper & Pa-
paloizou (2009b) that x2

s = 1.68q/h, making the horseshoe
drag

#HS/#0 = 2.11

„
3
2
! $

«
= 3.18! 2.11$, (11)

which is a factor of more than 3/2 larger than the linear
corotation torque. The result that the non-linear corotation
torque is larger than its linear counterpart also holds for
non-zero gravitational softening.

One can then combine equations 7 and 11 to obtain a
formula for the total torque:

#/#0 = !0.02! 3.578$, (12)

which can be seen as a non-linear equivalent of the 2D for-
mula of Tanaka et al. (2002):

#lin/#0 = !1.16! 2.828$. (13)

For a constant surface density disc ($ = 0), inward migra-
tion has slowed down by a factor of 100 through non-linear
e"ects. However, these formulae are of limited use due to the
lack of gravitational softening. In general b should be of the
order of h to account for 3D averaging e"ects, which would
lead to a di"erent value of xs (Paardekooper & Papaloizou
2009b) and a di"erent Lindblad torque (Paardekooper &
Papaloizou 2009a). The general conclusion that non-linear
corotation torques can slow down Type I migration is still
valid, however.

5 A SIMPLE ADIABATIC MODEL

In this section, we will construct a simple model describ-
ing Type I migration in terms of a linear Lindblad torque

2 All torques presented in this paper will be normalised by !0.
Note that !0 is proportional to q2.
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Isothermal migration

• Planets more massive than the Earth, 
embedded in MMSN, will migrate inward all 
the way to the star before disc disappears

• Migration speed proportional to q

• Most problematic for cores of giant planets



Corotation torques and 
horseshoe drag

• Ward (1991) formulated an alternative 
expression for the corotation torque

• Based on streamline analysis: horseshoe 
orbits

• Also proportional to radial vortensity 
gradient
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Figure 4. Schematic overview of streamlines near the horseshoe
region, with the planet indicated by the black dot. The separatrix
is colored black, and the thick curve indicates the location of the
entropy discontinuity. The top and bottom of the figure can be
thought of as !2 and !1, respectively. This picture applies before
any material that has made the turn comes back on the other side
of the planet.

entropy and vortensity gradients. Following Ward (1991) we
consider the torque produced by material on streamlines un-
dergoing horseshoe turns. We consider a region R interior to
the two separatrices, separating the horseshoe region from
the rest of the disc, and bounded by two lines of constant
!, !1 and !2 on the trailing and leading sides of the proto-
planet respectively (see Paardekooper & Papaloizou 2009a,
and also Fig. 4). These boundaries are supposed to be su"-
ciently far from the protoplanet that the corotation torque
is determined within. Assuming a steady state, this torque
may be obtained by considering the conservation of angular
momentum within R written in the form

!c,hs =

Z Z

R
#

„
"$p

"!

«
rd!dr = !

»Z
Fdr

–!2

!1

, (22)

with F = #(j ! jp)(%! %p)r (see Paardekooper & Pa-
paloizou 2009a). Here j = rv! is the specific angular mo-
mentum and jp is j evaluated at the orbital radius of the
protoplanet. Assuming symmetric horseshoe turns (for a
validation see section 5.2.2 below), we have

!c,hs = 2rp

Z xs

0

(F ! F0)dx, (23)

where F0 equals F in the unperturbed disc and x =
(r ! rp)/rp. Assuming Keplerian rotation, and using
first order expansions for j ! jp and % ! %p, we can
approximate

F ! F0 " !
3
4
r3
p#p%2

px2 #! #0

#0
. (24)

Below, we discuss some physical arguments that allow us
to relate the state (density, pressure and velocity) after the
turn to the initial state.

5.2.1 Pressure equilibrium

First of all, it is important to note that the disc will al-
ways try to maintain pressure balance: material that has
executed a horseshoe turn should still be in pressure equilib-
rium with its surroundings. This assumption was not made
in the original barotropic model (Ward 1991), where the
density (and therefore the pressure) was allowed to change
while keeping the rotation profile fixed, similar as in equa-
tion 24. In reality, the disc will change its rotation
profile in order to retain pressure balance. However,
this adjustment after the turn does of course not a&ect the
torque. We can therefore use equation 24, where only density
changes are considered, to obtain the torque on the planet,
but we have to keep in mind that the actual state of the
fluid after the turn may well be di&erent. Below, we work
out the density changes due to entropy conservation
and vortensity evolution. While entropy conserva-
tion can work directly on the density, because the
pressure can be kept constant, the vortensity evolu-
tion will mainly a!ect the rotation profile, just as in
the barotropic case. To obtain the torque, however,
it is again su"cient to consider changes in surface
density only, and use equation 24.

5.2.2 Mass conservation

One important constraint that has not been discussed so
far is conservation of mass, which states that the amount of
mass that goes into the horseshoe turn at x < 0 must come
out of the turn at x > 0. If material between x = x0 < 0 and
x = 0 will make the turn and come out of the turn between
x = 0 and x = x1 > 0, then we must have that
Z x1

x0

#(%! %p)rdr = 0. (25)

It is clear that the assumption of pressure balance, together
with mass conservation, will lead to an asymmetry in the
horseshoe leg (i.e. x1 #= !x0). Since the e&ect works in the
opposite direction for the other horseshoe leg, the end result
is that one leg will appear wider than the other. Although
this in general can a&ect the torque, we show below that the
impact on the torque is usually quite small.

For simplicity, we take the gradients of entropy and spe-
cific vorticity to be zero. There is still an asymmetry in this
case due to curvature, and this will give us an estimate of
the importance of this e&ect. We then have # = #0 and
% = %K (ignoring the radial pressure gradient), and using a
first-order Taylor expansion of %! %p and #0, we have
Z x1

x0

(1! #x + x)xdx = 0. (26)

Writing x1 = !x0 + $x, and keeping only terms that are
first order in $x, we can solve for $x:

$x =
2
3

(#! 1) x2
0. (27)

Since $x $ x0 (because x0 $ 1), the combined e&ect of
both horseshoe legs on the torque, which scales as x4

s , is a
change of a factor (1+2$x/x0), which can be of the order of
10% for considerable gradients in density. When gradients
of specific vorticity and entropy are present, they can also
contribute to the asymmetry (for example through equation

c! 2008 RAS, MNRAS 000, 1–16



Linear or non-linear?

• Horseshoe drag: 

• Linear torque:
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very strong viscosity is applied. The linear corotation torque
is replaced by non-linear horseshoe drag (Ward 1991):

#HS/#0 =
3
4

„
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2
! $

«
x4

s
h2

q2
, (10)

where xs is the half-width of the horseshoe region, in units of
rp. In the limit b# 0, it was shown in Paardekooper & Pa-
paloizou (2009b) that x2

s = 1.68q/h, making the horseshoe
drag

#HS/#0 = 2.11

„
3
2
! $

«
= 3.18! 2.11$, (11)

which is a factor of more than 3/2 larger than the linear
corotation torque. The result that the non-linear corotation
torque is larger than its linear counterpart also holds for
non-zero gravitational softening.

One can then combine equations 7 and 11 to obtain a
formula for the total torque:

#/#0 = !0.02! 3.578$, (12)

which can be seen as a non-linear equivalent of the 2D for-
mula of Tanaka et al. (2002):

#lin/#0 = !1.16! 2.828$. (13)

For a constant surface density disc ($ = 0), inward migra-
tion has slowed down by a factor of 100 through non-linear
e"ects. However, these formulae are of limited use due to the
lack of gravitational softening. In general b should be of the
order of h to account for 3D averaging e"ects, which would
lead to a di"erent value of xs (Paardekooper & Papaloizou
2009b) and a di"erent Lindblad torque (Paardekooper &
Papaloizou 2009a). The general conclusion that non-linear
corotation torques can slow down Type I migration is still
valid, however.

5 A SIMPLE ADIABATIC MODEL

In this section, we will construct a simple model describ-
ing Type I migration in terms of a linear Lindblad torque

2 All torques presented in this paper will be normalised by !0.
Note that !0 is proportional to q2.
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3 NUMERICAL METHODS

Equations 1, 2 and 3 are solved on a cylindrical grid, ex-
tending from r/rp = 0.4 to r/rp = 1.6, and the full 2! in
azimuth. The typical resolution amounts to !r/rp = 0.0013
and !" = 0.0025. Due to the small radial extent of the
horseshoe region, a large radial resolution is required. We
have checked that taking square cells around the planet’s
location (by doubling the resolution in ") does not influence
the results.

We have used three independent numerical codes:
RODEO (ROe solver for Disc Embedded Objects,
Paardekooper & Mellema 2006b), based on an approxi-
mate Riemann solver, FARGO (Fast Advection in Rotating
Gaseous Objects, Masset 2000a,b), and RH2D (Radiation
Hydrodynamics in 2 Dimensions, Kley 1989, 1999). The lat-
ter two methods are based on the van Leer upwind algo-
rithm.

RODEO is based on the general relativistic Roe solver
outlined in Eulderink & Mellema (1995). It uses station-
ary extrapolation to integrate gravitational and geometrical
source terms, and can handle arbitrary coordinate frames.
Since it is based on a Riemann solver, RODEO is specifically
designed to handle sharp discontinuities, usually in the con-
text of shocks. We will see in section 6 that although shocks
do not play a role for low-mass planets, discontinuities arise
in the flow for which the use of a Riemann solver can be an
advantage.

RH2D is a 2D mixed explicit/implicit second-order up-
wind algorithm that also uses a staggered grid. It can treat
radiation transport in the flux-limited di"usion approxima-
tion, but in this paper we are only concerned with adiabatic
discs. Its advection algorithm is based on the monotonic
transport scheme by van Leer (1977).

FARGO1 is a 2D hydrodynamical code, using a polar
grid centred on the star. It solves the Navier-Stokes and
continuity equations, as well as the energy equation in a
more recent version (Baruteau & Masset 2008a), which we
use here. It is based on van Leer upwind algorithm, on a
staggered mesh. Both FARGO and RH2D use the FARGO
algorithm : in each ring i, at every time-step, the averaged
azimuthal velocity v̄!,i is computed. The ring is globally
shifted by the corresponding number of cells for the consid-
ered time-step length #t : ni = E[v̄!,i

"t
r"! ], where #" is the

elementary angle associated to a cell, and r the radius of
the ring. Then, the advection is performed using the rem-
nant azimuthal velocity in every cell v!

! = v!!ni r #"/#t. In
rotating disks where |v!

!| " v̄!, this enables a speed-up of
the computation, and a lower numerical di"usivity becasue
of the larger time step.

4 ISOTHERMAL TYPE I MIGRATION

In this section, we briefly review recent progress on Type I
migration in the isothermal limit. This will prove helpful in
understanding the general case, since very similar processes
operate.

One can linearise equations 1 and 2 and solve these

1 http://fargo.in2p3.fr/

numerically using outgoing wave boundary conditions (Ko-
rycansky & Pollack 1993). This yields a Lindblad torque
(Tanaka et al. 2002, their 2D result):

#L/#0 = !3.2! 1.468$, (7)

with2

#0 = (q/h)2$pr4
p%2

p, (8)

and a corotation torque

#c,lin/#0 = 2.04! 1.36$. (9)

Note that the linear corotation torque is proportional to the
radial gradient of specific vorticity (Goldreich & Tremaine
1979), being zero for $ = 3/2. It is also important to stress
that these results were obtained with essentially no gravita-
tional softening.

It was shown in Paardekooper & Papaloizou (2009a)
that corotation torques are non-linear in general, unless a
very strong viscosity is applied. The linear corotation torque
is replaced by non-linear horseshoe drag (Ward 1991):
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, (10)

where xs is the half-width of the horseshoe region, in units of
rp. In the limit b# 0, it was shown in Paardekooper & Pa-
paloizou (2009b) that x2

s = 1.68q/h, making the horseshoe
drag

#HS/#0 = 2.11

„
3
2
! $

«
= 3.18! 2.11$, (11)

which is a factor of more than 3/2 larger than the linear
corotation torque. The result that the non-linear corotation
torque is larger than its linear counterpart also holds for
non-zero gravitational softening.

One can then combine equations 7 and 11 to obtain a
formula for the total torque:

#/#0 = !0.02! 3.578$, (12)

which can be seen as a non-linear equivalent of the 2D for-
mula of Tanaka et al. (2002):

#lin/#0 = !1.16! 2.828$. (13)

For a constant surface density disc ($ = 0), inward migra-
tion has slowed down by a factor of 100 through non-linear
e"ects. However, these formulae are of limited use due to the
lack of gravitational softening. In general b should be of the
order of h to account for 3D averaging e"ects, which would
lead to a di"erent value of xs (Paardekooper & Papaloizou
2009b) and a di"erent Lindblad torque (Paardekooper &
Papaloizou 2009a). The general conclusion that non-linear
corotation torques can slow down Type I migration is still
valid, however.

5 A SIMPLE ADIABATIC MODEL

In this section, we will construct a simple model describ-
ing Type I migration in terms of a linear Lindblad torque

2 All torques presented in this paper will be normalised by !0.
Note that !0 is proportional to q2.
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3 NUMERICAL METHODS

Equations 1, 2 and 3 are solved on a cylindrical grid, ex-
tending from r/rp = 0.4 to r/rp = 1.6, and the full 2! in
azimuth. The typical resolution amounts to !r/rp = 0.0013
and !" = 0.0025. Due to the small radial extent of the
horseshoe region, a large radial resolution is required. We
have checked that taking square cells around the planet’s
location (by doubling the resolution in ") does not influence
the results.

We have used three independent numerical codes:
RODEO (ROe solver for Disc Embedded Objects,
Paardekooper & Mellema 2006b), based on an approxi-
mate Riemann solver, FARGO (Fast Advection in Rotating
Gaseous Objects, Masset 2000a,b), and RH2D (Radiation
Hydrodynamics in 2 Dimensions, Kley 1989, 1999). The lat-
ter two methods are based on the van Leer upwind algo-
rithm.

RODEO is based on the general relativistic Roe solver
outlined in Eulderink & Mellema (1995). It uses station-
ary extrapolation to integrate gravitational and geometrical
source terms, and can handle arbitrary coordinate frames.
Since it is based on a Riemann solver, RODEO is specifically
designed to handle sharp discontinuities, usually in the con-
text of shocks. We will see in section 6 that although shocks
do not play a role for low-mass planets, discontinuities arise
in the flow for which the use of a Riemann solver can be an
advantage.

RH2D is a 2D mixed explicit/implicit second-order up-
wind algorithm that also uses a staggered grid. It can treat
radiation transport in the flux-limited di"usion approxima-
tion, but in this paper we are only concerned with adiabatic
discs. Its advection algorithm is based on the monotonic
transport scheme by van Leer (1977).

FARGO1 is a 2D hydrodynamical code, using a polar
grid centred on the star. It solves the Navier-Stokes and
continuity equations, as well as the energy equation in a
more recent version (Baruteau & Masset 2008a), which we
use here. It is based on van Leer upwind algorithm, on a
staggered mesh. Both FARGO and RH2D use the FARGO
algorithm : in each ring i, at every time-step, the averaged
azimuthal velocity v̄!,i is computed. The ring is globally
shifted by the corresponding number of cells for the consid-
ered time-step length #t : ni = E[v̄!,i
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r"! ], where #" is the

elementary angle associated to a cell, and r the radius of
the ring. Then, the advection is performed using the rem-
nant azimuthal velocity in every cell v!

! = v!!ni r #"/#t. In
rotating disks where |v!

!| " v̄!, this enables a speed-up of
the computation, and a lower numerical di"usivity becasue
of the larger time step.

4 ISOTHERMAL TYPE I MIGRATION

In this section, we briefly review recent progress on Type I
migration in the isothermal limit. This will prove helpful in
understanding the general case, since very similar processes
operate.

One can linearise equations 1 and 2 and solve these
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numerically using outgoing wave boundary conditions (Ko-
rycansky & Pollack 1993). This yields a Lindblad torque
(Tanaka et al. 2002, their 2D result):

#L/#0 = !3.2! 1.468$, (7)

with2

#0 = (q/h)2$pr4
p%2

p, (8)

and a corotation torque

#c,lin/#0 = 2.04! 1.36$. (9)

Note that the linear corotation torque is proportional to the
radial gradient of specific vorticity (Goldreich & Tremaine
1979), being zero for $ = 3/2. It is also important to stress
that these results were obtained with essentially no gravita-
tional softening.

It was shown in Paardekooper & Papaloizou (2009a)
that corotation torques are non-linear in general, unless a
very strong viscosity is applied. The linear corotation torque
is replaced by non-linear horseshoe drag (Ward 1991):
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3
4

„
3
2
! $

«
x4

s
h2

q2
, (10)

where xs is the half-width of the horseshoe region, in units of
rp. In the limit b# 0, it was shown in Paardekooper & Pa-
paloizou (2009b) that x2

s = 1.68q/h, making the horseshoe
drag

#HS/#0 = 2.11
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3
2
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= 3.18! 2.11$, (11)

which is a factor of more than 3/2 larger than the linear
corotation torque. The result that the non-linear corotation
torque is larger than its linear counterpart also holds for
non-zero gravitational softening.

One can then combine equations 7 and 11 to obtain a
formula for the total torque:

#/#0 = !0.02! 3.578$, (12)

which can be seen as a non-linear equivalent of the 2D for-
mula of Tanaka et al. (2002):

#lin/#0 = !1.16! 2.828$. (13)

For a constant surface density disc ($ = 0), inward migra-
tion has slowed down by a factor of 100 through non-linear
e"ects. However, these formulae are of limited use due to the
lack of gravitational softening. In general b should be of the
order of h to account for 3D averaging e"ects, which would
lead to a di"erent value of xs (Paardekooper & Papaloizou
2009b) and a di"erent Lindblad torque (Paardekooper &
Papaloizou 2009a). The general conclusion that non-linear
corotation torques can slow down Type I migration is still
valid, however.

5 A SIMPLE ADIABATIC MODEL

In this section, we will construct a simple model describ-
ing Type I migration in terms of a linear Lindblad torque

2 All torques presented in this paper will be normalised by !0.
Note that !0 is proportional to q2.
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that this resolution is sufficient to capture the horseshoe dynamics
for xs > 0.004. We include all disc material in the torque calculation
(not excluding any material close to the planet), and the planet is
introduced with its full mass at t = 0. For low-mass planets, this
does not affect the results.

First, in Section 6.1, we study the development of the horseshoe
drag and its relationship to linear theory. Then, in Section 6.2, we
study the long-term behaviour (saturation) of the corotation torque.

6.1 Development of the non-linear torque

We start by considering a planet with a relatively high mass, q =
1.26 ! 10"5, which corresponds to 4 M# around a solar mass star.
Although this is the planet with the largest mass we consider, it has
been expected to be well within the linear regime (Masset et al.
2006). In Fig. 3, we show that for a disc with constant specific vor-
ticity, we can reproduce the expected linear torque for all reasonable
values of b. For very small values of b, one may expect a departure
from linear theory, since at this point, an envelope may form that is
gravitationally bound to the planet, which probably should be ex-
cluded from the torque calculation. We do not consider this regime
here, since we expect to adopt a value of b comparable to h in order
to account for vertical averaging. The important point is that we can
match our linear calculations to the hydrodynamical simulations in
the absence of corotation torques (linear as well as non-linear).

This is further illustrated in Fig. 7, where we show the time
evolution of the total torque on the planet for different surface
density profiles. We see that the case with ! = 3/2 nicely falls on
the corresponding linear result. Also note that this torque is set up
in approximately one orbital period. This is to be expected for both
the Lindblad and the linear corotation torque (see the Appendix).

Different surface density profiles give remarkably different re-
sults. All cases except ! = 3/2 show a departure from linear theory,
the sign of which is dictated by the vortensity gradient. This indi-
cates that the corotation torque is enhanced with respect to its linear
value. This enhancement takes approximately 20 orbits to develop
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"=-1/2

Figure 7. Total torque on the planet for an isothermal, inviscid hp = 0.05
disc with b = 0.03 and q = 1.26 ! 10"5, for different surface density
profiles. The dotted lines indicate the linear torque for increasing ! from top
to bottom panels.

0 5 10 15 20 25 30
t (orbits)

-600

-400

-200

0

200

400

!/
q2

!lin

!lin-!C,lin+!HS

!lin+!HS

#=0
#=10-4

#=10-3

Figure 8. Total torque on the planet in an isothermal hp = 0.05 disc with
! = "1/2 for b = 0.03 and q = 1.26 ! 10"5 for different magnitudes of the
viscosity. The horizontal lines indicate, from bottom to top panels, the total
linear torque, the Lindblad torque with the horseshoe torque (found using
the procedure outlined in Section 5) added and the total linear torque with
the horseshoe torque added.

after which the torques attain steady values for the remainder of the
simulations. This time period, as we show below, can be understood
as being a fraction of the libration time-scale, and is therefore re-
lated to a non-linear effect. Note that in all cases, linear theory is
only valid at early times (less than about two orbits) during which as
expected the linear corotation torque is set up on a dynamical time-
scale. At later times, it gets replaced by the non-linear horseshoe
drag.

We take a closer look at the ! = "1/2 case illustrated in Fig. 8.
The horizontal-dotted lines indicate, from bottom to top panels, the
linear torque, the linear Lindblad torque with the horseshoe drag
added and the total linear torque with the horseshoe drag added.
From the solid line, we see that the total torque can be understood
as the linear torque, with the linear corotation torque replaced by
the horseshoe drag. We have found this to be true for all values of
! considered (see Fig. 9). It is also expected from the discussion
given in Section 3.

The magnitude of the non-linear torque depends on the magni-
tude of the viscosity in the disc. Recall that whenever we include
viscosity in the model, we do not allow for large-scale mass flow
with respect to the planet (see also Section 7). It is easy to under-
stand this dependence, since the horseshoe drag model hinges on
vortensity conservation while the fluid executes a horseshoe turn.
For strong enough viscosities, we can recover the linear torque, but
note that the large values " > $10"3 required correspond to a very
large ! viscosity parameter of !visc = 0.4. This is because only then
can the viscosity directly affect the horseshoe turn. In Section 6.2,
we will see that lower viscosities are in fact sufficient to keep the
torque unsaturated.

Returning to inviscid discs, we show in Fig. 9 the total torque on
the disc for different values of !, confirming that the horseshoe drag
indeed replaces the linear corotation torque. Note that we expect a
torque reversal around ! = "1, while the linear calculations predict
this would only happen around ! = "3. Also note that steep density
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Isothermal Migration
• Numerical simulations do not agree with 

linear theory!

• Linear corotation torque is replaced by 
non-linear horseshoe drag

• Migration can be reversed for mildly 
positive density gradients (no traps 
needed!)



Intermediate mass

• Result holds for planets up to ~10 M⊕

• ~10-30 M⊕: horseshoe width larger

• Boost in corotation torque (Masset et al 
2006) 



Adiabatic discs

• Lindblad torque reduced by a factor γ

• Additional, entropy-related horseshoe drag

• Outward migration (Paardekooper & 
Mellema 2006)!



Adiabatic discs

• The entropy-related horseshoe drag is 
proportional to ξ=β-(γ-1)α

• Very strong!

• Outward migration for negative 
temperature gradients.
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We stress again that the contribution of the vorten-
sity to the density perturbations (the last two terms
in the equation above) will a!ect the rotation pro-
file rather than the density. However, the torque ex-
erted on the planet will be the same, just as in the
barotropic case.

In order to find the torque, we can now perform
the integral in equation 23, using equations 24 and 41,
yielding

!c,hs =
3
4
"pr4

p#2
px4

s

„
3
2
! ! +

"
#

„
8q

v̄dx2
s

+ 1! 3
v̄

««
(42)

For " = 0, we recover the barotropic result of Ward
(1991). Note that although xs is well-defined for b " 0
(Paardekooper & Papaloizou 2009b), the contribution of the
entropy discontinuity diverges if d" 0 as well.

If we write xs = C
p

q/h/#1/4, with C = C(b/h)
(Paardekooper & Papaloizou 2009b), then we have:

#!c,hs/!0 =
3
4
C4

„
3
2
! ! +

"
#

„
8
#

#

v̄C2

h
d

+ 1! 3
v̄

««
. (43)

Note that the component due to a radial entropy gradient
can easily overpower the contribution from the vortensity
gradient. Note also that for fixed b/h (which makes C a
constant as well, as long as xs < h), the horseshoe drag
!c,hs scales as q2/h2, just as the linear torque.

Numerical simulations and analytical arguments indi-
cate that the geometry of the horseshoe region is the same
for all low-mass planets, as long as xs < h (Masset et al.
2006; Paardekooper & Papaloizou 2009b). Therefore, one
choice of v̄ should su$ce. We have obtained good results
with v̄ = 1.1. We have measured the horseshoe width xs to
be

xs =
1.1

#1/4

„
0.4
b/h

«1/4r q
h

, (44)

i.e. C = 1.1 for b = 0.4h. We note that the scaling with b/h
breaks down for small softening (b/h < 0.3). Equation 43 is
then completely determined:

#!c,hs/!0 = 1.1
0.4
b/h

„
3
2
! !

«
+

"
#

0.4
b/h
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s
0.4
b/h

! 2

!
. (45)

5.3 Total torque

The total torque in the non-linear regime (t >$ 2 orbits
in an inviscid disc), before saturation sets in, is given by
(Paardekooper & Papaloizou 2009a)

! = !L + !c,hs, (46)

with !L given by equation 14, and !c,hs given by equation
45.

We now take b/h = 0.4, which makes the total torque:

#!/!0 = !2.5! 1.7$ + 0.1! + 1.1

„
3
2
! !

«
+ 7.5

"
#

, (47)

where the last two terms describe the non-linear corotation
torque. This equation is compared to numerical simulations
in Fig. 6, showing remarkably good agreement between our
simple model and fully non-linear hydrodynamical simula-
tions. We will defer a detailed numerical analysis to Sect.
6.
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Figure 6. Total torque on a q = 1.26 · 10!5 planet (with
b/h = 0.4) embedded in an adiabatic disc (! = 5/3, h = 0.05)
with di!erent density and temperature profiles. The dotted lines
indicate the prediction of equation 18 (middle two lines) and the
result of equation 47 (top and bottom lines). Results were ob-
tained using RODEO.

Equation 47 is shown as a function of ! and $ in the
middle panel of Fig. 7 for # = 5/3. Positive torques, and
therefore outward migration, are readily obtained for $ > 0,
i.e. for temperature profiles that decrease outward. A glance
at equation 14 reveals that this is completely due to the
entropy-related corotation torque, since the Lindblad torque
becomes more negative with increasing $. In the top panel of
Fig. 7 we show equation 47 for # = 1.4, a value often adopted
for protoplanetary discs (Paardekooper & Papaloizou 2008;
Kley & Crida 2008). For this lower value of #, the entropy
gradient depends stronger on the temperature gradient (see
equation 5), resulting in a steeper slope for the zero-torque
line. Since protoplanetary discs are expected to have $ > 0
in most parts, this indicates that outward migration is a
serious possibility.

In the bottom panel of Fig. 7, we return to # = 5/3,
but use a larger value of C, C = 1.3, that would correspond
to higher mass planets that are able to push against the
Lindblad wake to take the stagnation point close to (r, %) =
(rp, &) (Masset et al. 2006). Formally, one should use d = b
as well, but we have found that the stagnation point never
actually reaches the planet. E%ectively, one should use C <
1.3 in combination with b < d <

#
5b, but C = 1.3 in

combination with d =
#

5b gives reasonably good results
(see Sect. 6.6).

5.4 Locally isothermal limit

It is straightforward to obtain the isothermal limit of equa-
tion 47 by setting $ = 0 and # = 1 (and therefore " =
0), which then leaves the linear Lindblad torque plus the
vortensity-related horseshoe drag:

!iso/!0 = !0.85! !, (48)
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We stress again that the contribution of the vorten-
sity to the density perturbations (the last two terms
in the equation above) will a!ect the rotation pro-
file rather than the density. However, the torque ex-
erted on the planet will be the same, just as in the
barotropic case.

In order to find the torque, we can now perform
the integral in equation 23, using equations 24 and 41,
yielding
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For " = 0, we recover the barotropic result of Ward
(1991). Note that although xs is well-defined for b " 0
(Paardekooper & Papaloizou 2009b), the contribution of the
entropy discontinuity diverges if d" 0 as well.

If we write xs = C
p

q/h/#1/4, with C = C(b/h)
(Paardekooper & Papaloizou 2009b), then we have:
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Note that the component due to a radial entropy gradient
can easily overpower the contribution from the vortensity
gradient. Note also that for fixed b/h (which makes C a
constant as well, as long as xs < h), the horseshoe drag
!c,hs scales as q2/h2, just as the linear torque.

Numerical simulations and analytical arguments indi-
cate that the geometry of the horseshoe region is the same
for all low-mass planets, as long as xs < h (Masset et al.
2006; Paardekooper & Papaloizou 2009b). Therefore, one
choice of v̄ should su$ce. We have obtained good results
with v̄ = 1.1. We have measured the horseshoe width xs to
be

xs =
1.1
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, (44)

i.e. C = 1.1 for b = 0.4h. We note that the scaling with b/h
breaks down for small softening (b/h < 0.3). Equation 43 is
then completely determined:
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5.3 Total torque

The total torque in the non-linear regime (t >$ 2 orbits
in an inviscid disc), before saturation sets in, is given by
(Paardekooper & Papaloizou 2009a)

! = !L + !c,hs, (46)

with !L given by equation 14, and !c,hs given by equation
45.

We now take b/h = 0.4, which makes the total torque:

#!/!0 = !2.5! 1.7$ + 0.1! + 1.1

„
3
2
! !

«
+ 7.5

"
#

, (47)

where the last two terms describe the non-linear corotation
torque. This equation is compared to numerical simulations
in Fig. 6, showing remarkably good agreement between our
simple model and fully non-linear hydrodynamical simula-
tions. We will defer a detailed numerical analysis to Sect.
6.
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Figure 6. Total torque on a q = 1.26 · 10!5 planet (with
b/h = 0.4) embedded in an adiabatic disc (! = 5/3, h = 0.05)
with di!erent density and temperature profiles. The dotted lines
indicate the prediction of equation 18 (middle two lines) and the
result of equation 47 (top and bottom lines). Results were ob-
tained using RODEO.

Equation 47 is shown as a function of ! and $ in the
middle panel of Fig. 7 for # = 5/3. Positive torques, and
therefore outward migration, are readily obtained for $ > 0,
i.e. for temperature profiles that decrease outward. A glance
at equation 14 reveals that this is completely due to the
entropy-related corotation torque, since the Lindblad torque
becomes more negative with increasing $. In the top panel of
Fig. 7 we show equation 47 for # = 1.4, a value often adopted
for protoplanetary discs (Paardekooper & Papaloizou 2008;
Kley & Crida 2008). For this lower value of #, the entropy
gradient depends stronger on the temperature gradient (see
equation 5), resulting in a steeper slope for the zero-torque
line. Since protoplanetary discs are expected to have $ > 0
in most parts, this indicates that outward migration is a
serious possibility.

In the bottom panel of Fig. 7, we return to # = 5/3,
but use a larger value of C, C = 1.3, that would correspond
to higher mass planets that are able to push against the
Lindblad wake to take the stagnation point close to (r, %) =
(rp, &) (Masset et al. 2006). Formally, one should use d = b
as well, but we have found that the stagnation point never
actually reaches the planet. E%ectively, one should use C <
1.3 in combination with b < d <

#
5b, but C = 1.3 in

combination with d =
#

5b gives reasonably good results
(see Sect. 6.6).

5.4 Locally isothermal limit

It is straightforward to obtain the isothermal limit of equa-
tion 47 by setting $ = 0 and # = 1 (and therefore " =
0), which then leaves the linear Lindblad torque plus the
vortensity-related horseshoe drag:

!iso/!0 = !0.85! !, (48)

c! 2008 RAS, MNRAS 000, 1–16

Lindblad
Horseshoe drag



A new formula

• What are α, β and γ?

• MMSN: α=3/2, β=1, γ=1.4

• Viscously heated: α=1/2, β=1.2, γ=1.4  
(Kley & Crida 2008)
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Figure 7. Total torque, as given by equation 47, in units of !0/!.
The solid line indicates where the total torque is zero. The black
dot indicates the Minimum Mass Solar Nebula, having " = 1 and
# = 3/2. Top panel: ! = 1.4, middle panel: ! = 5/3. The bottom
panel is the same as the middle panel, but for C = 1.3, valid for
higher mass planets that obtain the maximum value of xs.
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Figure 8. Total torque on a q = 5 · 10!6 planet (with b/h = 0.6)
embedded in a locally isothermal disc with h = 0.05. Diamonds
denote numerical results obtained with FARGO, squares the re-
sult of equation 49. Corresponding results are connected with a
line.
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Figure 9. Total torque on a q = 1.26 · 10!5 planet (with b/h =
0.4) embedded in a locally isothermal disc (! = 1, h = 0.05,
" != 0) with di"erent density and temperature profiles. The dotted
lines indicate the result of equation 18. Results were obtained
with RODEO

where we have used b/h = 0.4. Compared to the 3D linear
result (equation 20), migration has slowed down by approx-
imately 50% for ! = 0, but the direction is inward for all
realistic surface density profiles.

A di!erent approximation that is often used is the lo-
cally isothermal limit, which means solving the isothermal
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Figure 9. Total torque on a q = 1.26 · 10!5 planet (with b/h =
0.4) embedded in a locally isothermal disc (! = 1, h = 0.05,
" != 0) with di"erent density and temperature profiles. The dotted
lines indicate the result of equation 18. Results were obtained
with RODEO

where we have used b/h = 0.4. Compared to the 3D linear
result (equation 20), migration has slowed down by approx-
imately 50% for ! = 0, but the direction is inward for all
realistic surface density profiles.

A di!erent approximation that is often used is the lo-
cally isothermal limit, which means solving the isothermal
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Adiabatic discs

• Outward Type I planetary migration is a 
serious possibility

• Especially for 10-30 M⊕ cores, which were 
problematic previously



Outstanding issues

• Where do discs behave adiabatically?

• What about saturation?

• What about turbulence?

• What about 3D?



Where adiabatic?

• Inner regions (r < 10 AU in MMSN)

• As disc loses mass, this radius moves 
inward

• ‘Slow’ mode of Type I migration, on a 
viscous time scale



Saturation

• In absence of diffusion, corotation torque 
saturates

• Both viscosity and thermal diffusion are 
needed to sustain corotation torque 
(Paardekooper & Papaloizou 2008)



Turbulence

• Do horseshoe turns survive MRI 
turbulence?

• How does saturation change when moving 
from laminar viscous to turbulent discs?



3D effects

• How strong is the corotation torque in 
3D?

• Indications are that it is even stronger than 
in 2D (Masset et al. 2006, Kley et al. 2009).



Conclusions
• Linear estimates of Type I migration are 

wrong

• The question whether migration poses a 
problem for planet formation can be 
rephrased in terms of disc properties.

• Outward Type I is possible in discs with 
negative radial entropy gradient.


