
Relations between Grothendieck-Teichmüller theory and multiple zeta values

Part 1. Grothendieck-Teichmüller theory

Notation:

• M0,n: moduli space of genus zero curves (Riemann surfaces) with n ordered marked points
y1, . . . , yn. It is a quasi-variety over Q of dimension n − 3. The first moduli space M0,4 is one-
dimensional and isomorphic to P1 − {0, 1,∞}.

• M0,[n] = M0,n/Sn: moduli space with unordered marked points

• Γ0,n = π1(M0,n), called the pure mapping class group, and Γ0,[n] = π1(M0,[n]), called the full
mapping class group: we have

Γ0,n = Diff+(Σ0,n)/Diff0(Σ0,n)

where Σ0,n denotes a topological surface of genus zero with n marked points.

• Bn is Artin braid group on n strands generated by σ1, . . . σn with σiσi+1σi = σi+1σiσi+1 and
σiσj = σjσi if |i− j| ≥ 2. Pn is pure Artin braid group generated by

xij = σ−1
j−1 · · ·σ

−1
i+1σ

2
i σi+1 · · ·σj−1

for i < j. If
Z = 〈x12x13x23 · · ·x1n · · ·xn−1,n, x1n · · ·xn−1,n〉

then we have
Γ0,n ' Pn/Z, Γ0,[n] = Bn/Z.

• To every simple closed loop on the topological surface Σ0,n we associate the Dehn twist along
the loop; it is the diffeomorphism of Σ0,n which twists along the loop, so an element of Γ0,n, which
is in fact generated by these twists.

• The stable compactification of M0,n is obtained by adjoining to M0,n points corresponding to
stable curves, which may have nodes: the points of M0,n which are “near the boundary” are those
for which the geodesic of one or more disjoint simple closed curves are of very short length for the
Poincaré metric, and the stable curves may have such geodesics of length 0, i.e. simple closed loops
on Σ0,n which are pinched to a point or node.

• The boundary is stratified by codimension. The codimension k connected components correspond
to stable curves with k disjoint pinched loops. The maximal connected components correspond to
stable curves with a single pinched loop γ. If γ separates the n marked points into two sets of
m and r points with m, r ≥ 2, then the boundary component is isomorphic to M0,m+1 ×M0,r+1.
The Dehn twist along γ in Γ0,n corresponds to a loop in M0,n around this “missing” boundary
component.

• Erasing a given point gives a morphism from M0,n → M0,n−1 which yields a point-erasing
homomorphism

Γ0,n → Γ0,n−1.

• Pinching a loop γ surrounding m points on Σ0,n gives a morphism from M0,m to the boundary
of M0,n as above, and corresponds to another homomorphism

Γ0,m → Γ0,n,
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the subsurface inclusion homomorphism, defined by considering Σ0,m as one piece of the pinched
Σ0,n, and mapping the Dehn twist along any simple closed loop on Σ0,m to the Dehn twist along
the same loop in Σ0,n.

• Let F̂2 denote the profinite free group on two generators x and y, identified with π̂1(P1 −
{0, 1,∞},−→01) equipped with a tangential base point and loops around 0 and 1.

The profinite Grothendieck-Teichmüller group is defined by

{(λ, f) ∈ Ẑ× F̂ ′
2|f(x, y)f(y, x) = 1, f(x, y)x

λ−1
2 f(z, x)z

λ−1
2 f(y, z)y

λ−1
2 = 1 if xyz = 1,

f(x12, x23)f(x34, x45)f(x51, x12)f(x23, x34)f(x45, x51) = 1.}

The k-pro-unipotent version of this group GT (k) for a field k was discovered by Drinfeld who
was studying deformations of quasi-triangular quasi-Hopf algebras. These are closely related to
braid groups, and he found that the action

(λ, f)(σi) = f(σ2
i , yi)σλ

i f(yi, σ
2
i )

makes GT (k) into an automorphism group of the k-pro-unipotent completion of Bn(k).
Someone pointed out to him the connection between a profinite version of his group and

Grothendieck’s approach, described in the Esquisse d’un Programme, of studying the absolute
Galois group GQ = Gal(Q/Q) via its action on fundamental groups of varieties over Q, and
particularly the moduli spaces. This connection between two theories gave rise to the first theorems
of Grothendieck-Teichmüller theory:

Theorem 1. ĜT is the group of inertia-preserving automorphisms of the collection of all the
profinite Ĝ0,n respecting all the point-erasing and subsurface inclusion maps between them.

Here, the term “inertia-preserving” means that conjugacy classes of inertia groups are pre-
served by the ĜT -action, as they always are by the Galois action.

Theorem 2. Theorem 1 holds if instead of the full tower we consider only the moduli spaces M0,4

and M0,5 of dimensions 1 and 2. In fact, for every n ≥ 5, ĜT is equal to the group of inertia
preserving automorphisms of Ĝ0,n which commute with the subgroup Sn ⊂ Out(Ĝ0,n) acting by
permuting the marked points.

Finally, the main connection with Galois theory:

Theorem 3. Since GQ is a group of automorphisms of all the Ĝ0,n respecting the homomorphisms
between them, there is an injection

GQ ↪→ ĜT .

The map σ 7→ (λ, f) is given by setting λ = χ(σ) and f ∈ F̂2 = π̂1(P1 − {0, 1,∞},−→01) the profinite
loop given by σ(p) = pf , where p is the path on P1 − {0, 1,∞} from −→01 to −→10.

Further directions of profinite Grothendieck-Teichmüller theory have been:

• Extending the elements of the theory to higher genus: relations permitting to extend the action
to the Ĝg,n, the two-level principle, etc.

• Exploring the question of whether GQ is or is not actually isomorphic to ĜT via arithmetic
properties (Ihara, Anderson, etc.)

2



Part 2. Multiple zeta values

For positive integers k1, . . . , kr with k1 ≥ 2, set

ζ(k1, . . . , kr) =
∑

n1>···>nr>0

1
nk1

1 · · ·nkr
r

.

The weight is n = k1 + · · ·+ kr, the depth is r.
These values are also given as integrals over simplices:

ζ(k1, . . . , kr) = (−1)r

∫
0≤t1≤···≤tn≤1

dtn · · · dt1
(tn − εn) · · · (t1 − ε1)

where n = k1 + . . . + kr and (ε1, . . . , εn) = (0, . . . , 0, 1, . . . , 0, . . . , 0, 1) with k1 − 1 0’s followed by a
1, then k2 − 1 0’s followed by a 1, etc.

Example: ζ(2) is obtained as:∫ 1

0

∫ t1

0

dt2dt1
(1− t2)t1

=
∫ 1

0

∫ t1

0

∑
i≥0

ti2dt2
dt1
t1

=
∑
i≥0

∫ 1

0

ti+1
1

i + 1
dt1
t1

=
∑
i≥0

1
(i + 1)

∫ 1

0

ti1dt1 =
∑
i≥0

1
(i + 1)2

=
∑
n>0

1
n2

= ζ(2).

Two multiplication rules:

• Stuffle multiplication (as series), multiply two series and break up the result into multizeta series:

ζ(2)ζ(2) = 2ζ(2, 2) + ζ(4)

• Shuffle multiplication (as integrals), multiply two integrals and break up the product integration
domain into simplices:

ζ(2)ζ(2) = 4ζ(3, 1) + 2ζ(2, 2)

. These multiplication rules make the Q-vector space generated by the multiple zeta values into
an algebra, denoted by Z.

Conjecture 1. Z is a graded algebra. In other words, there are no linear relations between
multizeta values of different weights.

Conjecture 2. The dimensions of the graded parts are given by the recursive formula dn =
dn−2 + dn−3 with d0 = 1, d1 = 0, d2 = 1, i.e. by the generating series 1/(1− x2 − x3).

Conjecture 3. The shuffle and stuffle relations generate all algebraic relations between multiple
zetas.

None of these conjectures are remotely within reach since they imply results on the transcen-
dence of the multizeta values.

But if we proceed on the assumption that they are true, we discover deep relations
with Grothendieck-Teichmüller theory.
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• The main idea: replace Z with a formal multizeta algebra.

Formal multizetas: Let the Q-algebra FZ (for formal zeta) be generated by symbols Z(k1, . . . , kr)
subject only to the double shuffle relations. It is known that FZ is actually a Hopf algebra. Gon-
charov has explicitly written down the coproduct.

Double shuffle Hopf algebra: The dual of FZ is a Hopf algebra living inside Q〈x, y〉. Called
DS (for double shuffle), it is given explicitly by the elements f ∈ Q〈x, y〉 such that

∆(f) = f ⊗ f and ∆∗(f∗) = f∗ ⊗ f∗

where

• ∆ is the coproduct defined by ∆(x) = x⊗ 1 + 1⊗ x and ∆(y) = y ⊗ 1 + 1⊗ y

• f∗ = exp
(∑

n>0
(−1)n

n (f |xn−1y)yn
)
πy(f) where πy(f) is the polynomial obtained by taking only

the terms of f ending in y – thus f∗ can be written as a polynomial in y1, y2, y3, . . . where yi = xi−1y

• ∆∗ is the coproduct on Q〈y1, y2, y3, . . .〉 defined by ∆∗(yi) =
∑

k+l=i yk ⊗ yl.

By definition, there is a surjection
FZ →→ Z.

New zeta Lie coalgebra: Because FZ is a Hopf algebra, we may quotient it out by its products
to obtain a Lie coalgebra fz.

Double shuffle Lie algebra: The dual of fz is the Lie algebra ds inside DS consisting of
elements f ∈ DS such that ∆(f) = f ⊗ 1 + 1 ⊗ f . The set of elements f ∈ Q〈x, y〉 such that
∆(f) = f ⊗ 1 + 1 ⊗ f are precisely the elements of the free Lie algebra Lie[x, y], so we see that
as vector spaces, ds ⊂ Lie[x, y]. However, the Lie bracket of ds is not that of Lie[x, y]. The Lie
bracket of ds, dual to Goncharov’s cobracket on fz, is the Poisson bracket given by

{f, g} = [f, g] + Df (g)−Dg(f)

where for f ∈ ds, Df is the derivation of Lie[x, y] defined by{
Df (x) = 0
Df (y) = [y, f ].
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Part 3. ĜT and double shuffle

ĜT lives in a world of profinite groups related to Galois actions on fundamental groups of
moduli spaces, while multizetas and formal multizetas live in a world of Hopf algebras and Lie
algebras. So in order to relate them, something has to be done to bring ĜT down into the world
of Hopf/Lie algebras.

This is not surprising in itself, since the pro-unipotent version of ĜT was actually the first
that Drinfeld defined. The graded Lie algebra associated to this prounipotent GT is defined by

grt =
{
f ∈ Lie[x, y] | f(x, y) + f(y, x) = 0, f(x, y) + f(z, x) + f(y, z) = 0 for x + y + z = 0,

f(x12, x23) + f(x34, x45) + f(x51, x12) + f(x23, x34) + f(x45, x51) = 0
}

where the xij here generate the pure 5-strand braid Lie algebra Lie P5. H. Furusho showed that in
this definition, the pentagon relation implies the other two.

• The connection between grt and multiple zetas hinges on one object: the Drinfeld associator.
Let G0(z) and G1(z) be the two solutions of the Knizhnik Zamolodchikov differential equation

dG

dz
=

x

z
+

y

1− z

such that G0(z) ∼ zx as z → 0 and G1(z) ∼ (1 − z)y as z → 1 (here zx denotes the power series
exp(x log z)). The Drinfeld associator is defined to be

ΦKZ = G0(z)/G1(z).

It is a power series in the non-commutative variables x and y, i.e. in the power series ring Q〈〈x, y〉〉.

• Associator relations: Drinfeld showed that ΦKZ satisfies three relations analogous to those of
grt (but in the Hopf algebra).

• Double shuffle: Wojtkowiak pointed out that the coefficients of ΦKZ are exactly the multiple
zeta values. In fact,

ΦKZ(x, y) =
∑
w

(−1)d(w)ζ∗(w)w

where w runs over the words in x and y, d(w) denotes the depth (i.e. number of y’s) in w,
ζ∗(w) = ζ(k1, . . . , kr) if w = xk1−1y · · ·xkr−1y is a convergent word (i.e. starting in x and ending
in y), and for all other words w, ζ∗(w) is a linear combination (computed explicitly by H. Furusho)
of the convergent ones.

Writing Φ for the series Φ with coefficients reduced from Z to nz (modulo products), we thus
see that

Φ ∈ nz ⊗ grt.

So Φ induces a morphism
grt → nz.

Thus the existence of the Drinfeld associator shows the relation between grt and
multiple zeta values.

• BUT – because of the transcendence problems, to consider this map explicitly, we have to replace
nz by fz, the formal zetas.
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• We could define a “formal Drinfeld associator”:

fΦ =
∑
w

(−1)d(w)z∗(w)w,

with z∗(w) ∈ fz, so they satisfy double shuffle (mod products) by definition.

• BUT – we don’t know that this “formal associator” is an associator at all, i.e. that it satisfies
the pentagon relation of grt.

• If it did, we would obtain a map
grt → fz∨ = ds

that we could study much more explicitly. We don’t have this map, BUT –

• Fortunately, computation in small weights of ds and grt seemed to indicate that such a map did
exist, even if we don’t yet know whether it comes from the “formal associator”. These computations
indicated that the Lie algebras grt and ds, both Lie subalgebras of Lie[x, y] with the Poisson
bracket, are nearly identical: if f(x, y) ∈ grt, then f(x,−y) appeared to lie in ds. This result
was proven about a year ago.

Recent theorem: (H. Furusho) There is an injective Lie algebra morphism

grt → ds

f(x, y) 7→ f(x,−y).

Furusho proved this remarkable theorem by using double polylogarithms, which satisfy rela-
tions that look very much like double shuffle, but live in the 5-strand braid algebra Lie P5. He
showed that if one assumes the pentagon relation, then this double shuffle can be “pushed down-
stairs” into the usual double shuffle relation that takes place in Lie[x, y].
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Part 4. The reduced Galois group

The Deligne-Ihara Lie algebra. Deligne and Ihara understood that there is (almost) a way to
keep track of the absolute Galois group when going from ĜT to grt.

• Put a filtration on GQ by taking

Gi
Q = Ker

(
GQ → Out(F̂2/F̂

(i)
2 )

)
,

where

• F̂2 is identified with π̂1(P1 − {0, 1,∞})

• the F̂
(i)
2 are the successive groups of the descending central series.

The successive quotients Gi
Q/Gi+1

Q are Ẑ-modules. In order to work with Lie algebra over a
field, Deligne and Ihara considered the pro-` completion of the π1 for each prime ` instead of the
profinite, so that Gi

Q/Gi+1
Q is a Z`-module.

G0
Q = GQ, G1

Q = GQ(µ∞` ), ...

They set
DI` =

⊕
i

Gi
Q/Gi+1

Q ⊗Q`.

• DI` is a Lie algebra over Q`, whose bracket comes from commutators στσ−1τ−1 in GQ.

• So letting grt` = grt⊗Q` and ds` = ds⊗Q`, now we have injections

DI` ↪→ grt` ↪→ ds`,

where the first one comes from descending GQ ↪→ ĜT and the second from Furusho’s theorem.

How much “Galois-ness” is left in DI`?
How does it correspond to double shuffle=dual of formal multiple zeta values?

• By dualizing we have a surjection
fz` →→ (DI`)∨

ζ(n) 7→ χm

(∗)

• where χm are the Soulé characters in (DI`)∨:

χm : GQ(µ∞` ) → Z`(m),

given by
σ(A

1
`n ) = ζ

χm(σ)
`n ·A 1

`n , where A =
∏

1≤a<`n

p6|a

(1− ζa
`n)am−1

.

• Furthermore: DI` is generated by the duals of the Soulé characters χm, m ≥ 3 odd (Hain-
Matsumoto).

• There are increasingly strong comparison conjectures:

ds = fz∨ is generated by one element in each odd weight ≥ 3.

(*) is an isomorphism.

Both Lie algebras are free.
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Part 5. Mixed Tate motives over Z

BUT – something is still missing from all this: the whole moduli space geometry/Galois
action aspect of Grothendieck-Teichmüller theory. The key remark to recovering this aspect of
Grothendieck-Teichmüller theory in the multiple zeta context is the following:

• Multiple zeta values are periods of genus zero moduli spaces (see integral definition), and con-
versely, by a theorem of Francis Brown, all periods of the genus zero moduli spaces are linear
combinations of multiple zeta values.

• The theory of mixed Tate motives over Z gives a very general framework in which the three as-
pects: Galois action/moduli spaces, Grothendieck-Teichmüller and multiple zeta values,
are replaced by three analogous motivic objects and their associated Lie algebras:

• the Tannakian category of mixed Tate motives over Z and its fundamental group;
• the subcategory of motives constructed from moduli spaces, and its fundamental group;
• the subcategory of zeta-motives constructed from moduli space, and its fundamental group.

The beauty of the motivic framework is that:

(1) the three types of object all coming up naturally together

(2) some of the the richness of Grothendieck-Teichmüller theory, which was lost in the previous
discussion, returns via the appearance of the geometry of the moduli spaces

(3) the transcendence problems are not present.

Warning!! The proper definition of mixed Tate motives unramified over Z involves first defining
mixed motives, with their Hodge and weight filtrations, and then defining the Tate condition for
which these two filtrations are essentially the same. We will avoid all this by taking advantage of
one of the main theorems concerning the Tannakian category MTM of mixed Tate motives over
Z:

Theorem. Fundamental group

π1(MTM) = G = UoGm,

• U = exp(F ) prounipotent
• F = Lie[s3, s5, s7, . . .]
• the Gm action corresponds to the weight grading on F given by letting si be of weight i.

• Thus the category MTM is just equivalent to the category of representations of the motivic
Galois group G = UoGm.

• So an object of MTM , i.e. a mixed Tate motive unramified over Z is a finite-dimensional vector
space equipped with a G-action. An ind-object of the category is an inductive limit of objects.

Goncharov constructs two subcategories of MTM :

• the subcategory MTM ′, constructed by taking all by taking subobjects, quotients and tensor
products of the motivic π1 of P1 − {0, 1,∞}. (The proof that this is actually an ind-object of
MTM is difficult (Goncharov-Deligne).)

• MotZ ⊂ MTM ′, from the cohomology Hn(M0,n) of the genus zero moduli spaces.

Now we apply a general principle of categories of mixed Tate motives (due to Beilinson or
Goncharov.)
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Let C be a Tannakian subcategory of MTM . To every object M of C, associate framings by
choosing a pair of morphisms: v : Q(0) → Gr0M and f : Gr−2nM → Q(n). Let a framed mixed
Tate motive be an equivalence class of motives with framings, under the equivalence relation that
two triples [M,v, f ] and [M ′, v′, f ′] are equivalent if there is a linear map M → M ′ under which
v, f corresponds to v′, f ′. Then the framed mixed Tate motives form a Hopf algebra AC which is
isomorphic to the dual of the enveloping algebra of the fundamental Lie algebra associated to C.

Under this principle:

MTM under framing yields the Hopf algebra (ULieF )∨,

MTM ′ under framing yields a Hopf algebra (ULieG′)∨ in which it is conjectured that Lie G′ '
grt,

MotZ under framing yields a Hopf algebra which Goncharov denotes MZ, for motivic multiple
zetas. It has been shown that the motivic multiple zetas satisfy double shuffle, so there is a
surjection

FZ →→ MZ.

Furthermore, in the case of the motivic multiple zeta values, the framing consists of a differential
form (in the cohomology) and a region of the moduli space (in the homology) which are exactly
those given in part 2 defining multiple zeta values as integrals; thus we can associate the integral
to each framed motivic multiple zeta, obtaining a surjection

MZ →→ Z. (1)

Also, the subcategory relation shows that

ULie F →→ ULie G′ →→ MZ∨, (2)

or in the associated Lie coalgebras (i.e. modulo products),

Lie F →→ Lie G′ →→ mz∨ = ds.

Even setting aside the possible isomorphisms between these three objects, this theory still
needs work to completely unify the natural appearance of Galois, Grothendieck-Teichmüller and
multiple zeta values: for example it would be good to show that MTM ′ can be constructed using
all the genus zero moduli spaces (rather than basing the construction on only M0,4), we should
still show that Lie G′ is grt (via the use of moduli spaces in the construction), and we should
establish the relation between the known maps Lie F → grt and Lie F → ds (obtained by suitable
but non-canonical choice of depth 1 generators) and Furusho’s injection grt ↪→ ds.

As a dessert, however, we note that the theory already has some useful consequences which
were previously unattainable. For instance:

Theorem. Zagier’s conjectured dimensions dn, given by dn = dn−2 + dn−3, d0 = d2 = 1, d1 = 0,
are upper bounds for the true dimensions of the Q-vector spaces generated by the weight n read
multiple zeta values.

Indeed, dualizing (2) gives the inclusion

MZ ↪→ ULie F

and we also have the surjection (1) MZ →→ Z, so since the dn in fact correspond to the dimensions
of ULie F , this immediately shows that they are upper bounds.
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