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Let ξ be a random measure on a locally compact
second countable Abelian group G, e.g. G = Rd.

Let X be a random element in a space on which G
acts, e.g. a random �eld X = (Xα)α∈G.

Call (X, ξ) stationary if γ(X, ξ)
d
= (X, ξ) for all γ ∈G.
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Call (X, ξ) stationary if γ(X, ξ)
d
= (X, ξ) for all γ ∈G.

Stationaritymeans: origin is a typical location in G.
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Call (X, ξ) stationary if γ(X, ξ)
d
= (X, ξ) for all γ ∈G.

Stationaritymeans: origin is a typical location in G.

De�nition (L-Th-2009): Call (X, ξ) mass-stationary

if for all relatively compact Borel subsets C of G,

VC(X, ξ, UC)
d
= (X, ξ, UC)

where

UC is uniform on C and independent of (X, ξ),

VC given (X, ξ, UC) has distribution ξ(·|C − UC).
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Call (X, ξ) stationary if γ(X, ξ)
d
= (X, ξ) for all γ ∈G.

Stationaritymeans: origin is a typical location in G.

De�nition (L-Th-2009): Call (X, ξ) mass-stationary

if for all relatively compact Borel subsets C of G,

VC(X, ξ, UC)
d
= (X, ξ, UC),

where

UC is uniform on C and independent of (X, ξ),

VC given (X, ξ, UC) has distribution ξ(·|C − UC).

Mass-stationarity formalizes the intuitive idea that
the origin is a typical location in the mass of G.
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De�nition (L-Th-2009): Call (X, ξ) mass-stationary

if for all relatively compact Borel subsets C of G,

VC(X, ξ, UC)
d
= (X, ξ, UC)

where

UC is uniform on C and independent of (X, ξ),

VC given (X, ξ, UC) has distribution ξ(·|C − UC).

Mass-stationarity formalizes the intuitive idea that
the origin is a typical location in the mass of G.

Theorem: The pair (X, ξ) is mass-stationary if and
only if it is the Palm version of a stationary pair.
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Mass-stationarity is an extension of the concept of
point-stationarity w.r.t. a simple point process N .

De�nition (Thorisson-1999 + Heveling-Last-2005):
Call (X,N) point-stationary if

Π(X,N)
d
= (X,N)

for all Π = π(X,N) where π is G-valued measurable
such that the G-to-G map:

τ(X,N) : γ → γ + π(γ(X,N)) [with (X,N) �xed]

preserves the measure N , that is, N(τ(X,N) ∈ ·) = N .
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De�nition (Thorisson-1999 + Heveling-Last-2005):
Call (X,N) point-stationary if

Π(X,N)
d
= (X,N)

for all Π = π(X,N) where π is G-valued measurable
and such that the G-to-G map:

τ(X,N) : γ → γ + π(γ(X,N)) [with (X,N) �xed]

preserves the measure N , that is, N(τ(X,N) ∈ ·) = N .

Theorem: The following claims are equivalent:
(1) (X,N) is point-stationary
(2) (X,N) is mass-stationary
(3) (X,N) is a Palm version of a stationary pair.
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A Cox process driven by (X, ξ) is an integer-valued
point process which conditionally on (X, ξ) is a
Poisson process with intensity measure ξ.
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A Cox process driven by (X, ξ) is an integer-valued
point process which conditionally on (X, ξ) is a
Poisson process with intensity measure ξ.

The Cox process represents the mass of ξ through a
collection of points placed independently at typical
locations in the mass of ξ.
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A Cox process driven by (X, ξ) is an integer-valued
point process which conditionally on (X, ξ) is a
Poisson process with intensity measure ξ.

The Cox process represents the mass of ξ through a
collection of points placed independently at typical
locations in the mass of ξ.

Thus if (X, ξ) is mass-stationary and we add an
extra point at the origin to the Cox process then
the points of that modi�ed Cox process N are all
at typical locations in the mass of ξ.
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A Cox process driven by (X, ξ) is an integer-valued
point process which conditionally on (X, ξ) is a
Poisson process with intensity measure ξ.

The Cox process represents the mass of ξ through a
collection of points placed independently at typical
locations in the mass of ξ.

Thus if (X, ξ) is mass-stationary and we add an
extra point at the origin to the Cox process then
the points of that modi�ed Cox process N are all
at typical locations in the mass of ξ.

It turns out that mass-stationarity reduces to mass-
stationarity with respect to N .

12



It turns out that mass-stationarity reduces to mass-
stationarity w.r.t. the modi�ed Cox process N .

Theorem (L-Th-2010): (X, ξ) is mass-stationary if
and only if (X,N) is mass-stationary.

13



It turns out that mass-stationarity reduces to mass-
stationarity w.r.t. the modi�ed Cox process N .

Theorem (L-Th-2010): (X, ξ) is mass-stationary if
and only if (X,N) is mass-stationary.

And in the di�use case mass-stationarity reduces
to point-stationarity.

Corollary: Let ξ be di�use. Then (X, ξ) is mass-
stationary if and only if (X,N) is point-stationary.
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