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1. Motivation: Numerical Weather Prediction

Analytical/Numerical Model:

Navier-Stokes equations on the sphere including moisture

(ICON grid for next generation DWD dynamic core)



All models are wrong, some are useful!

(George E.P. Box)

Treat errors as random variables.



http://www.wmo.ch/web/www/OSY/GOS.html

The Global Observing System



All observations are wrong too (and some

are useful)!

Treat measurement errors as random

variables.



Ingredients of data assimilation (nonstationary inverse problems):

1. Mathematical and numerical model; solutions and their un-

certainties caused by approximation errors as well as state &

parameter uncertainties. ==> quantifying model uncertain-

ties (e.g., stochastic collocation method)

2. Data/observations with measurement as well as approxima-

tion (forward operators) errors. ==> inverse problems

3. Numerical approximations to the data assimilation problem

within a statistical (Bayesian) framework, assessment of the

induced predictions and their uncertainties.



2. Mathematical problem statement

Consider an evolution problem

ẋ = f(x)

for which we have some (but no precise) prior knowledge about

its initial state x(0), i.e. x(0) is treated as a random variable

with some given probability density function (PDF) ρ0(x).

For simplicity, we assume a finite-dimensional phase-space, i.e. x ∈
Rn.

The uncertainty in the initial conditions will generally lead to

unpredictibility over longer time-intervals. Weather prediction is

a classic example of this phenomenon.



To counterbalance this increase in uncertainty, we collect obser-

vations

y(tj) = Hx(tj) + ηj, y ∈ Rk, H ∈ Rk×n,

k < n, at discrete times tj > 0, j = 1, . . . , J, subject to some

random

ηj ∼ N(0,R)

measurement errors.

We wish to find a trajectory x(t), t ∈ [0, tJ], that makes op-

timal use of the available information in terms of initial data,

observations, and model dynamics.



3. Theoretical solution

The theoretical solution to our problem proceeds as follows:

i) Model Dynamics

Given an initial (most recent) PDF ρ(x, tj), propagate ρ under

the dynamics by solving Liouville’s (continuity) equation

ρt = −∇ · (ρf).

This yields the prior PDF ρpr(x) := ρ(x, t−j+1).



ii) Data Assimilation

Assimilate data using Bayes’ theorem:

π(x|y) ∝ π(y|x)× ρpr(x).

Here

π(y|x) ∝ exp
(
−(Hx− y)TR−1(Hx− y)/2

)
is the known conditional PDF (likelihood) for observing y given

a state x.

Given an actual measurement y(tj+1) at tj+1, one finally defines

ρ(x, t+j+1) := π(x|y(tj+1))

as the posterior PDF.



Assimilation in color:
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4. Ensemble propagation and particle filters

To approximate the PDF ρ, we consider a collection

X(t) = [x1(t) |x2(t) | · · · |xm(t)] ∈ Rn×m

of m independent solutions of the differential equation

ẋ = f(x)

with initial conditions xi(0) ∼ ρ0(x).

The associated empirical measure

ρ(x, t) =
m∑
i=1

αiδ(x− xi(t))

provides an exact (weak) solution to Liouville’s equation. Here
δ(·) denotes Dirac’s delta function and αi > 0 are (constant)
weights.



Given a set of observations at tj, Bayes’ formula reduces to

ρ(x, t+j ) =
m∑
i=1

αi δ(x− xi(tj)).

with new weights

αi ⇒ π(y(tj)|xi(tj))× αi

computed from the likelihood.

The combination of particle advection under the dynamics with

particle re-weighting under assimilation leads to a highly ineffi-

cient scheme (particle filter).



Particle filter in color:
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In practice, stochastic resampling is employed to avoid weight
degeneracy (sequential Monte Carlo/bootstrap filters).



5. Assimilation as a continuous deformation of probability

Dynamics and assimilation are not easily compatible in a numer-

ical sense.

We have to shift focus somehow. Here is our basic line of attack:

We view the change of measure induced by Bayes’ theorem as

an (optimal) transportation problem.

See Crisan and Xiong (2010) for a related approach in the con-

text of continuous time filtering.



We introduce the log-likelihood functional

L = (Hx− y(tj))
TR−1(Hx− y(tj))/2.

Bayes’ theorem

π(x|y(tj)) ∝ ρpr(x)e−L = ρpr(x)
N∏
n=1

e−L/N

can be viewed as a continuous deformation process in ∆s = 1/N

and, for N →∞:

∂ρ

∂s
= −ρ (L− Eρ[L])

with s ∈ [0,1], ρ(x,0) = ρpr(x).



We need to find a vector field g(x; ρ) ∈ L2(dρ,Rn) such that

∇x · (ρg) = ρ {L− Eρ[L]}.

The vector field g is not uniquely determined. Minimization over

all admissible vector fields under the norm (see Otto, 2001, for

an application in gradient flow dynamics)∥∥∥∥∂ρ∂s
∥∥∥∥2
ρ

= inf
v∈L2(dρ,Rn)

{∫
dρ vTMv :

∂ρ

∂s
+∇x · (ρv) = 0

}
reveals that g is the gradient of a potential ψ, i.e.

g(x; ρ) = M−1∇xψ(x; ρ).



The complete dynamics-assimilation problem can now be stated

as

ẋ= f(x) + δε(t− tj)M
−1∇xψ(x; ρ), (1)

ρt= −∇x · (ρẋ) (2)

closed by the elliptic PDE

∇x · (ρM−1∇xψ) = ρ {L− Eρ[L]}. (3)

for t ∈ [tj − ε, tj + ε]; δε(·) is a (compact) mollifier to the Dirac

delta function with support [tj − ε, tj + ε].

This formulation is equivalent to the analytic data assimilation

formulation for ε→ 0.



Numerical filter implementations will now rely on appropriate

approximations to the elliptic PDE

∇x · (ρM−1∇xψ) = ρ {L− Eρ[L]} . (4)

We will use the ensemble of solutions xi(t), i = 1, . . . ,m, to define

an appropriate statistical model ρ̃(x; {xi(t)}) and then solve

∇x · (ρ̃M−1∇xψ) = ρ̃
{
L− Eρ̃[L]

}
(5)

numerically or by quadrature. Obvious choices for ρ̃ include a

Gaussian PDF parametrized by the ensemble mean and covari-

ance matrix or Gaussian mixture models.



6. Ensemble Kalman filter

The ensemble Kalman filter of Evensen (1996), combines en-

semble propagation with the classic variance minimizing Kalman

analysis step.

Prior to assimilation we extract statistics from the time-dependent

ensemble X = (x1, . . . ,xm):

mean: x̄f = m−1 ∑
i

xi ∈ Rn,

deviations: Yf = [x1 − x̄ |x2 − x̄ | · · · |xm − x̄] ∈ Rn×m,

covariance: Pf =
1

m− 1
YYT ∈ Rn×n.



This statistical information is used to update the positions of

the ensemble members:
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Our continuous deformation approach leads to (Bergemann/Reich,

2009)

dxi
ds

= −P∇xiV(X), s ∈ [0,1],

for ensemble members xi, i = 1, . . . ,m, with the ensemble in-

duced covariance matrix P, potential

V(X) =
m

2

S(x̄) +
1

m

m∑
i=1

S(xi)

 ,

and observation cost function

S(x) =
1

2

(
Hx− y(tj)

)T
R−1

(
Hx− y(tj)

)
.



Each observation yj = y(tj) gives rise to an associated potential

Vj(X).

The complete dynamics - data assimilation system can now be

formulated concisely as

dxi
dt

= f(xi)−
J∑

j=1

δ(t− tj)P∇xiVj(X),

i = 1, . . . ,m, where δ(·) denotes the Dirac delta function.



7. Filter Robustness: Localization

The empirical covariance matrix P contains spurious long-distance
correlations due to under-sampling (m � n) and is highly rank
deficient.

This problem has led to the idea of localization, i.e.

dxi
ds

= − (C ◦P)∇xiV(X).

in terms of our continuous formulation.

Here C is a “local/sparse” (in some distance) covariance matrix
and ◦ denotes the Schur product of two matrices C,A ∈ Rn×k,
i.e. (C ◦A)i,j = (C)i,j (A)i,j.

See Bergemann and Reich, 2009, for details.



8. Mollification: Seamless Data Assimilation

tj tj+1

truth

standard
assimilation

continuous assimilation

Standard EnKF data assimilation steps with localization are highly
“disruptive” to the model dynamics which triggers subsequent
adjustment processes within the model. The assimilated dynam-
ics should act more like a smooth deformation (nudging) of the
model dynamics (seamless data assimilation).



The discontinuous effect of the filtering step can be mollified by

dxi
dt

= f(xi)−
J∑

j=1

δε(t− tj)P∇xiVj(X),

where δε(·) denotes a mollifier such as

δε(t) =
1

ε
ψ(t/ε)

and δε(t) → δ(t) as ε→ 0.

The mollified EnKF (Bergemann & Reich, 2010) gives rise to a

seamless alternative to incremental analysis updates (Bloom et

al., 1996) and, more generally, nudging (Anthes, 1974).



9. Numerical results for a barotropic fluid model

We use a 1.5 layer reduced-gravity quasi-geostrophic model with

double-gyre wind forcing and biharmonic friction:

qt = −ψx − εJ(ψ, q)−A∆3ψ+ 2π sin(2πy),

where q = ∆ψ − Fψ, J(ψ, q) = ψxqy − ψyqx.

We use a 128 × 128 grid. The ensemble size is m = 25! See

Sakov & Oke, Tellus A, 2008, for more details.



These equations also formed the base of the first successful NWP

experiment on the ENIAC in 1950.



In 1954, Rossby started the first operational NWP group in Sweden (and
arguable worldwide). Dahlquist was involved as a numerical analysist.

”Mr. Dahlquist, when is spring coming? – ”Well, tomorrow afternoon, at 2

o’clock!”



A typical result after 1000 assimilation cycles in intervals of 6.0

hours.
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Mean RMS error for the ensemble mean update over the last 3000/4000 time
steps as a function of the localization radius r0 (over grid point indices).



10. Numerical results from a slow-fast Lorenz 96 model

The standard implementation of the Lorenz-96 model has state

vector x = (x1, . . . , xn)
T with n = 40 and time evolution given by

the equation

ẋj = (xj+1 − xj−2)xj−1 − xj + 8

with periodic boundary conditions.

The model is chaotic with 13 positive Lyapunov exponents.



We consider two dynamic variables in an idealized slow-fast Lorenz

96 model

ẋj = (1− δ)(xj−1xj+1 − xj−2xj−1)− xj + 8 +

δ
(
xj−1hj+1 − xj−2hj−1

)
,

ε2ḧj =
1

4

[
hj+1 − 2hj + hj−1

]
− hj + xj

with ε = 0.0025, δ = 0.1, j = 1, . . . ,40.

We note the “geostrophic”-type balance relation

hj −
1

4

[
hj+1 − 2hj + hj−1

]
= xj

and the wave dynamics is undamped in h.



Generation of unbalanced motion under the data assimilation :
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RMS errors in x and h are separately displayed as a function of
localization radius. Smaller localization radii lead to larger RMS
errors for the standard EnKF methods. The ensemble size is
m = 10!



11. Summary

Ensemble deformation techniques are better suited for data as-

similation than particle filters with stochastic resampling (se-

quential Monte Carlo methods).

The proposed framework includes the popular ensemble Kalman

filter techniques. It also allows for extensions via different ap-

proximations to the elliptic PDE

∇x ·
(
ρM−1∇xψ

)
= ρ (L− Eρ[L]) . (6)

A discussion of nonlinear filters can be found in Reich, 2010.


