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• A rooted phylogenetic network is a directed acyclic graph (DAG) 

where exactly one vertex has indegree 0 (the root), no vertex has 

indegree and outdegree both equal to 1, leaves are bijectively labelled 

by a set of taxa, and vertices with indegree ≥ 2 have outdegree 1.

• The vertices with indegree ≥ 2 - called reticulation vertices – have a 

particularly important role.
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• Every edge (u,v) of a phylogenetic tree represents a subset of the 

leaves: the set of leaf descendants of v. We call these subsets 

clusters.

• These clusters form a laminar family.
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• Given a set of clusters on a set of taxa X, what is the minimum 

number of reticulations needed by a phylogenetic network to represent 

all the clusters? 

• What is the relationship (if any) between the above problem and the 

corresponding problem of putting multiple trees into a phylogenetic

network using as few reticulations as possible?

• Both problems are NP-hard and APX-hard, so polynomial-time 

algorithms are excluded.



Minimum number of 

reticulations required to 

put a set of trees into 

a network

Minimum number of 

reticulations required to 

put the union of the 

clusters obtained from 

those trees into a 

network 

≥

This is easy:

trees = clusters + topology.

Inequality is often strict.



• An example of when the inequality is strict:



Algorithmic 
development

Minimizes 
level 

? 

Minimizes total 
number of 

reticulations
?

Input 
restrictions 

? 

Output 
restrictions

?

Exponential 
dependency on 
the number of 
reticulations

CASS YES NO NO YES LINEAR

“Polyclusters” YES NO NO NO EXPONENTIAL

Clusters from 
binary trees

NO YES YES NO LINEAR

FPT-level YES NO NO NO
EXPONENTIAL 
(kernelization)

FPT-
reticulations

NO YES NO NO
EXPONENTIAL
(kernelization)

2009

Late 

2009

2010

Last 

week

Last 

week

• All the algorithms below have polynomial running time when the number of 

reticulations is bounded above by a constant, but their dependency on the 

number of reticulations (in the exponent) differs.



• The algorithms with linear dependency (in the exponent) iteratively remove 

Subtrees Below Reticulations (SBRs) and then combine them back 

together to form a network.  Difficult to prove correctness.

1. guess/“hit” the SBRs

2. Combine them back into a network



• The algorithms with linear dependency (in the exponent) iteratively remove 

Subtrees Below Reticulations (SBRs) and then combine them back 

together to form a network.  Difficult to prove correctness.

1. guess/“hit” the SBRs

2. Combine them back into a network

Difficult to guess/manipulate 

these without restrictions on 

the input or output.





• The algorithms with exponential dependency (in the exponent)  can 

more easily be proven correct, but involve making a huge number of 

guesses about the topology of the output network (the “generator” 

approach).

• Stylized example for a “simple level-2 network”:
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more easily be proven correct, but involve making a huge number of 
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guess!



• There has been a lot of research on the problem of putting two trees 

into a phylogenetic network, using as few reticulations as possible.

• That problem is still NP-hard, but the algorithms developed in that part 

of the literature are practical, and in general much faster than the 

cluster algorithms.

• We wondered: what are the “tree” people doing right, and what are the 

“cluster” people doing wrong? 

• The cluster model is mathematically different to the tree model, but 

does that alone explain the differences in running time?



Minimum number of 

reticulations required to 

put a set of trees into 

a network

Minimum number of 

reticulations required to 

put the union of the 

clusters obtained from 

those trees into a 

network

≥

Minimum number of 

reticulations required to 

put two trees into a 

network

Minimum number of 

reticulations required to 

put the union of the 

clusters obtained from 

those two trees into a 

network

=

Topology “doesn’t matter” in the case of two trees!



• Most of the “tree” literature exploits the close relationship with the 

Maximum Acyclic Agreement Forest (MAAF) problem.

(This example from Bordewich and Semple 2007)



b

• Each component of the MAAF 

can be added to the network using 

exactly one reticulation.



• It turns out that the case of data obtained from two trees is extremely 

special, and not representative for more general cases.

• Indeed, we discovered later that, when the set of clusters is obtained 

from two trees, the old CASS algorithm always correctly computes the 

minimum number of reticulations, as a “bonus”. 

• Furthermore, the MAAF-approach used in the tree literature starts to 

break down for three or more trees.

• So part of the reason why cluster algorithms are slower than tree 

algorithms, is that cluster algorithms are engineered to deal with heavily 

non-laminar inputs (i.e. clusters obtained from very many conflicting 

non-binary phylogenetic trees).

• The tree literature on the other hand tends to assume that non-

laminarity is heavily bounded (i.e. a small number of conflicting 

phylogenetic trees, often only two).



Conclusions

• The softwired cluster model is not, in general, the same as the tree model: 

fewer reticulations are needed, because topological constraints are weaker.

• However, because of the more general character of the input, the 

softwired cluster literature has immediately encountered problems that the 

tree literature – with its heavy emphasis on two trees – has only recently 

started to discover.

• Who (in either literature) will fill the huge algorithmic hole that exists 

between “heavy restrictions on the input” and “huge number of guesses 

about the output topology?”

• So far all major complexity results in the tree literature have been 

matched by a corresponding complexity result in the cluster literature. Just 

how different are these models mathematically? In practice?




