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Our aims in this lecture include:

providing a brief introduction to the
frequency domain method of selecting
input signals for linear, time-invariant (LTI)
dynamic systems,

discussing a generalization of this approach
to unbounded-power input signals,

focusing on input signals for parameter
estimation in LTI systems with
spatio-temporal dynamics, also known
under old, imprecise, but my favorite name:
distributed-parameter systems (DPS).
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Our aims in this lecture include:

illustrating an interplay between spatial
and frequency domain structure of optimal
input signals,

pointing out cases when sensors positions
can be selected independently of an input
signal, which is used for parameter
estimation,

indicating that new technologies in sensing
and actuating DPS can lead to new
(sometimes easier) problems of input
signal selection.
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Simplifying assumptions

In order to get something more than simula-
tions, we have to confine the class of systems:

LTI systems, described by Green’s function
or by a partial differential equation (PDE)
with constant parameters (generalizations
to spatially varying parameters are not
difficult).

Observations can be made continuously in
time (the theory conveys to equidistant
discrete-time observations, but formulas
are less transparent).



Simplifying assumptions

In order to get something more than simula-
tions, we have to confine the class of systems:

LTI systems, described by Green’s function
or by a partial differential equation (PDE)
with constant parameters (generalizations
to spatially varying parameters are not
difficult).

Observations can be made continuously in
time (the theory conveys to equidistant
discrete-time observations, but formulas
are less transparent).



Simplifying assumptions 2

Uncorrelated observation errors. (Known
correlation structure can be absorbed, but
again – formulas less transparent).

No feedback, i.e., input signals generated
in an open loop – typical when our aim is
to estimate parameters of our system, e.g.
material constants. Easier than closed loop
control for identification purposes.

Long horizon of observations T – the
influence of of initial conditions is
negligible.
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Goals of selecting input signals and/or
sensors’ locations

1 Minimal requirement – to ensure
parameter identifiability (Kitamura),

2 To make parameter estimation easier
(reduction of PDE to ODE, e.g., a sensor
moves along characteristics (Raf. 1989)),

3 Increase of computational stability of
parameter estimates.

4 The optimization of achievable accuracy of
parameter estimators.

We put emphasis on goal 4), but bypassing
also goal 3) is taken into account.



Frequency-domain approach for LTI
dynamic systems

Historical perspective

The frequency-domain (FD) approach –
selecting input signals for parameter
estimation in linear ordinary differential
equations (ODE) – 70’ of XX century Mehra,
Lainiotis, Goodwin, Payne, Zarrop.

Why frequency domain approach ?

Retains the elegance and many properties of
the Kiefer-Wolfowitz (60’ of XX) approach to
optimum experiment design for regression
estimation.



FD approach for ODE 2 – system

Consider LTI system described by ODE

dr y(t)

d tr
+ar−1

dr−1 y(t)

d tr−1
+ . . .+a0 y(t) = ar u(t), (1)

t ∈ [−T, T ], T – the horizon of observations,
– initial conditions from the remote past –

their influence vanished,
– y(t) is the output, u(t) is the input.

The solution y(t; ā) of (1) depends on the
vector ā = [a0, a1, . . . , ar]

tr of unknown
parameters, where tr is the transposition.

Derivatives of u(t) are also allowed in (1), but
we skip this generalization for simplicity.



FD approach for ODE 3 – observations

Available observations:

Y (t) = y(t; ā) + ε(t), t ∈ [−T, T ], (2)

where ε(t) is zero mean, uncorrelated,
Gaussian ”white noise”, more precisely, ε(t) is
implicitly defined by:

dW (t) = ε(t) dt, (3)

where W (t) is the Wiener process.

Remark:

We shall use the theory of covariance stationary random
processes ”on an engineering level of precision”, but all the
results can be rigorously restated.



FD 4 – the Fisher information matrix

It can be shown (Goowin, Payne 1974) that
the Fisher information matrix MT (u) for
estimating ā from (2) has the form:

MT (u) =

∫ T

−T
∇ay(t; ā) (∇ay(t; ā))tr dt (4)

and from the Cramer-Rao inequality we know
that for any estimator ã of ā we have:

cov(ã) ≥M−1
T (u) (5)

and for LSQ estimator = in (5) is attained as
T →∞.



FD 5 – the Fisher information matrix

Thus, it is meaningful to minimize statistically
interpretable functions of M−1

T (u) w.r.t. u(.)
under certain constraints. Why it is difficult ?

MT (u) =

∫ T

−T

∫ T

−T

∫ T

−T
k̄(τ ; ā) k̄tr(ν; ā)×

(6)
×u(t− τ )u(t− ν) dτ dν dt,

k̄(t; ā)
def
= ∇ag(t; ā), (7)

where g(t; ā) is the impulse response (Green’s
function) of (1). Note: g(t; ā) = 0 for t < 0.



FD 6 – the Fisher information matrix

MT (u) is not convex in u. Remedy: admit
u(.) to be covariance stationary random
processes, allow T →∞ and consider the
normalized FIM:

M(Ru)
def
= lim

T→∞

1

2 T
MT (u) = (8)

=

∫ ∞
−∞

∫ ∞
−∞

k̄(τ ; ā) k̄tr(ν; ā)Ru(τ − ν) dτ dν,

Ru(τ )
def
= lim

T→∞

1

2 T

∫ T

−T
u(t)u(t+ τ ) dt (9)



FD 6 – the Fisher information matrix

By the Parseval thm. we can express FIM as:

M(Su) =

∫ ∞
−∞

K(j ω; ā)Ktr(−j ω; ā)Su(ω) dω,

Su(ω) = F(Ru(.)), K(j ω; ā) = F(k̄(.; ā))

Above F(.) is the Fourier transform.

Clue:

M(Su) is linear w.r.t. spectral density Su(ω)
of u. Ru(τ ) = Ru(−τ )⇒ Su(ω) ∈ R



The class of admissible Su

The mean energy of input signal:

lim
T→∞

1

2 T

∫ T

−T
u2(t) dt =

∫ ∞
−∞

Su(ω) dω (10)

should be bounded as well as the largest
available (or admissible) frequency ωmax > 0.
The class S of admissible spectral densities of
input signals:

S =

{
Su :

∫ ωmax

−ωmax
Su(ω) dω ≤ 1, (11)

∧
|ω|>ωmax

Su(ω) = 0,

}



The class of admissible Su 2

That’s it:

S is a convex set, i.e., ∀ 0 ≤ α ≤ 1 we have:

S(1)
u , S(2)

u ∈ S ⇒ αS(1)
u + (1− α)S(2)

u ∈ S.

Important special case:

Let u(t) = A cos(ω0 t+ φ), where ω0 < Ω is
given, while φ is a random variable, uniformly
distributed in [0, 2π]. Then, for A2 ≤ 1

Su(ω) =
A2

2
[δ(ω − ω0) + δ(ω + ω0)] , (12)

Su ∈ S, where δ(.) is the Dirac delta.



The class of admissible Su – Remarks:

1 The case ω0 = 0 is interpreted as
u(t) = const.

2 There is no fear of using Dirac delta
distributions, since δ(ω − ω0) appears
under integrals only and we use only the
fact that

∫
f(ω) δ(ω − ω0) dω = f(ω0).

(This can be avoided by using the Stieltjes
integral and the cumulative spectral repr.).

3 Clearly, the spectral stripes of

u(t) = A1 cos(ω1 t+φ1)+A2 cos(ω2 t+φ2)

are located at the frequencies ω1 and ω2.



A simple example:

Consider the system:

ẏ(t) + a y(t) = u(t),

where a is unknown. Then, for t > 0

g(t; a) = exp(−a t)

and zero otherwise. Its sensitivity to a

k(t; a) = −t exp(−a t), t > 0

K(j ω; a) = F(k(.; a)) = −(a+ j ω)−2



A simple example 2

For u(t) = cos(ω0 t+ φ) the information:

M(Su) = (a2 + ω2
0)−2

.
Max. at ω0 = 0 ⇒ u(t) = const
(independently of a – rare case).



Problem statement:

Given system (1) of known order r and
unknown parameters ā, find S∗u ∈ S such that

max
Su∈S

ln(Det[M(Su)]) = ln(Det[M(S∗u)]). (13)

We use D-optimality criterion ≡ minimization
of the volume of the uncertainty ellipsoid of
estimated parameters.

Generalizations:

All the results conveys to the
class of L-optimality criterions:
trace[W M−1(Su)] and to LP class
of criterions: trace[M−p(Su)]

1/p.



The curse of a priori knowledge:

As in optimum experiment design for nonli-
near (in parameters) regression estimation,
also here the optimal Su depends on unknown
ā. Ways of circumventing this difficulty:

1 use ”the nominal” parameter values for ā,
2 the ”worst case” analysis,
3 the Bayesian approach: use prior

distribution imposed on ā,
4 apply ”the adaptive” approach of

subsequent estimation and planning stages.
Later we use the ”nominal” parameter values
ā, but the results are relevant also to other
approaches.



Important properties

Convexity and compactness:

If, for fixed ā, the mapping

ω → K(j ω; ā)Ktr(−j ω; ā) (14)

is continuous for ω ∈ [−Ω, Ω], then the set
M of all attainable FIM’s

M def
= {M(Su) : Su ∈ S}

is convex, closed and bounded.
Corollary: There exists unique M∗ ∈M,
which solves (13) (but M∗ can be achieved by
several different S∗u ∈ S).



Important properties 2

The canonical realization of Su

For each Su ∈ S there exists Sdu ∈ S such
that M(Su) = M(Sdu) and Sdu is a mixture of
not more than R (R+ 1)/2 + 1 sinusoids,
where R = dim(ā) = r + 1.
If S∗u ∈ S is D-optimal, then M(S∗u) is on the
boundary of M and it can be realized by a
sum of not more than R (R+ 1)/2 sinusoids
with amplitudes A∗1, A

∗
2 . . . and frequencies

ω∗1, ω
∗
2, . . . and it suffices to find them. Thus,

problem (13) is reduced to the one in a finite
dimensional space.



The equivalence theorem

The analog of the Kiefer-Wolfowitz thm. (Mehra, Lainiotis,
Goodwin, Payne, 70’)

Assuming continuity of (14), S∗u ∈ S is
D-optimal if and only if

sup
ω∈[−ωmax, ωmax]

ϕ(ω, S∗u) = R, (15)

where for Su with Det[M(Su)] > 0

ϕ(ω, Su)
def
= Ktr(−j ω; ā)M−1(Su)K(j ω; ā).

Furthermore, for every ω∗ in the support of S∗u
we have ϕ(ω∗, S∗u) = R.



The equivalence theorem – remarks

The proof follows exactly that of K-W.

ϕ(ω, Su) can be interpreted in the terms
of (asymp.) variance of prediction; we skip
the discussion on rel. to G-optimality.

Condition (15) allows to check the optima-
lity of a given Su rather than to infer how
it looks like. It is a powerful tool for cons-
tructing algorithms for searching S∗u in the
spirit of the Wynn-Fedorov method. We
illustrate this point later for DPS.



Example – two unknown parameters

ẏ(t) + a0 y(t) = a1 u(t) (16)

For ω suitably chosen, we prove D-optimality
of u(t) = 0.5 + 0.5 cos(ω t+ φ). The
corresponding M has the form:

m11 =
1

2

(
1

a2
0 + ω2

+
1

a2
0

)
m12 =

1

2
a1

(
−

1

a3
0
−

1

(a0 − iω) 2 (a0 + iω)

)
m22 =

1

2
a2

1

(
1

(a2
0 + ω2) 2

+
1

a4
0

)



Example – two unknown parameters

It determinant depends on ω

Det(M) =
a2

1ω
2

4a4
0 (a2

0 + ω2) 2
(17)

and attains its maximum, which equals
a2

1

16a6
0
,

for ω∗ = a0. In order to prove that
u∗(t) = 0.5 + 0.5 cos(a0 t+ φ) is D-optimal,
it suffices to calculate max. of

ϕ(ω, S∗u) =
2a2

0

(
−2a0ω + a2

0 + 5ω2
)

(a2
0 + ω2) 2

(18)

and to check that maxω ϕ(ω, S∗u) = 2.



Example – two unknown parameters 2

Can be done analytically (using Mathematica).



Example – two unknown parameters 3

How much do we loose, if instead of ω∗ = a0

we use frequency af ? Set b = af/a0.

Eff =
Det[M(Sfu)]

Det[M(S∗u)]
=

4b2

(b2 + 1)2 (19)

If misspecification

< 45%, then

Eff > 80%



Generalization (Raf. Int. J. Control 84)
Unbounded power input signals

All the above, also the K-W thm., conveys
smoothly to input signals such that:

lim
T→∞

u(T )/T (2 k+1) = 0 (20)

∀τ lim
T→∞

1

T (2 k+1)

∫ T

−T
u(t)u(t+τ ) dt <∞ exists.

D-optimal input signals have the form:

tk × (linear combinations of sinusoids),

if our system bears such signals, but then the
estimation accuracy is much better.



Experiment design for DPS
We need new paradigms

Old paradigms (from 60’ of XX-th century):

observations of a system state can be
made only at a finite number of spatial
points,

actuators that influence our system can act
also at a finite number of spatial points.

New techniques and devices – developed in
last 50 years.

Cameras and infra-red cameras provide
information, which can be treated as
observations that are continuous in space
(> 10 MPix).



Experiment design for DPS
We need new paradigms 2

A temperature field of a wall of air heating 10
kW furnace.



Experiment design for DPS
We need new paradigms 3

New techniques and devices (cont.)

for observing strains fields (by optical
devices),

laser 3D scanners,

moving and mobile sensors,

micro-mechanical and electrical
measurement systems (MEMS), e.g.,
accelerometers,

estimating velocity fields from a sequence
of images,



Experiment design for DPS
New tools for actuating DPS:

high energy lasers – moving sources,

microwave heating (inside 3D bodies),

shape changing materials (e.g., piezo-
electric bonds), acting as spatially
distributed forces.

Conclusion:
In addition to point-wise and moving sensors
and actuators, it is reasonable and useful to
consider spatially distributed observations and
actuators for DPS systems and to develop a
theory for them.



Experiment design for DPS
We consider a class of DPS described by:

q(x, t) =

∫ t

0

∫
Ω
G(x, χ, t−τ ; ā)U(χ, τ ) dχ dτ,

q(x, t) – the system state at spatial point
x ∈ Rd and time t,

U(χ, t) – an input signal at spatial point
χ ∈ Ω ⊆ Rd and time t.

Here, we concentrate on spatio-temporal
inputs, i.e., changes are admitted at each
χ ∈ Ω and time t.



Experiment design for DPS
Toward the problem statement:

The results for input signals:

acting on boundaries –
U(χ, t) = b(χ)u(t), b(χ) – determined by
boundary conditions,

a point-wise source(s)
U(χ, t) = δ(χ− χ0)u(t)

are similar to that the for lumped-parameter
systems.

Above, G(x, χ0, t, ā) is the Green function of
our system, ie., its response to δ(χ− χ0) δ(t),



Experiment design for DPS
Toward the problem statement 2

where ā is the vector of unknown parameters
that are estimated from observations.

1 It is not necessary to known the Green
function explicitly in order to apply the
results that follow. It suffices to
approximate its sensitivity function
numerically for nominal parameter values.

2 There are important classes of DPS for
which the Green function can be expressed
in terms of eigenfunctions of a spatial
operator (known also as modal expansions)
– see below.



Experiment design for DPS
Toward the problem statement: 3

Example – heat conduction equation:

∂q(x, t)

∂t
= a

∂2 q(x, t)

∂ x2
+ δ(x−χ) δ(t), x ∈ R.

Its Green’s function:

G(x, χ, t, a) =
1

2
√
π a t

exp

(
−

(x− χ)2

4 a t

)
.

One unknown parameter. Its sensitivity
function ∂G/∂a:



Experiment design for DPS
Toward the problem statement: 4

The optimal trajectory of a sensor x =
√

6 t,
when a heat source is at 0.



Experiment design for DPS
Toward the problem statement: 5

If we allow also moving source, then ∂G/∂a
attains max., when a sensor follows closely the
moving source (the shape of the trajectory is
in this case not important).

Conclusion:
We should optimize simultaneously the choice
of input signals and sensors’ locations, but it
is too difficult task (non-convex). Later on,
we fix sensors’ positions and we shall optimize
input signals only.



Experiment design for DPS
Toward the problem statement: 6

Remark
It is possible to obtain the D-optimality con-
ditions for all systems described in the terms
of G(x, χ, t, a) as well as to derive a compu-
tational algorithm. They are expressed by
means of eigenvalues of an integral operator
with the kernel spanned by ∇aG(x, χ, t, a)
(see Raf. IEEE AC 83). We skip these general
results, because they provide only limited in-
sight into a spatio-temporal structure of
D-optimal input signals.



Experiment design for DPS
Toward the problem statement: 7

Consider the following class of LTI DPS:

q̈(x, t)+µ q̇(x, t) = Ax(ā) q(x, t)+U(x, t), (∗)

x ∈ Ω, where q̇(x, t) = ∂q(x,t)
∂t

, Ax(ā) – an
operator of the elliptic type. When

q̈(x, t) present – hyperbolic type eq. (e.g.,
wave equation)

if not – parabolic type (e.g., heat
conduction or diffusion eq.).

Note: we treat µ as known parameter for brevity, but it
can be included also as unknown parameter.



Interpretable examples of Ax(ā) include:

Ax(ā) q(x, t) = a1

∂2q(x, t)

∂x2
1

+ a2

∂2q(x, t)

∂x2
2

+ a3 q(x, t),

Ax(ā) q(x, t) = a1

∂4q(x, t)

∂x4
1

+ a2

∂4q(x, t)

∂x2
4

plus boundary conditions – should be inclu
-ded into the description of the domain of
Ax(ā), denoted as D(Ax) ⊂ L2(Ω), where
L2(Ω) – the class of squared integrable
functions with the inner product

< f, g >=

∫
Ω
f(x) g(x) dx.



Experiment design for DPS
Toward the problem statement: 8

More generally, we admit operators Ax of the
form:

Ax(ā) q(x, t) =
r∑
i=1

ai P
(i)
x q(x, t), (21)

where P (i)
x , i = 1, . . . , r are differential ope-

rators w.r.t. spatial variables and such that:

Ax is symmetric, i.e., ∀f, g ∈ L2(Ω):

< Ax(ā) f, g > = < f, Ax(ā), g > .



Toward the problem statement: 9

Ax is positive definite, i.e., ∀f,∈ L2(Ω)
f 6= 0 ⇒ < f, Ax(ā)f > ∈ R+

Eigenfunctions v1(x), v2(x), . . . of Ax(ā)
do not depend on ā (it suffices that vk’s
are eigenfunctions of P (i)

x ).

This implies that the eigenvalues λk(ā) of
Ax(ā) are linear functions of ā, i.e.,

λk(ā) = b̄trk ā, Ax(ā) vk = −λk(ā) vk

for certain (known) vectors b̄k, k = 1, 2, . . .

We assume that vk, k = 1, 2, . . . form
complete and orthonormal basis of L2(Ω),



Experiment design for DPS
Toward the problem statement: 10

i.e.
∫

Ω vk(x) vj(x) dx = δkj. Under these
assumptions the Green function of

q̈(x, t)+µ q̇(x, t) = Ax(ā) q(x, t)+U(x, t) (∗)

is of the form:

G(x, χ, t; ā) =
∞∑
k=1

vk(x) vk(χ)wk(t; ā), (22)

where wk(t)’s are the impulse responses of

ẅk(t; ā) + µ ẇk(t; ā) = −λk(ā)wk(t; ā) + δ(t).
(23)



Finally, the problem statement:

Observations (”continuous” in space) of
system (*) for estimating ā have the form:

Y (x, t) = q(x, t; ā) + ε(x, t), x ∈ Ω (24)

where ε(x, t) is zero mean, uncorrelated in
space and time, covariance stationary, Gaus-
sian process. Select Su(x, χ, j ω), defined as

Su(x, χ, j ω) = F
τ
[Ru(x, χ, τ )] (25)

Ru(x, χ, τ ) = lim
T→∞

1

2 T

∫ T

−T
U(x, t)U(χ, t+τ ) dt,



Finally, the problem statement: 2

for which maxSu Det [M(Su)] is attained
over the class SΩ of Su(x, χ, j ω) = 0 for
ω 6∈ [−ωmax, ωmax] and such that∫ ∫

Ω
Su(x, x, j ω) dx dω ≤ 1 (26)

where the Fisher information matrix M(Su) is:∫ ∫
Ω

∫
Ω

∫
Ω
H(κ, x, j ω)Htr(κ, χ,−j ω)Su(x, χ, j ω)

H(x, χ, j ω)
def
= Ft [∇aG(x, χ, t; ā)] .



Finally, the problem statement: 3

(26) is the constraint on the mean (w.r.t. time
and space) energy of U(x, t). The problem
looks terrible: we are looking for cross-spec-
tral densities between each pair of points
x, χ ∈ Ω, but the orthogonality of vk’s and
the convexity of SΩ are our friends. The set
MΩ of all attainable FIM’s

MΩ
def
= {M(Su) : Su ∈ SΩ}

is convex, closed and bounded, under suitable
assumptions concerning H(x, χ, j ω).



Toward the solution:

By the orthogonality of vk’s and observations
over all Ω we obtain:

M(Su) =
∞∑
k=1

∫
W̄k(j ω) W̄ tr

k (−j ω)sk(ω) dω

(27)

sk(ω) =

∫
Ω

∫
Ω
vk(x) vk(χ)Su(x, χ, j ω) dx dχ

W̄k(j ω) = Ft(∇awk(t; ā))

The constraint on Su translates as:
∞∑
k=1

∫
sk(ω) dω ≤ 1. (28)



The equivalence thm.

Thus, the problem is only slightly more
difficult than for ODE.
Theorem 1

D-optimal spectral density of the input signal
has the form:

S∗u(x, χ, j ω) =
∞∑
k=1

s∗k(ω) vk(x) vk(χ) (29)

and it is D-optimal if and only if

max
k

sup
ω
W̄ tr(−j ω)M−1(S∗u)W̄ (j ω) = r, (30)

where r = dim(ā) and ω ∈ [−ωmax, ωmax].



Insight into the structure of S∗u

Recall λk(ā) = b̄trk ā. For the parabolic case:

µ ẇk(t; ā) = −λk(ā)wk(t; ā) + δ(t). (31)

we have W̄k(j ω) = ∇a (j ω µ+ λk(ā))−1

W̄k(j ω) = Φk(j ω) b̄k, (32)

Φk(j ω) = (j ω − λk(ā))−2 (33)

Analogously, for the hyperbolic case:

ẅk(t; ā) + µ ẇk(t; ā) = −λk(ā)wk(t; ā) + δ(t).
(34)

W̄k(j ω) = Ψk(j ω) b̄k, (35)



Insight into the structure of S∗u – 2

where

Ψk(j ω) =
(
−ω2 + j ω µ+ λk(ā)

)−2
(36)

Note that in both cases W̄k(j ω)’s have the
same structure and D-optimality condition (30)
reads as: (replace Φk by Ψk for hyperbolic)

max
k

[
|Φk(j ω

∗
k)|

2 b̄trk M
−1(S∗u) b̄k

]
= r, (37)

ω∗k
def
= arg sup

ω
|Φk(j ω)|2, (38)

k = 1, 2, . . ..



Insight into the structure of S∗u – 3

Theorem 2

D-optimal spectral density has the form:

S∗u(x, χ, j ω) =
R∑
k=1

vk(x) vk(χ)︸ ︷︷ ︸
single spatial mode

·Θk(ω)

Θk(ω)
def
=
σ∗k
2

[
δ(ω − ω∗k) + δ(ω + ω∗k)

]︸ ︷︷ ︸
single sine wave

,

where R ≤ r (r + 1)/2, while σ∗k’s are
selected as the solution:



Insight into the structure of S∗u – 3

Theorem 2 – cont.

max
σ1 . . . σR

Det


R∑
k=1

σk

|Ψk(j ω
∗
k)|2︷ ︸︸ ︷

|Φk(j ω
∗
k)|

2 b̄k b̄
tr
k

 (39)

under constraints:
∑R

k=1 σk ≤ 1, σk > 0,
k = 1, 2, . . . , R.

This is well known problem and the
Kiefer-Wolfowitz equivalence thm. applies.



Calculating S∗u when vk’s are known

1 Find optimal frequencies

ω∗k = arg sup
ω
|Φk(j ω)|2, (40)

2 Calculate b̄k’s (easy when vk’s are known),
3 Solve problem (39) ⇒ optimal squared

energies of each mode σ∗1, σ
∗
2, . . . , σ

∗
R.

4 Form D-optimal input signal:

u∗(x, t) =
R∑
k=1

√
σ∗k
2
vk(x) sin(ω∗k + θk),

(41)
where θk, k = 1, 2, . . . , R independent,
uniformly distributed [−π, π] r.v.’s.



Calculating S∗u when vk’s are known – remarks

1 (39) is the standard D-optimal experiment
design problem, where only weights are
optimized. It can be solved using:

the Torsney-Fellman multiplicative
weights update algorithm – when R is
not very large (typical case),
Wynn-Fedorov algorithm with later
modifications, when R is large.
Note that here we do not have
difficulties with rounding, because σk’s
can be any real number.



Calculating S∗u – Remarks 2

Why we consider only first R eigen-
functions, instead of trying to select them
from the whole infinite sequence ?
Assume that the eigenvalues are sorted as
λ1 ≤ λ2 ≤ . . .. Then we can be sure that
the first R eigenfunctions are the most
informative, because for the 2-nd order
elliptic operator we have: λk = O(k2),
which implies |Φk(j ω)|2 = O(k−8), while
the largest elements of b̄k b̄trk matrices are
of the order O(k4), finally yielding O(k−4)
(for 4-th order operators the information
drops even faster).



Calculating S∗u – Remarks 3

When vk’s are not known explicitly, they
can be found numerically using efficient
procedures available in Matlab.

Consider 2-nd order elliptic operator defined in
Ω of the following shape:



Calculating S∗u – Example

The first spatial eigenfunction (mode):



Calculating S∗u – Example cont.

The 2-nd and 3-rd spatial eigenfunctions:

We are able to generate D-optimal input
signals even for systems with very complicated
shapes.



Insight into the structure of S∗u – parabolic case

Corollary 1

For systems of the parabolic type all ω∗k = 0.
Thus, D-optimal input is constant in time
(independently of the shape of Ω), i.e.,

u(x, t) =
R∑
k=1

√
σ∗k/2 vk(x), (42)

where eigenfunctions depend on the type of
boundary conditions and on the shape of Ω.
It does not depend o unknown parameters, if
vk’s do not depend on them.



Insight into the structure of S∗u – hyperbolic case

Corollary 2

For systems of the hyperbolic type

(ω∗k)
2 =

{
λk(ā)− µ2/2, if λk(ā)− µ2/2 > 0;
0, otherwise.

u(x, t) =
R∑
k=1

√
σ∗k/2 vk(x) sin(ω∗k t+ θk).

(43)
where eigenfunctions depend on the type of
boundary conditions and on the shape of Ω.



Example – hyperbolic case

Remark: if µ→ 0, then ω∗k =
√
λk(ā) =

natural frequencies of a system.

The spatio-temporal structure of the optimal
input signal for r = 2 – two modes.



Example – cont. – hyperbolic case

ω∗k)
2 = λk(ā)− µ2/2 are unknown, but in

many cases they can be easily determined
experimentally by tuning the input signal to
the rezonans frequency, even if the damping
factor µ is relatively large.



Example – parabolic case

Heated 2D plate, 3 unknown parameters: left
panel – BC I kind, right panel – mixed BC of I
and II kind

spatial distribution of heating (const. in time).



Easy generalizations

All the above results conveys smoothly to

the cases when Ax(ā) has multiple
eigenvalues,

L- and Lp- optimality criterions (the
equivalence thm’s look differently, but the
spatio-temporal structures are similar).

Part of the above results can be
generalized to LTI systems with spatially
varying coefficients, which are unknown,
but can be approximated by finite linear
combinations of known functions.



What is left outside this lecture ?

1 D-Optimal input signals selection in the
time domain for a finite time horizon
(partly solved in Raf. 89 JOTA).

2 Selection of sensors’ positions or
trajectories of moving sensors – valuable
results were obtained by Prof. D. Uciński
and collected in his monograph Ucinski,
CRC Press 2005.

3 Simultaneous selection of input signals and
sensors’ positions or trajectories. General
solution is not known, but several special
cases are known (Raf. IEEE AC 83).



What is left outside this lecture ? 2

For simplicity, we considered observations at each
time instant, but in practice we will have sampled
data. The sampling rate is the next factor to be
included into the design of experiment. One may
also consider benefits of applying sampling points
that are not equidistantly placed.
We confined our attention to open loop excitation
signals. They are preferable when

1 our aim is to estimate parameters of PDE’s,
treated as material constants,

2 we have constraints on the power of input
signals.

However, as established by Soderstrom, Ljung and
Gustavsson, closed loop experiments can be
preferable when we have constraints on the output
power of excitations.



Conclusions

1 Under several simplifying assumptions we were able
to establish pleasing results that optimal input
signals are sums of excitations, which are products
of natural modes in space and sinusoids with
natural system frequencies in time (treating
constant signal as natural for heat equation).

2 Should we apply these results in practice ?
3 Only when we are conducting experiments in labs

with perfectly controlled conditions.
4 Otherwise, it is reasonable to use a mixture of

these signals with wide band, persistently exciting
signals in order to be able to detect that a model is
not adequate.
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