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Data Structure



Design Matrix

What if we have control on the xij’s?



Data Structure

Conventional:  n>k+1

Saturated (Minimal-Point):  n=k+1

Supersaturated:  n<k+1

Genetic Study:   n << k



First-Order Model: Model Matrix



Second-Order Model: Model Matrix 

(a)



Second-Order Model: Model Matrix(b)



Minimal-Point Designs for

First-Order Polynomial Model 

(Two-Level)

Second-Order Polynomial Model 

(Three-Level)

Full Second-Order Polynomial 
(Response Surface) Model



Minimal-Point Designs (in this talk)

First-Order Polynomial Model 

Robust to Interactions

Second-Order Polynomial Model 

Conference Matrix  (JQT, 2012)

Full Second-Order Polynomial (Response 
Surface) Model

Small Central Composite Design (Tech, 1992)

Small Box-Behnken Design (S&P Letters, 2012)

More



Information Matrix for 

First-Oder Design



Maximize         : Alphabetic Optimality

D-optimal: Maximize 

A-optimal: Maximize

E-optimal: Maximize the minimum

eigen-value  of  

V-optimal: Minimize the average

prediction variance

G-optimal,  I-optimal, and so on…

There are 26 letters.

Design Efficiency



What if there is any 

Interaction Effects???



Foldover

Foldover

Then

Namely, all main-effects are orthogonal to 
two-factor interactions.



Putting Them Together:

a. Minimal-Point and

b. Robust to Interaction Effects



Consider

Theorem.

If  X is full rank, then                 .  



Consider



Design Construction

Divide the factors into two groups A and B. 

Factors in Group A follow the  design of         , 

while factors in Group B follow the design of        .

where      is an                  matrix whose entries 

in the first column are all ones,      is        

matrix, and                  , n is even.



Design Properties

1. All main effects of  xa and  xb are 
orthogonal, for xa in Group A and xb in 
Group B.

2. All two-factor interaction  xixj are 
orthogonal to main effect  xk, for

all xi and  xj in Group A, and  xk in Group B;

all xi and  xj in Group B, and  xk in Group B;

all xi in Group B, and xj and xk in Group A.



Choices of       and  

It is natural to employ D-optimal 

design of size (n/2) for both        and    

matrices.



Example



Example (More)

Some properties:

1.Main effects of factors           are 
orthogonal to main effects

2.Main effects of factors        are orthogonal 
to two-factor interactions of

3.Main effects of factors              are 
orthogonal to two-factor interactions of

4.∥X′X∥ = 2^14.



d-efficiency & Relative Ratio

d-efficiency

Relative Ratio

d-effp is the d-efficiencies for the proposed design 

D-effD is the d-efficiency for the D-optimal design



Comparison Results

• The loss of d-efficiency is rather limited

––the relative ratio is  between 90.5% to 100%. 

• The proposed design is robust to many (although not all) interaction effects.



How to assign factors?

Group all factors into two groups, such 
that potential two-factor interactions only 
occur within each group, but not 
between groups. 

Then assign sensitive factors to Group B.



Discussion

If A-optimality is preferable (vs the D-optimality), it can 
be  shown

Thus, an A-optimal design should be employed to X1 & 
X2.

Other optimalities can be investigated in a similar  
manner.

A more general class is design of the form

where            , Now      

Thus, if                    , then factors in Group A will be 
orthogonal to  factors in Group B.



Take Home Message
Minimal-Point First-Order Design: Old and New

n x n detmax matrix for X
(n/2) x (n/2) detmax matrix 

For both  X1 & X2



Comparison Results (More)

• The relative ratio is  between 97.9% to 104%. 

• For n=94 results in a higher d-efficiency than the published 

D-optimal design (see, for example, Koukouvinos et al., 2000).



Constructing Definitive Screening 

Design Using Conference Matrices



A Class of Three-Level Designs for Definitive 

Screening in the Presence of Second-Order Effects 
(Jones and Nachtsheim, JQT,2011)



Goals

Propose a class of designs for screening 
quantitative factors in the presence of active 
first- and second-order effects. Specifically,
De-alias the confounding between the main effects of 
the factors with one or more  two-factor interactions 
(which cannot be solved by resolution III fractional-
factorial screening designs).

The run size is minimum .

Capture curvature due to pure-quadratic effects and 
allow for separate estimation of the quadratic effects 
of each factor.



Second-Order Model: Model Matrix 

(a)



J&N’s  Design Structure



Design Algorithm  (J&N)
1. Starting design contains zeros in all the required places these 

are held fixed throughout.
2. Odd numbered rows of the starting design are chosen randomly 

on the interval [-1 1]. 
3. Generate even numbered rows of the starting design by 

multiplying each element of the odd numbered rows by -1.
4. Improve the starting design by a variant of the coordinate 

exchange algorithm.
5. For each nonzero element evaluate the effect of changing its 

value to 1 or -1 while simultaneously changing the 
corresponding element in the mirroring row to -1 or 1 
respectively.

6. Make the change corresponding to the greater improvement in 
the determinant.

7. Make a pass through the design matrix considering each 
element.

8. Continue until no element changes in an entire pass or until a 
maximum iteration limit is reached.

9. Repeat for a specified number of random starts.



Design Properties
1. The number of required runs is only one more than twice the 

number of factors.
2. Unlike resolution III designs, main effects are completely 

independent of two-factor interactions.  
3. Unlike resolution IV designs, two-factor interactions are not 

completely confounded with other two-factor interactions, 
although they may be correlated.

4. Unlike resolution III, IV and V designs with added center points, 
all quadratic effects are estimable in models comprised of any 
number of linear and quadratic main effects terms.

5. Quadratic effects are orthogonal to main effects and not 
completely confounded (though correlated) with interaction 
effects.

6. With six through (at least) 12 factors, the designs are capable of 
estimating all possible full quadratic models involving three or 
fewer factors with very high levels of statistical efficiency.

7. Designs for 4, 6, 8, and 10 factors are orthogonal.



Designs for m = 4 Through m = 12 Factors

Designs for up to 30 

factors can be found 

from JQT website.



Example



Example (Continued)

Patterns

Each even-numbered row is obtained by multiplying each value of the 
previous row by −1. The last row is a center run.

Observing the location of the zero entries. The first pair of runs has zeros 
in the first column and the second pair of runs has zeros in the second 
column. This pattern repeats so that each column has a contiguous pair of 
zero entries in the first 12 rows. 

Properties

The model can estimate an intercept term, all the main effects, and all the 
pure-quadratic effects of each factor.

The columns of this design are orthogonal to each other. 

Because of the mirroring in pairs of runs, the main effects are all 
independent of any active two factor interactions.

Compared with the 12-run Plackett–Burman design with one additional center run, 
the design in Table 2 has a relative D-efficiency of 85.5% for the model consisting 
of all first-order main effects. The ability to estimate pure-quadratic effects and the 
independence of the main effects and the two-factor interactions compensates for 
the loss of efficiency in fitting the main effects model. 



Proposed Design 

via

Conference Matrices

Xiao, Bai and Lin (JQT, 2012)



J&N’s  Design Structure

Foldover

with a

center point

Find an 

―Optimal‖ 

C  matrix!



Conference Matrix

An m × m matrix C is a conference 
matrix if it satisfies

First introduced in dealing with conference 
telephony (Belevitch, 1950)



Example  (m=4)



Proposed Design Structure

The definitive screening design can be 
constructed by

where C is an m×m conference matrix 
and  0 is a 1×m zero matrix . 



Example (m=4)



Design Properties

1. It is a saturated design for estimating 
the intercept, all m main effects and all 
m quadratic effects.

2. All main effects are orthogonal to all 
quadratic effects.

3. All main effects are orthogonal to all 
two-factor interactions—the alias 
matrix A is a zero matrix.



Another

Example
(m=12)

The D-efficiency is 

92.3%, 

higher than 89.8% for  

the design given in 

Jones and Nachtsheim 

(2011).



D-efficiency & Relative Ratio

The D-effciency criterion in [Jones and Nachtsheim, 2011]

where X(d) is the design matrix of design d and dD is the D-
optimal design, p is the number of terms in the model which 
contains intercept and main effects terms.
Define the Relative Ratio as

where dP is the proposed design and dJ&N is Jones and 
Nachtsheim's design.



Comparison Results



Comparisons

The proposed designs for m = 6 through 30 (except 
22) are all orthogonal for main effects.

For m = 12, 14, 16, 18, 20, 24, 26, 28, 30, the 
proposed designs are all superior to those in Jones 
and Nachtsheim (2011), in term of D-efficiency.

If a quadratic model is considered (with main and 
quadratic effects), the relative ratio can be verified 
as 100% for 4 ≤ m ≤ 10 and between 101.4% to 
103.4% for 12 ≤ m ≤ 30 (except 22).



More Properties

* All factors main effects are orthogonal to each other.                     

* All main effects and quadratic effects are orthogonal.

* All main effects and two-factor interaction effects are orthogonal.

* The inner products among quadratic effects can be represented as      

i.e., the diagonal element is 2m-2 and the off-diagonal element is 2m–4

* The inner products between the pure-quadratic effects and the 

two-factor interaction effects can be represented as 2Q’P whose entries

belong to {-2, 0,2}. Consequently, the correlation between the two

columns is

as shown in Jones  and Nachtsheim (2011). 

* Thus Columns 4 and 5 in their Table 3 should be identical for even m. 

Namely, 

* The inner product matrix 2P’P has its diagonal entries are 2(m-2), and

off-diagonal entries belong to set 



Discussion and Conclusion

For definitive screening design, 

the model matrix can be represented as

where

represent main-effects, pure-quadratic effects and

two factor interaction effects, respectively.



The inner product matrix can then be represented as

where I is the identity matrix and J is the matrix with all 1's.



Remarks

The proposed method here only works when m is even.

When the number of factors m is odd

Suggest deleting the last column of an (m+ 1) ×
(m+ 1) conference matrix.

For saturated cases, suggest using designs given in
Jones and Nachtsheim (2011).

A conference matrix is a special case of weighing matrix
(Raghavarao, 1959). Replace the conference matrix in
the proposed design by a weighing matrix and get a
series of orthogonal main effect designs that have the
same properties as shown above. This deserves further
study.



More About

Conference Matrix



Conference Matrix--Definition

An m × m matrix C is a conference 
matrix if it   satisfies



Conference Matrix—Original

• First introduced in dealing with 
conference telephony (Belevitch, 1950)

• Proposed in several independent ways, 

– Telephony (Belevitch,V., 1950)

– Statistics (Raghavarao,D. ,1959)

– Elliptic geometry (van Lint, J.H., and 
Seidel, J.J. ,1966 )



Conference Matrix--Properties

Orthogonality

If m   0 (mod 4), a conference matrix is 
equivalent to an anti-symmetric matrix.

If m   2 (mod 4), a conference matrix is 
equivalent to a symmetric matrix.

If a conference matrix of order m  2 
(mod 4) exists, then m-1 is a sum of 
two squared integers.



Symmetric Conference Matrices

n=4t+2 and

n-1 is a sum of two squared integers

6  5=1+4=12+22

10  9=0+9=02 + 32

14  13=4+9=22 + 32

18  17=1+16= 12 + 42

22  Does Not Exist!

26  25=9+16= 32 + 42

…

66  65=16+49= 42+72 (Open Problem)



Example



Hadamard Matrix

Given a nxn square matrix whose elements 
are all -1 and +1,

What is its maximal determinant possible?

H’H=nI    (available when n=4t)

Hadamard Matrices (Plackett & Burman Designs)

Ehlich-Wojtas bound for n=4t+2

How about other (odd) n?



Conference Matrix

Given a nxn square matrix whose diagonal 
elements are 0’s and off-diagonal elements 
are all -1 and +1,

What is its maximal determinant possible?

For n is even, some results are available:

C’C=(n-1) I
n=4t   C=H-I  (H is Skew-Hadamard Matrix)

n=4t+2  (n-1 is sum of two square integers)



―Conference Matrix‖

Given a nxn square matrix whose diagonal 
elements are 0’s and off-diagonal elements 
are all -1 and +1,

What is its maximal determinant possible?

For n is odd, results are only available for

n=3,5,7,9 and 11 (but no more)…
Bussemaker, Kaplansky, McKay and Seidel (1997)



Looking Ahead

More Applications of Conference Matrices 
in Design of Experiment

Construction of Conference Matrices for 
those missing n…a similar history of 
Hadamard Matrices.

n is odd

n = 22, 34,…those not sum of two squares

n=66,… those are sum of two squares



―Equivalent Theorem‖

(A) Given an nxn square matrix whose 
elements are {-1,1}, what is its maximal 
determinant possible?

(B) Given an nxn square matrix whose 
diagonal elements are 0's and off-diagonal 
elements are {-1,1}, what is its maximal 
determinant possible?

Conjecture:  

If C is a solution for (B), 

then H=C*+I* is a solution for (A).



Questions  on 

Conference Matrices?

Check with Peter Cameron  



Minimal-Point Designs for

Second-Order Model



Minimal-Point Designs for

Response Surface Model

Many others and Box’s early work

Small Central Composite Designs

Draper and Lin (1990)

Xiao and Lin (working)

Small Box-Behken Designs

Zhang, Yang and Lin (2011)



Central Composite Design

Cube Portion—

Two-Level Fractional Factorials of 
Resolution V (2k-p)

Star Portion—

2k points (0,…a,…0) & (0,…-a,…0)

Center Points

n0 (0,0,…,0)

   2

0 iiijiijii xxxxy





Small Composite Designs



Small Response Surface Design
Draper and Lin (1990)



Box-Behnken Design







STILL  

QUESTION?



Send $500   to

Dennis Lin

University Distinguished Professor 

317 Thomas Building

Department of Statistics

Penn State University

+1 814 865-0377 (phone)

+1 814 863-7114 (fax)

DennisLin@psu.edu

(Customer Satisfaction or your money back!)


