
Design and analysis of variable 
fidelity multi-objective 
experiments
At the core of any design process is the need to predict performance and vary designs accordingly.
Performance prediction may come in many forms, from back-of-envelope through high fidelity
simulations to physical testing. Such experiments may be one- or two-dimensional simplifications and
may include all or some environmental factors. Traditional practice is to increase the fidelity and
expense of the experiments as the design progresses, superseding previous low-fidelity results.
However, by employing a surrogate modelling approach, all results can contribute to the design
process. This talk presents the use of nested space filling experimental designs and a co-Kriging based
multi-objective expected improvement criterion to select Pareto optimal solutions. The method is
applied to the design of an unmanned air vehicle wing and the rear wing of a race-car.
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5th September 2011



Coming  up:

• Surrogate model based optimization – the basic idea

• Variable fidelity data & co-Kriging

• Optimization using surrogates

• Some practical issues:

– Missing data

– Noisy data

• Example optimization of a variable fidelity race car wing 
design

• Multi-objective variable fidelity design
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Surrogate model based 
optimization

• Surrogate used to expedite 
search for global optimum

• Global accuracy of surrogate 
not a priority
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SAMPLING PLAN

OBSERVATIONS

CONSTRUCT SURROGATE(S)

design sensitivities available?

multi-fidelity data?

SEARCH INFILL CRITERION
(optimization using the 

surrogate(s))

constraints present?

noise in data?

multiple design objectives?

ADD NEW DESIGN(S)

PRELIMINARY EXPERIMENTS



Variable fidelity 
data & co-Kriging
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Kriging of 12 (2k) 3D wind 
tunnel tests
1.4 m span, 18 ms-1, Re=1.5 x 105, CL=0.36
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[Sóbester & Barrett 2008]

Data from Alistair Ward 
(undergraduate project 
student)



Kriging of 120 (20k) 2D potential flow 
simulations
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Data from Alistair Ward 
(undergraduate project 
student)
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Co-kriging

• Expensive data modelled as scaled cheap data based 
process plus difference process (Kennedy & O’Hagan):

• So, have covariance matrix:

• with 2k+1 hyper-parameters to estimate
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One variable example



Co-Kriging model of wing L/D 
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Data from Alistair Ward 
(undergraduate project 
student)



Kriging of 12 3D wind tunnel tests
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Kriging of 120 2D potential flow 
simulations
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Optimization using 
surrogates
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Error estimates used to construct infill 
criteria
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improvement

Expected 
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Expected improvement
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• Useful metric that balances 
prediction & uncertainty

• Can be extended to 
constrained and multi-
objective problems



Some practical 
issues
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What if infill design evaluations fail?

• No infill point augmented to the surrogate

– model is unchanged

– optimization stalls

• Need to add some information or perturb the model

– add random point?

– impute a value based on the prediction at the failed 
point, so EI goes to zero here?

– use a penalized imputation (prediction + error 
estimate)?
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Penalized imputation based 
optimization
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(minimizing drag 

coefficient of an aerofoil 

wrt two shape variables)



What about ‘Noisy’ data?

• Many data sets are 
corrupted by noise

• In computational 
engineering, 
deterministic ‘noise’

• ‘Noise’ in aerofoil drag 
data due to 
discretization of Euler 
equations
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Failure of interpolation based infill

• Surrogate becomes 
excessively snaky

• Error estimates 
increase

• Search becomes too 
global
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Regression, by adding constant λ to diagonal 
of correlation matrix, improves model
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A few issues with error estimates

• Interpolation error=0 
at sample point:

– at x=xi

• But not for regression:
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(other regression error estimates, e.g. Ginsbourger et al.)



EI is no longer a global search
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Want ‘error’=0 at sample points

• Answer is to ‘re-interpolate points from the regressing model (BTW, 
do this for cheap data in co-Kriging anyway)

• Equivalent to using 

in the interpolating error equation
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Re-interpolation error estimate

• Errors due to noise 
removed

• Only modelling errors 
included

• Only use for 
deterministic 
experiments (?)
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Now EI is global method again
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Note of caution when calculating EI as:
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(see also bootstrapping (Kleijnen) and conditional likelihood approaches for dealing with underestimation of error)



Two variable aerofoil example

• Same as missing data 
problem

• Course mesh causes 
‘noise’
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Interpolation – very global
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Re-interpolation – searches local basins, but 

finds global optimum
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Now some proper 
optimization
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Multi-fidelity geometry example

• 12 geometry variables

• full car RANS 
simulations 15h each

• rear wing only RANS 
simulations 1.5h each
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Rear wing only

Full car



Kriging models
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Based on 20 full car simulations

correct data, but not enough?

Based on 120 rear wing simulations

right trends, but incorrect data?
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(visualisation of  four most important variables)



Co-Kriging, all data
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20 point Kriging vs 10 point co-Kriging
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Design improvement
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But this is a little naïve – we would like to know the tradeoff between lift and drag



Multi-objective EI
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Pareto optimization

• We want to identify a set of 
non-dominated solutions

• These define the Pareto 
front 

• We can formulate an 
expectation of 
improvement on the 
current non-dominated 
solutions (Keane)
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Multi-dimensional Gaussian process

• Consider a 2 objective 
problem

• The random variables 
Y1 and Y2 have a 2D 
probability density 
function:
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Probability of improving on one point
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• Need to integrate the 2D 
pdf:

[Recall single 

objective case]
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• Integrating under all non-dominated solutions:

• The EI is the first moment of this integral about the 
Pareto front (see book or JPAS paper)

• Tedious/impracticable for many objectives, but could 
use numerical integration



Pareto solutions for race car wing CL vs. CD

tradeoff
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Summary

• Surrogate based optimization offers answers to, or ways to 
get round, many problems associated with real world 
optimization

• Co-Kriging seems like a great way to combine multi-fidelity 
data of many different origins, e.g. experimental & 
computational

• Significantly fewer experiments may be required for 
surrogate assisted multi-objective optimization compared 
to direct approaches

• How best to handle noisy data and error estimation for 
various types of experiments is an important issue
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