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Hilbert’s 10th Problem

10. Entscheidung der Lösbarkeit einer diophantischen Gleichung.
Eine diophantische Gleichung mit irgendwelchen Unbekannten und mit
ganzen rationalen Zahlkoefficienten sei vorgelegt: man soll ein
Verfahren angeben, nach welchen sich mittels einer endlichen Anzahl
von Operationen entscheiden lässt, ob die Gleichung in ganzen
rationalen Zahlen lösbar ist.

10. Determination of the Solvability of a Diophantine Equation.
Given a Diophantine equation with any number of unknown quantities
and with rational integral numerical coefficients: To devise a process
according to which it can be determined by a finite number of
operations whether the equation is solvable in rational integers.

David Hilbert, Mathematical Problems [1900]



Some Terminology

A Diophantine equation is an equation of the form

P(x1, . . . , xm) = 0

where P is a polynomial with integer coefficients.

Hilbert raised the question about solving Diophantine equations in
“rational integers” which were nothing else but numbers 0,±1,±2, . . .

Without loss of generality one can deal with solving Diophantine
equations in natural numbers so all lower-case italic letters will range
over 0, 1, 2, . . .



Modern Interpretation of the Problem

10. Entscheidung der Lös-
barkeit einer diophantischen
Gleichung. Eine diophantische
Gleichung mit irgendwelchen
Unbekannten und mit ganzen
rationalen Zahlkoefficienten sei
vorgelegt: man soll ein Ver-
fahren angeben, nach welchen
sich mittels einer endlichen An-
zahl von Operationen entschei-
den lässt, ob die Gleichung in
ganzen rationalen Zahlen lösbar
ist.

10. Determination of the
Solvability of a Diophantine
Equation. Given a diophan-
tine equation with any number
of unknown quantities and with
rational integral numerical co-
efficients: To devise a process
according to which it can be
determined by a finite number
of operations whether the equa-
tion is solvable in rational inte-
gers.

David Hilbert, Mathematical Problems [1900]



Martin Davis’s Conjecture

A set M of natural numbers is called Diophantine if it has a
Diophantine representations, i.e., if it has a definitions of the form

a ∈M⇐⇒ ∃x1 . . . xm[P(a, x1, . . . , xm) = 0]

where P is again a polynomial with integer coefficients one of the
variables of which, a, is now a parameter.

Parametric Diophantine equation
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Description of the corresponding set



Martin Davis’ Conjecture

Evident fact. Every Diophantine set is effectively enumerable.

Martin Davis’ Conjecture [around 1950]. Every effectively
enumerable set is Diophantine.

Theorem (Kurt Gödel [1931]). Every effectively enumerable set M
has an arithmetical representation.



Davis’s Conjecture Proved

DPR-theorem (Martin Davis, Hilary Putnam, and Julia Robinson
[1961]). Every effectively enumerable set M has an exponential
Diophantine representation, which is a representation of the form

a ∈M⇐⇒ ∃x1 . . . xm[E (a, x1, x2, . . . , xm) = 0]

where E is an exponential polynomial, i.e., an expression constructed
by combining the variables and particular integers using the traditional
rules of addition, multiplication and exponentiation.

DPRM-theorem [1970]. The notions of a Diophantine set and the
notion of an effectively enumerable set coincide.

DPRM: after Davis–Putnam–Robinson–Matiyasevich



Algorithms vs Effectively Enumerable Sets

E. L. Post.
Formal reduction of the general combinatorial problem.
Amer. J. Math., 66:2, 197–215, 1943.

P. Martin-Löf.
Notes on Constructive Mathematics.
Almqvist & Wikseil, Stockholm, 1970.



Diophantine Machines

Leonard Adleman and Kenneth Manders [1976] introduced the notion
of Non-Deterministic Diophantine Machine, NDDM for short.

P(a, x1, . . . , xm)
?
= 0

NDDM

�-

? --

input
a

guess
x1, . . . , xm

YES NO

accept a reject

The DPRM-theorem. NDDMs are as powerful as, say, Turing
machines, i.e., every set acceptable by a Turing machine is accepted by
some NDDM, and, of course, vice versa.



Universal Machines

Corollary of DPRM-theorem. There exists a universal Diophantine
equation, i.e., an equation

U(a, k, y1, . . . , yM) = 0

with the following property: for arbitrary Diophantine equation

P(a, x1, . . . , xm) = 0 (∗)

there exist (effectively calculable) number kP such that for arbitrary
value of the parameter a the equation (∗) has a solution in x1, . . . , xm
if and only if equation

U(a, kP , y1, . . . , yM) = 0 (∗∗)

has a solution in y1, . . . , yM .



Collapse of Diophantine Hierarchy

Solving an arbitrary parametric Diophantine equation with any number
of parameters can be reduced to solving another Diophantine equation
(with the same parameters) of degree D in M unknowns where 〈D,M〉
is any of the following pairs:

〈4, 58〉, 〈8, 38〉, 〈12, 32〉, 〈16, 29〉, 〈20, 28〉, 〈24, 26〉, 〈28, 25〉,
〈36, 24〉, 〈96, 21〉, 〈2668, 19〉, 〈2× 105, 14〉, 〈6.6× 1043, 13〉,

〈1.3× 1044, 12〉, 〈4.6× 1044, 11〉, 〈8.6× 1044, 10〉, 〈1.6× 1045, 9〉.

The above bounds are uniform with respect to the number of
parameters provided that D is the degree with respect to unknowns
only.

Open Problem. Are there similar uniform bounds with respect to the
total (both in the parameters and unknowns) degree?



Diophantine Complexity

NDDM

P(a, x1, . . . , xm)
?
= 0 �-

? --

input
a

guess
x1, . . . , xm

YES NO

accept a reject

SIZE(a)=the minimal possible value of |x1|+ · · ·+ |xm| where |x |
denotes the binary length of x .



D vs NP

Leonard Adleman and Kenneth Manders [1975] introduced the class D
consisting of all sets M having representations of the form

a ∈M ⇐⇒ ∃x1 . . . xm
[
P(a, x1, . . . , xm) = 0 & |x1|+ · · ·+ |xm| ≤ |a|k

]
where |x | denotes the binary length of x .

Open question. D
?
= NP.



Unambiguous Computations

Definition. A purely existential representation

a ∈M⇐⇒ ∃x1 . . . xmT (a, x1, . . . , xm)

is called single-fold if for given value of the parameter a there exists at
most one choice of the values of x1, . . . , xm.



A Great Open Problem

AA�� AA��

Open Problem. Can we construct a single-fold Dio-
phantine representation for every effectively enumer-
able set? A finite-fold Diophantine representation?

AA��

DPRM-theorem [1970].
For every effectively enumer-
able set we can construct a
Diophantine representation.

AA��

Matiyasevich [1974]. For
every effectively enumerable
set we can construct a
single-fold exponential Dio-
phantine representation.

DPR-theorem [1961]. For every effectively enumerable set
we can construct an exponential Diophantine repesentation



Problem of Effectivization

Theorem (Axel Thue [1909]). Let F be an integral binary form such
that F(x, 1) has at least three distinct zeros. Let m be a non-zero
integer. Then the equation

F (x , y) = m (∗)

has at most finitely many solutions.

Theorem (Alan Baker [1968]). Let F(x, y) be as above. Then one
can effectively find a number B such that (∗) implies that

max{x , y} < B.



Non-effectivizable Theorems

Let

a ∈M⇐⇒ ∃x1 . . . xm[E (a, x1, x2, . . . , xm) = 0]

be a single-fold exponential Diophantine representation of an
undecidable set M. Then we have:

I For every value of a the exponential Diophantine equation

E (a, x1, x2, . . . , xm) = 0]

has at most one solution in x1, x2, . . . , xm;

I For every total computable function α there is a value of a such
that the above equation has a (unique) solution x1, x2, . . . , xm and

max{x1, x2, . . . , xm} > α(a)

Open Problem. Can this result be improved for the case of genuine
Diophantine equations?



Diophantine Sets are Easy

a ∈M⇐⇒ ∃x1 . . . xm[P(a, x1, . . . , xm) = 0]

Mn = M
⋂
{a | a ≤ n}

The set Mn can be effectively calculated from ‖Mn‖, the cardinality
of Mn.

This implies that the descriptive or Kolmogorov complexity of Mn is
at most log(n).



Computational Chaos in Number Theory

Gregory Chaitin [1987] constructed a particular one-parameter
exponential Diophantine equation and considered the set of all values
of the parameter for which the equation has infinitely many solutions:

a ∈M⇐⇒ ∃∞x1 . . . xm[E (a, x1, x2, . . . , xm) = 0]

He proved that so called prefix-free Kolmogorov complexity of the
initial segment

Mn = M
⋂
{a | a ≤ n}

is equal to n (up to an additive constant).



More Computational Chaos in Number Theory

Toby Ord and Tien D. Kieu [2003] constructed another particular
one-parameter exponential Diophantine equation which for every value
of the parameter has only finitely many solutions and considered the
set of all values of the parameter for which the equation has even
number of solutions:

a ∈M⇐⇒ ∃evenx1 . . . xm[E (a, x1, x2, . . . , xm) = 0]

They proved that the prefix-free Kolmogorov complexity of the initial
segment

Mn = M
⋂
{a | a ≤ n}

is also equal to n (up to an additive constant).



Even more Computational Chaos in Number Theory

Theorem (Matiyasevich [2006]). Let U be a decidable infinite set
with infinite complement. On can construct an exponential
Diophantine equation which for every value of the parameter has only
finitely many solutions and such that for the

a ∈M⇐⇒ ∃Ux1 . . . xm[E (a, x1, x2, . . . , xm) = 0]

the prefix-free Kolmogorov complexity of its initial segment

Mn = M
⋂
{a | a ≤ n}

is equal to n (up to an additive constant).



Applications to Games

Kislaya Prasad [1991] proved for “traditional” multi-person
non-cooperative games with polynomial payoff functions that there is
no algorithm to decide whether a game has a Nash equilibrium in pure
strategies; for a similar result for mixed strategies one would need
single-fold representations and thus at present undecidability is
established only for the case when the payoff functions are exponential
polynomials.

Kislaya Prasad [1991] also translated Chaitin’s result from the question
about the infinitude of the number of solutions of an exponential
Diopantine equation to the question of the infinitude of the number of
Nash equilibria in multi-person non-cooperative games.


