
REAL CLOSED FIELDS AND MODELS OF PEANO
ARITHMETIC



PA−

(1) ∀x , y , z((x + y) + z = x + (y + z))
(2) ∀x , y(x + y = y + x)
(3) ∀x , y , z((xy)z = x(yz))
(4) ∀x , y(xy = yx)
(5) ∀x , y , z(x(y + z) = xy + xz)
(6) ∀x((x + 0 = x) ∧ (x · 0 = 0))
(7) ∀x(x · 1 = x)
(8) ∀x , y , z(x < y ∧ y < z) =⇒ x < z)
(9) ∀x¬x < x
(10) ∀x , y(x < y ∨ x = y ∨ y < x)
(11) ∀x , y , z(x < y =⇒ x + z < y + z)
(12) ∀x , y , z(0 < z ∧ x < y =⇒ xz < yz)
(13) ∀x , y(x < y =⇒ ∃zx + z = y)
(14) 0 < 1 ∧ ∀x(x > 0 =⇒ x > 1)
(15) ∀x(x ≥ 0)
The models of PA− are exactly the non-negative parts of discretely
ordered rings.



Induction

If S is a set of formulas in the language L of arithmetic, then IS
denotes the set of formulas

PA− ∪ {∀~a((φ(0,~a) ∧ ∀x(φ(x ,~a) =⇒ φ(x + 1,~a))) =⇒
∀xφ(x ,~a)) : φ ∈ S}.

Open denotes the set of quantifier-free formulas of L
En denotes the set of formulas consisting of a quantifier-free

formula preceded by n alternating bounded quantifiers, starting
with an existential quantifier.

∆0 abbreviates
⋃∞

i=0 Ei .
Σn denotes the set of formulas consisting of a ∆0-formula,

preceded by n alternating unbounded quantifiers, starting with an
existential quantifier.

Each of these classes corresponds to a theory of arithmetic. By
PA, we denote

⋃∞
i=1 IΣn.



Incompleteness proofs through explicite construction of
nonstandard models?

This approach was followed for quite a while, but did not work out:

Tennenbaum’s theorem: N is the only recursive model of PA.

In fact:

(Wilmers) N is the only recursive model of IE1!

However, for IOpen, things are different.



A bit of Algebra
A totally ordered field F is real closed (RCF ) iff −1 is not a sum of
squares in F , but, in every proper field extension F ( K , it is.
(Equivalently, F is elementary equivalent to the reals for the
language of ordered rings. Equivalently, every positive element of
F has a square root in F and every polynomial in F [X ] of odd
degree has a root in F . Equivalently, F is not algebraically closed
but F [

√
−1] is. Equivalently, the intermediate value theorem holds

in F for all polynomials in F [X ]...)

The ordering of an RCF F is then just the following relation:

a ≤ b iff ∃x ∈ F (b − a = x2)

If F is a real closed field, then an integer part (IP) of F is a
discretely linearly ordered subring R with 1 as its smallest element
such that, for every x ∈ F , there is r ∈ R with r ≤ x < r + 1. We
write R+ for its non-negative part.

Remark: If F is archimedean, then the only IP of F is (isomorphic
to) Z.



IOpen

By our remark above, R+ |= PA− for every integer part of a real
closed field.
But we can say more:
Theorem: (Shepherdson) Models of IOpen are exactly the integer
parts of real closed fields.
Furthermore, such models are easy to obtain:
Theorem: (Mourgues, Ressayre): Every RCF has an integer part.



Independence from IOpen

This can be used to build recursive nonstandard models of IOpen
and for ’concrete’ independence proofs over IOpen.
Some results include that, in models of open induction:

I
√

2 can be rational (Shepherdson)

I The set of primes can be bounded (Shepherdson)

I The set of primes can be unbounded and all but boundedly
many primes are of the form 4n + 1 (Marker/Macintyre)

I The set of primes can be unbounded and all but boundedly
many primes p come in twins, i.e. p − 2 or p + 2 is also prime
(Marker/Macintyre)

I ...



What about PA?

Shepherdson’s result indicates that the degree of induction an
integer part satisfies corresponds to algebraic properties of the field.
Hence it is natural to ask:
Let T be a subtheory of PA. Which real closed fields have an
integer part that is a model of T?
In particular:
Which RCF have an IP that is a model of PA.?



The countable case

This question has recently been answered by D’Aquino, Knight and
Starchenko for countable fields.
Definition: A field F is recursively saturated iff, for every recursive
type t in the language of fields, if every finite subtype of t is
satisfied in F , then so is t.
Theorem 1: (Knight/D’Aquino/Starchenko) If F is a countable,
recursively saturated RCF , then F has an IP which is a model of
PA.



The countable case II

In the converse direction, we have:
Definition: Let N be the positive part of an ordered ring Z . We
can form the fraction field Q of Z . The ⊆-minimal real closed field
F with Q ⊆ F is called real closure of Q, denoted rc(Q). For
convenience, we also write rc(N) or rc(Z ) for rc(Q).

Theorem 2: (Knight/D’Aquino/Starchenko) If M is a model of
PA, then rc(M) is recursively saturated.

Finally:
Theorem 3: (Knight/D’Aquino/Starchenko) A countable RCF F
has an IP which is a model of PA iff it is recursively saturated.

Remark: In fact, we can replace PA by IΣ4 in both theorems.
This is not known to be strict.



Beyond countability

David Marker asked: Are there uncountable, recursively saturated,
real closed fields F without an IP that is a model of PA?

About two months later, he answered this question:

Example (Marker): Let G be an ℵ1-saturated divisible, ordered
abelian group. Then R((G )), the field of Hahn series over G , is
ℵ1-saturated (hence in particular recursively saturated), but does
not have an IP that is a model of PA.



Subtheories

The only property of M required in the proof of Marker’s result is
that M models enough PA for proving the totality of
exponentiation. Hence, in fact, we can replace PA by IΣ1 (and
even weaker subtheories) here.



Criteria for the general case

Hence the question remains: Which RCF have an IP which is a
model of PA?
Building on the idea of D. Marker, S. Kuhlmann, P. D’Aquino and
myself gave a partial answer.



A bit more of Algebra

Let F := (F ,+, ·, 0, 1, <) be a totally ordered non-archimedean
field.

For a, b ∈ F , we let a ∼ b iff na > b and nb > a for some n ∈ Z.
By [a]Z, we denote the equivalence class of a.
Let G := {[a]Z : a ∈ F ]. G is ordered by:

a� b iff na < b for all n ∈ N

Also, G carries an addition given by:

[a]Z + [b]Z = [ab]Z

Then (G ,+,�) is an ordered abelian group.
The map v : F → G given by v(a) = [a]Z is called the natural
valuation on F .
G is called the value group of (F , v).



A bit more of Algebra - continued

Let (M,+, <) be a totally ordered group.
For a, b ∈ G , let a ∼ b iff there is n ∈ Z such that na > b and
nb > a.
Then rank(M) := M/ ∼, i.e. the order type of the set of
∼-equivalence classes with the ordering induced by <, is called the
rank of M.



The state of affairs

Theorem: If F is a non-archimedean RCF with an IP M |= PA,
then the rank of the value group corresponding to the natural
valuation of F is a dense linear ordering without endpoints.

Again, we should be able to replace PA by much weaker
subtheories here (e.g. IΣ1 or even I∆0+”exponentiation is total”.



The converse direction

It is, however, not a characterization.
By a generalization of the argument of Marker, we get:

Lemma: Let G be a nontrivial divisible ordered abelian group.
Then R((G )) is an RCF without an IP modeling PA.

From which we obtain:

Lemma: Let ∆ be a dense linear ordering without endpoints.
Then there is an RCF F such that its value group has rank ∆, yet
RCF has a left exponentiation and hence does not admit an
integer part that is a model of PA.



Questions

What else does PA tell us about the algebraic structure of RCF
that have integer parts modelling it?

Can we get a purely algebraic characterization of recursive
saturation for RCF in the countable case in this way?

Generally: How is the correspondence for canonical subtheories of
PA? (Given our experience so far, this looks most promising for
weaker subtheories like IEn.)

For the countable case, we mentioned that an integer part
M |= IΣ4 is enough to imply recursive saturation of rc(M). Can
IΣ4 be replaced by a weaker subtheory here?



Thank you!


