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An open problem in proof complexity

In proof complexity, we study the length of proofs of propositional tautologies
in various proof systems.

Resolution, Frege systems, extended Frege systems, etc.

Question (Cook and Reckhow, 1979; Kraj́ıc̆ek and Pudlák, 1989)

Do we have a proof system for TAUT that can simulate any other proof system
with at most polynomial loss of the succinctness of the proofs?

Depending on the strength of the simulation, we are asking whether there is an
optimal/ p-optimal proof system.



An open problem about algorithms for TAUT

Definition
Let A and B be two algorithms for TAUT. We say A is as fast as B on yes
instances, written A ≤ B, if for every α ∈ TAUT

tA(α) ≤ (tB(α) + |α|)O(1),

where tA(α) is the time required by A on α, and similarly for tB(α).

Question (Kraj́ıček and Pudlák, 1989)

Do we have a minimal element for the preordering ≤, i.e., does TAUT have an
almost optimal algorithm?



An open problem in database theory and finite model theory

There is an effective enumeration of all polynomial time computable subsets of
graphs in terms of corresponding polynomial time machines

M1,M2, . . . .

For two isomorphic graphs G and H, the machine Mi might accept G but reject
H. I.e., Mi does not necessarily decide a class of graphs that are closed under
isomorphism, or a graph property.

Question (Chandra and Harel, 1982)

Is there an effective enumeration of polynomial time computable graph
properties in terms of corresponding polynomial time machines?

Chandra and Harel’s question is equivalent to whether there is a logic for
PTIME [Gurevich, 1988].



An open problem in parameterized complexity

Question (Nash, Remmel, and Vianu, 2005; Aumann and Dombb, 2008)

p-Halt≤
Input: An NTM M and an n ∈ N in unary.

Parameter: ‖M‖.
Problem: Does M accept the empty input in at most n

steps?

Is p-Halt≤ in the parameterized complexity class XPuni? Equivalently, is there
an algorithm that decides p-Halt≤ in time

nf (‖M‖)

for a function f : N→ N?



Main result

Theorem (Kraj́ıc̆ek and Pudlák, 1989; Nash, Remmel, and Vianu, 2005;
C. and Flum, 2010)

The following are equivalent:

1. There is a p-optimal propositional proof system.

2. TAUT has an almost optimal algorithm.

3. LFPinv, a logic introduced by Blass and Gurevich, captures PTIME.

4. p-Halt≤ ∈ XPuni.

Remark. There is a further equivalent property concerning the listing of
PTIME subsets of TAUT due to [Sadowski, 2002], which plays a very
important role in some proofs.
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Optimality for proof systems and algorithms



Proof systems

Definition (Cook and Reckhow, 1979)

A proof system for TAUT is a surjective function P : Σ∗ → TAUT computable
in polynomial time.

Theorem (Cook and Reckhow, 1979)

NP = coNP if and only if TAUT has a polynomially bounded proof system P,
i.e., for every P(w) = α we have

|w | ≤ |α|O(1).



Cook’s program

Show that there is no polynomially bounded proof system, and hence
NP 6= coNP, which implies NP 6= PTIME.

Theorem (Haken, 1985)

Resolution is not a polynomial bounded proof system.

Conjecture

Both Frege and Extended Frege are not polynomially bounded.

Even if we prove the above conjecture, which is already a giant leap forward, it
is still far from the end of the story.



Optimal proof systems

Definition
A proof system P for TAUT is optimal, if for every proof system P ′ for TAUT
and all w ′ ∈ Σ∗ there is a w ∈ Σ∗ such that |w | ≤ |w ′|O(1) and

P(w) = P ′(w ′).

If w can be computed from w ′ in polynomial time, then P is p-optimal.

Question (Kraj́ıc̆ek and Pudlák, 1989)

Is there an optimal/p-optimal proof system for TAUT?



Optimal proof systems (cont’d)

Remark.

1. If there is an optimal proof system, then Cook’s program boils down to
one single proof system.

2. If there is no optimal proof system, then every proof system has
easy-to-generate hard tautologies [Kraj́ıc̆ek, 1995; C. , Flum, and Müller,
2012].

We don’t even know whether Frege or Extended Frege is optimal or
p-optimal.



A preordering on algorithms

Definition
Let A and B be two algorithms for TAUT. We say A is as fast as B on yes
instances, written A ≤ B, if for every α ∈ TAUT

tA(α) ≤ (tB(α) + |α|)O(1).



Almost optimal algorithms

Definition
An algorithm A for Q is almost optimal algorithm if for every algorithm B for
Q we have A ≤ B.

Remark. Assume that A is an almost optimal algorithm for Q. Let T ⊆ Q be
a polynomial time decidable. Then A runs in polynomial time on T .

Remark.

1. [Stockmeyer, 1974] Every EXP-hard problem has no almost optimal
algorithm.

2. [Kraj́ıček and Pudlák, 1989] For NP-hard/ coNP-hard problems the
question is open.



If there is an almost optimal algorithm A for TAUT, then

NP = PTIME if and only if A runs in polynomial time on all tautologies.

If there is no almost optimal algorithm A for TAUT, then by [C. , Flum, and
Müller, 2012] for every algorithm deciding TAUT, there is a polynomial time
computable mapping 1i 7→ αi from {1}∗ to TAUT such that tA(αi ) is
superpolynomial in i , and hence superpolynomial in |αi |.

That is, every algorithm for TAUT has easy-to-generate hard instances.

If a student claims his algorithm solving SAT in polynomial time,
then we can show him a set of well-structured unsatisfiable formulas
to exhibit the superpolynomial behavior of his algorithm.



Logics for PTIME and optimality



The question of Chandra and Harel

A graph property K is a class of graphs such that if G ∈ K and H ∼= G then
H ∈ K .

Question (Chandra and Harel, 1982)

Is there an effective enumeration of polynomial time computable graph
properties in terms of corresponding polynomial time machines?



Abstract logics

A logic L consists

- of a recursive set of sentences;

- of a satisfaction relation |=, which determine whether a graph G satisfies
an L -sentence ϕ, i.e., G |= ϕ. Moreover for every pair of isomorphic
graphs G and H

G |= ϕ ⇐⇒ H |= ϕ.

Think L as a programming language, each ϕ is an L -program whose inputs
are always graphs and outputs are always ‘yes’ and ‘no’, and ϕ does not
distinguish isomorphic graphs.



Logics for PTIME

Definition
L captures PTIME if

- every polynomial time decidable graph property can be defined by a
ϕ ∈ L ;

- there is an algorithm A which decides the satisfaction relation of L in such
a way that for every fixed ϕ ∈ L the algorithm A runs in time ‖G‖O(1).



Immerman and Vardi’s Theorem

Theorem (Immerman, 1982; Vardi, 1982)

We have an effective enumeration of ordered graph properties in PTIME in
terms of corresponding polynomial time machines.

LFP, the least fixed-point logic, captures PTIME on ordered graphs.



The logic LFP

LFP is an extension of first-order logic (FO) by least fixed-point operators.

One can think of LFP as a programming language whose programs are exactly
those polynomial time algorithms.

As the usual practice in programming, every graph is stored by its adjacency
matrix or adjacent list. In either case, the vertices are ordered. That is, we are
dealing with ordered graphs (G, <).

We can write an LFP-sentence (even FO-sentence) to express:

there is an edge between the first and the third vertices in the graph.

This is not a graph property, which should be invariant under all the orderings
on the vertices,



Order-invariance

Definition
An LFP-sentence ϕ is order-invariant if for all graphs G and all orderings <1

and <2 on G we have

(G, <1) |= ϕ ⇐⇒ (G, <2) |= ϕ,

i.e., the validity of ϕ in G does not depend on the way we store G.

Theorem (Gurevich, 1988)

It is undecidable whether an LFP-sentence ϕ is order-invariant.

We cannot take {
ϕ ∈ LFP | ϕ is order-invariant

}
as a logic.



Blass and Gurevich’s order-invariance

Let ϕ be an LFP-sentence and n ≥ 1. ϕ is ≤ n-invariant if for all graphs G of
size at most n and all orderings <1 and <2 on G we have

(G, <1) |= ϕ ⇐⇒ (G, <2) |= ϕ.

Example

1. “There are even number of vertices” is ≤ n-invariant for every n ∈ N.

2. “If the graph contains at least 100 vertices, then there is an edge between
the 1st and the 100th vertices” is ≤ 1-, ≤ 2-, . . . , ≤ 99-invariant, but not
≤ n-invariant for every n ≥ 100.

We define

Inv :=
{

(ϕ, n) | ϕ LFP-sentence, n ≥ 1, and ϕ ≤ n-invariant
}
.



The invariant logics LFPinv

LFPinv has exactly the same syntax as LFP, i.e., the same sentences.

For every ϕ ∈ LFPinv and every graph G

G |= ϕ

⇐⇒
(

(ϕ, |G|) ∈ Inv and (G, <) |= ϕ for some/all orderings < on G
)
.

Example

ϕ :=“if the graph contains at least 100 vertices,

then there is an edge between the 1st and the 100th vertices.”

Recall ϕ is ≤ n-invariant if and only if n ≤ 99.

Then G |= ϕ if and only if G contains at most 99 vertices.



The invariant logics LFPinv (cont’d)

Question
Does LFPinv capture PTIME?

It is not very difficult to show:

Lemma
Let K be a class of graphs.

K is in PTIME ⇐⇒ for some ϕ ∈ LFPinv we have K =
{
G | G |= ϕ

}
.

Hence the first question is equivalent to:

Question
Is there an algorithm A deciding (ϕ, n) ∈ Inv in such a way that for every fixed
ϕ ∈ LFPinv the algorithm A runs in time nO(1).



Our main theorem

Theorem (C. and Flum, 2010)

TAUT has an almost optimal algorithm if and only if LFPinv captures PTIME.

Recall for every ϕ ∈ LFPinv and every graph G

G |= ϕ ⇐⇒
(

(ϕ, |G|) ∈ Inv and (G, <) |= ϕ for some < on G
)
.

TAUT has an almost optimal algorithm if and only if there is an algorithm A
deciding (ϕ, n) ∈ Inv in such a way that for every fixed ϕ ∈ LFPinv the
algorithm A runs in time nO(1).



Optimality implies capturing (1)

Assume TAUT has an almost optimal algorithm, our goal is to construct an
algorithm A deciding (ϕ, n) ∈ Inv in such a way that for every fixed
ϕ ∈ LFPinv the algorithm A runs in time nO(1).



Optimality implies capturing (2)

Recall that (ϕ, n) ∈ Inv, i.e., ϕ is ≤ n-invariant, if for all graphs G with
|G| ≤ n and all orderings <1 and <2 on G we have

(G, <1) |= ϕ ⇐⇒ (G, <2) |= ϕ.

Therefore the following padded version of Inv is in coNP:

Q :=
{(
ϕ, n, 1 · · · 1︸ ︷︷ ︸

n|ϕ| times

)∣∣∣ (ϕ, n) ∈ Inv
}
.

Hence, there is a polynomial time reduction α from Q to TAUT:

(ϕ, n, . . .) 7→ α(ϕ, n, . . .).

Using standard padding technique we can assume that ϕ and n can be
recovered from α(ϕ, n, . . .) in polynomial time.



Optimality implies capturing (3)

Fix ϕ ∈ LFPinv. We consider the set

Q(ϕ) :=

α(ϕ, n, 1 · · · 1︸ ︷︷ ︸
n|ϕ| times

)

∣∣∣∣∣∣∣ n ∈ N and (ϕ, n) ∈ Inv

 ⊆ TAUT.

Assume that (ϕ, n) ∈ Inv for all n ∈ N.

Recall we can recover ϕ and n from α(ϕ, n, . . .) efficiently, so Q(ϕ) ∈ PTIME.

Let O be an almost optimal algorithm for TAUT. Then by the optimality, O
accepts the set Q(ϕ) in polynomial time.

Let B1 an algorithm that on every instance (ϕ, n):

1. computes α(ϕ, n, . . .)

2. simulate O on α(ϕ, n, . . .).

B1 accepts (ϕ, n) in time: (
n|ϕ|

)O(1)

= nO(1).



Optimality implies capturing (4)

Assume that (ϕ, n) /∈ Inv for some n ∈ N, i.e., there is a graph G with |G| ≤ n
and two orderings <1 and <2 on G with

(G, <1) |= ϕ and (G, <2) 6|= ϕ.

We consider a second algorithm B2 which on every instance (ϕ, n):

1. for every i = 1, 2, 3, . . ., every G and every two orderings <1

and <2 check whether
(

(G, <1) |= ϕ ⇐⇒ (G, <2) |= ϕ
)
; stops

once the equivalence does not hold

2. if n < i, then accept else reject.

Step 1 eventually halts with the minimum i with (ϕ, i) /∈ Inv. Thus Step 2
answers correctly.

The time used by B2 in the first step only depends on ϕ, hence by fixing ϕ the
total time that B2 needs is

nO(1).



Optimality implies capturing (5)

Recall our goal is to construct an algorithm A deciding (ϕ, n) ∈ Inv in such a
way that for every fixed ϕ ∈ LFPinv the algorithm A runs in time nO(1).

The desired algorithm A on every instance (ϕ, n)

1. simulate both B1 and B2 in parallel

2. if one of the simulation halts, then accept or reject

accordingly.

Then for every fixed ϕ ∈ LFPinv

- if (ϕ, n) ∈ Inv for all n ∈ N, then B1 uses time nO(1), and so does A;

- if (ϕ, n) /∈ Inv for some n ∈ N, then B2 uses time nO(1), and so does A.



Capturing implies optimality (1)

Imagine that there were an effective enumeration of all proof systems

P1,P2, . . . ,

which is generated by an algorithm A.

Then we would have a p-optimal proof system P defined by

P(i , c1,w , c2) = Pi (w),

where

- i ∈ N;

- c1 is the computation of A on i which generates Pi ;

- c2 is the computation of Pi on w .



Capturing implies optimality (2)

We have an effective enumeration of all polynomial time computable functions

A1,A2, . . .

from Σ∗ to Σ∗.

P(i , c1,w , c2) = Ai (w)

where c1 is a “proof” for the fact

Ai maps every string of length at most |w | to a tautology.

If for every i , such c1, in case exists, can be found in time

|w |f (i)

for a function f : N→ N, then P is p-optimal.

This can be achieved if p-Halt≤ ∈ XPuni.



Some extensions and applications



Nondeterministic version

Theorem
The following are equivalent:

1. There is an optimal propositional proof system.

2. TAUT has an almost optimal nondeterministic algorithm.

3. There is a nondeterministic algorithm that decides

p-Halt>

Input: An NTM M and an n ∈ N in unary.
Parameter: ‖M‖.

Problem: Does every accepting run of M on the empty
input take more than n steps?

in time
nf (‖M‖)

for a function f : N→ N.

4. LFPinv is an NP-bounded logic for PTIME.



Logspace version

Definition (Messner and Torán, 1998)

A logspace proof system for TAUT is a surjective function P : Σ∗ → TAUT
computable in logspace.

A logspace proof system P for TAUT is space optimal if for every logspace
proof system P ′ for TAUT, there exists a logspace computable function
T : Σ∗ → Σ∗ such that for every w ∈ Σ∗ we have P(T (w)) = P ′(w).

Definition
An algorithm A deciding TAUT is almost space optimal if for every algorithm B
which decides TAUT there is a d ∈ N such that for all α ∈ TAUT

sA(α) ≤ d · (sB(α) + log |α|),

where sA(α) is the space required by A on α, and similarly for sB(α).



Logspace version (cont’d)

Theorem (C. and Flum, 2011)

The following are equivalent:

1. There is a space optimal propositional logspace proof system.

2. TAUT has an almost space optimal algorithm.

3. DTCinv, an invariance version of deterministic transitive closure logic,
captures LOGSPACE.



Effective version

Definition
A proof system P is effectively p-optimal if for every proof system P ′ for
TAUT, there exists a polynomial time computable function T : Σ∗ → Σ∗ such
that for every w ∈ Σ∗ we have P(T (w)) = P ′(w). Moreover, we can compute
such a T from P ′.

Definition
LFPinv effectively captures PTIME if there is an algorithm A which decides
whether G |= ϕ in time ‖G‖f (|ϕ|) for a computable function f : N→ N.

Remark. We don’t know whether there is an effectively p-optimal proof
system if and only if LFPinv effectively captures PTIME.



Effective version (cont’d)

Definition
NP[TC] 6⊆ P[TClog TC] means that for every time constructible and increasing
function h : N→ N we have

NTIME(hO(1)) 6⊆ DTIME(hO(log h)).

Theorem (C. and Flum, 2009)

If NP does not have measure 0 in EXP [Luz, 1997], then NP[TC] 6⊆ P[TClog TC]
holds.

Theorem (C. and Flum, 2009-10)

Assume NP[TC] 6⊆ P[TClog TC]. Then:

- There is no effectively p-optimal proof system for TAUT.

- LFPinv does not effectively capture PTIME.



Hard instances for algorithms

A is an algorithm for TAUT that does not run in polynomial time. Then there
exists a sequence of instances

α1, α2, . . . , αs , . . . ,

such that

tA(αs) is superpolynomial in |αs |.

Question
Can we generate such a sequence (αs)s∈N efficiently?



Hard sequence for algorithms

Definition
Let A be an algorithm for TAUT. A sequence (αs)s∈N is hard for A if

- every αs is a tautology;

- 1s 7→ αs is computable in polynomial time;

- tA(αs) is not polynomial bounded in s; hence not polynomial bounded in
|αs | too.

Theorem (C. , Flum, and Müller, 2012)

If TAUT has no almost optimal algorithm, then every algorithm for TAUT has
a hard sequence.



Proof (1)

The assumption is equivalent to each of the following:

1. p-Halt≤ is not in XPuni.

2. The problem

p-Halt>

Input: An NTM M and an n ∈ N in unary.
Parameter: ‖M‖.

Problem: Does every accepting run of M on the empty
input take more than n steps?

is not in XPuni.

3. For every algorithm H deciding p-Halt> there is a non-halting NTM M
such that tH(M, 1n) is superpolynomial in n.



Proof (2)

The problem

p-Halt>

Input: An NTM M and an n ∈ N in unary.
Parameter: ‖M‖.

Problem: Does every accepting run of M on the empty
input take more than n steps?

is in coNP. Hence there is polynomial reduction R from p-Halt> to TAUT.

Let A be an algorithm for TAUT. Then

A ◦ R

is an algorithm for p-Halt>.



Proof (3)

Recall:

3 For every algorithm H deciding p-Halt> there is a non-halting NTM M
such that tH(M, 1n) is superpolynomial in n.

Thus, there is a non-halting NTM M such that

tA◦R(M, 1n) = tR(M, 1n) + tA(R(M, 1n))

is superpolynomial in n.

Observe that

- R(M, 1n) is a tautology, as M is non-halting;

- tA(R(M, 1n)) is superpolynomial in n, as R runs in polynomial time.

Therefore (
R(M, 1n)

)
b∈N

is hard for A.



Hard instances for proof systems

P is a proof system for TAUT that is not polynomially bounded. Then there
exists a sequence of tautologies

α1, α2, . . . , αs , . . . ,

such that

the length of a shortest proof for αs in P is superpolynomial in |αs |.

Question
Can we generate such a sequence (αs)s∈N efficiently?



Hard sequence for proof systems

Definition
Let P be a proof system for TAUT. A sequence (αs)s∈N is hard for P if

- every αs is a tautology;

- 1s 7→ αs is computable in polynomial time;

- The length of a shortest proof for αs in P is not polynomial bounded in s;
hence not polynomial bounded in |αs | too.

Theorem (Kraj́ıc̆ek, 1995; C. , Flum, and Müller, 2012)

If TAUT has no optimal proof system, then every proof system for TAUT has a
hard sequence.



Proof idea

We use the equivalence between:

- There is no optimal proof system.

- There is no nondeterministic algorithm that decides

p-Halt>

Input: An NTM M and an n ∈ N in unary.
Parameter: ‖M‖.

Problem: Does every accepting run of M on the empty
input take more than n steps?

in time
nf (‖M‖)

for a function f : N→ N.
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