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Outline of talk

1.  Guessing Games and Graph Entropy*

2A. Linking Valiant’s shift conjecture to GG & GE

2B. Construction addressing a combinatorial 
conjecture by Valiant.

3.Final remarks and a result from my Visit at the 
Newton Institute (2012)

*Parts of this part of the talk were given in a lecture series 

 at University of Bielefeld (2008)
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Description of the Guessing Game on Kn, Talk as part 
of the Isaac Newton program: 
Combinatorics and Statistical Mechanics (2008)
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 1. Guessing Games and Graph Entropy

Guessing Game (Riis 2005)
Requirements:
A Directed Graph with n nodes (n players) and n fair dice with  s 

sides.

Rules:  The players/nodes can agree on a protocol in advance. Each 
player rolls their die. A player is typically  NOT allowed to see the value 
his/her own die value.

Each player is only allowed to see the dice values of the “incoming” nodes. 

The play: The game is a cooperative game. Each player have to 
guess (possible by following some protocol) the value of their own dice. 
No communication between the players is allowed. 

     The players have to make their guess simultaneously (and 
independently).

Task:  Maximise the probability each player guess correctly the value of 
their own die. 
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1.Guessing Games and Graph Entropy

Question: What is the probability that each player 
guess correctly the value of their own die?

Naïve (wrong) answer: Each player have no “relevant” 
information about their own die value. Each player 
have probability 1/s of guessing their own dice value. 
The n dice values are independent so the probability 
all players guess correctly is (1/s)n
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1. Guessing Games and Graph Entropy

For the complete graph on n notes with bi-directed  
edges, the players have a guessing strategy where 
they all succeed  with probability 1/s (and 
independent of n).

The guessing strategy is optimal. 
The guessing strategy can described globally: 
Each player guess under the assumption that the sum 

of all dice values is 0 modulo s.  
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1. Guessing games and Graph Entropy

For a graph on n nodes, uncoordinated guessing 
strategy succeed with probability (1/s)n 

The optimal guessing strategy succeed with 
probability 1/s

Thus by cooperating the player can do succeed 
with a probability that is s(n-1)  times more likely of 
succeeding than random uncoordinated random 
guessing. 
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1. Guessing Games and Graph Entropy

The power n-1 in the factor s(n-1) plays an 
important role in our theory.

Definition:
   The guessing the number of a strategy
   is α if the probability that the players succeed 

is sα times higher than the probability of 
success if they use uncoordinated random 
guessing.
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1.Guessing Games and Graph Entropy

The complete graph Kn with bi-directed 
edges has guessing number is n-1 
(independent of s), because we can do

s(n-1) times better than random guessing. 
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1. Guessing Games and Graph Entropy

• Examples:

guess(Kn)=n-1 
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1. Guessing Games and Graph entropy
Example: 
   The graphs Cn oriented as a loop has 

guessing number 1 

guess(Cn)=1
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1.Guessing games and Graph Entropy

Consider the following 
guessing strategy:

Global description:
Each player assume that

all dice values are the same. 

Local description: 
Each player guess their
Dice value is the same as the dice value they see.

This strategy succeed with probability (1/s)(n-1)

i.e. with a factor s=s1 better than random 
guessing. Thus Cn has guessing number ≥ 1 
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1. Guessing Games and Graph Entropy

Are there any better guessing strategies 
for Cn (viewed as an oriented graph)?

This type of question can be answered 
naturally by use of information theory 
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1.Guessing games and Graph Entropy

Let G be a directed graph and let A={1,2,..,s} 
be an alphabet with s ≥ 2 letters.  

Consider any fixed guessing strategy agreed by 
the players. 

Define a code C that consists exactly of the 
words that corresponds to dice assignment 
where all players are correct.  

Assume that C contain m words. 

Wednesday, 9 May 2012



1.Guessing Games and Graph Entropy

The entropy of C is logs(m) if we assume that each word w1w2…wn 
in C has the same probability (namely, 1/m).  

Notice that we calculate the entropy in base s.
Let x1,x2,…,xn be stochastic variables, where xj is the value of the 

jth  letter wj of the chosen word.
Then H(C )= logs(m) , and H(xj) ≤ 1. Besides that crucially
Information constraints determined by the graph G:
For each node j, we have the condition
H(xj | xi1,xi2,…,xid)=0  where i1,i2,…,id are all incoming nodes to j.  
To simplify the notation we write this as  H(j | i1, i2, ….,id)=0        
 

Wednesday, 9 May 2012



1. Guessing Games and Graph Entropy

Now let us return to the graph Cn 

(oriented) 

H(1,2,…,n)=H(1,2,…,n-1)

=H(1,2,…,n-2)=….=H(1) ≤ 1 

This shows that each guessing strategy
is successful at most s=s1 times among all sn 

words of length n. Thus the entropy 
calculation shows that the guessing number 
of Cn (oriented) is at most 1. 
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1.Guessing Games and Graph Entropy

Non-trivial example: 
Consider the pentagon C5 with bi-directed edges. Let A be 

an alphabet with s letters.  
Assume that s is a square number i.e. that s=t2 for some 

t=2,3,4,…
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1. Guessing Games and Graph Entropy

W.l.o.g. we can assume that each of the 5 
players have assigned two dice (each of t 
sides). One labeled “l”for left, and one labeled 
“r” for right. 
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1. Guessing Games and Graph Entropy

Guessing strategy for C5 : 
Global description: Each “left” die has the same value as its 

corresponding “right” die. 
This strategy succeed with
probability (1/t)5 = (1/s)2.5
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1. Guessing Games and Graph Entropy

This shows that pentagon has guessing number 2.5 if 
s=4,9,16,25,… is square number.

Using information theory (Shannon information inequalities) 
we now show that any guessing strategy have leads to 
code C of entropy  ≤ 2.5
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1. Guessing Games and Graph Entropy
Let H be the entropy function corresponding to the code C. In 

general H satisfies  H(X,Y,Z) + H(Z ) ≤ H(X,Z) + H(Y,Z).  
If we let X={1}, Y={3} and Z={4,5} we get:

H(1,2,3,4,5)+H(4,5) = H(1,3,4,5) + H(4,5) 
≤ H(1,4,5) + H(3,4,5) = H(1,4)+H(3,5) 
≤ H(1) +H(3) +H(4) +H(5) and thus
H(1,2,3,4,5) ≤ H(1)+H(3)+H(4)+H(5)-H(4,5)

Next notice that H(1,2,3,4,5)-H(2,5) =H(2,3,4,5)-H(2,5)=
H(3,4 | 2,5) = H(4 | 2,5) ≤ H(4|5) = H(4,5)-H(5) which shows that
H(1,2,3,4,5) ≤ H(2,5) + H(4,5)-H(5) ≤ H(4,5)+H(2)

Adding up: 2H(1,2,3,4,5) ≤ H(1)+H(2)+H(3)+H(4)+H(5) ≤ 5 
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1.Guessing Games and Graph Entropy

Proposition: 
The pentagon has guessing number 
log2(5)=2.32… when s=2  (A={head/tail})

An optimal guessing strategy: The players 
assume that no 3 consecutive players each 
have assigned tail, and no 2 consecutive 
players have assigned head.   
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1. Guessing Games and Graph Entropy

Theorem: (Riis 2007)

The graph Cn (with bi-directed edges) has
Entropy n/2 for n=2,4,5,6,7,.....

For n=3 there is an exception as C3 

has Entropy 2. 
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1. Guessing Games and Graph Entropy 

The entropy calculation in the previous section used Shannon’s 
information inequalities to derive an upper bound on the guessing 
number. 

Definition: 
The pseudo entropy* (“Shannon entropy” in some papers) of a graph is the 

minimal upper bound on the guessing number that can be derived from 
Shannon’s information inequalities.   

H(X,Y,Z) + H(Z) ≤ H(X,Z) + H(Y,Z) and H(Ø)=0

*Pseudo entropy is a better term as there are non-shannon information 
inequalities.  
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1.Guessing Games and Graph Entropy 

Definition: 
The entropy E(G,s) of a graph G over an alphabet A of size 

s=2,3,4,… is the supremum of H(1,2,…,n) of all entropy 
functions H over A that satisfies the information 
constraints* determined by G.

* The information constraints are the same constraints we 
used for calculating the pseudo entropy of G
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1. Guessing Games and Graph Entropy 

The Pseudo-entropy seems to approximate the guessing number 
on small graphs extremely well.  For in fact ALL directed graph 
we investigated by computer with <10 nodes  have identical 
pseudo-entropy and Guessing Number.

(Sun Yun and Emil Vaughan) 

Theorem: Riis (2007)  The Graph entropy*  H(G) of a directed 
graph satisfies H(G):= lim s→∞ Guess(G,s) 

* Not to be confused with Korner’s notion   
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1. Guessing Games and Graph Entropy

So far all this were known in 2007 
Since then I worked on these problems with two PhD 
students* and post doctoral students** and other 
collaborators ***
as part of a EPSRC funded project 

Information Flows and Information Bottlenecks  

*Sun Yun (2004-2009) and Taoyang Wu (2004 - 2009) 
** Maximilien Gadouleau, Antonia Katzouraki, Emil Vaughan and Rahil 
Baber
*** Peter Cameron, Peter Keevash and Demetres Christofides

27

Wednesday, 9 May 2012



1. Guessing Games and Graph Entropy 

Each perfect graph* has Guessing number given by its 
maximal clique cover   D. Christofides and K. Markström (2011)

Open Questions:
Is the Guessing number of an undirected Graph always 
given by its fractional cliques cover?

Given a directed graph G. Does G and is “reverse” have 
the same pseudo entropy? 

Does a directed graph G and its reverse have the same 
entropy?

28
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2A. Linking Valiant’s shift conjecture to GG & GE

Simultaneous lower bounds on size and depth:

Problem stated in the mid 70’s:
Find an explicit family of Boolean Functions Bn that 
cannot be computed by size O(n), depth O(log(n)) 
Circuits.

 

29
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2A. Linking Valiant’s shift conjecture to GG & GE

Shift problem:
Task is to compute the Boolean function 
{0,1} n+log(n) -> {0,1}n 

which given binary input string (x1,x2,...,xn)
shifts it cyclically by j places (j=0,1,2....,n-1)

Valiant (1977): 
Can the shift function be computed in size O(n) and 
depth O(log(n))?     
This problem is still open.

30
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2A. Linking Valiant’s shift conjecture to GG & GE

In 1992 Valiant stated a combinatorial conjecture 
which would give such lower bounds on “shifting” and 
“Sorting”.

Valiants Combinatorial Conjecture:
If G is a biparte graph with O(n(1+ε))-edges then there 
is a cyclic shift σ such that G does not realise σ 
with n/2 common bits.

31
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2A. Linking Valiant’s shift conjecture to GG & GE

We translate Valiants Combinatorial conjecture as 
follows:

Given a directed graph G where the nodes are 
labelled 1,2,...,n. We defined the shifted graphs
G0,G1,G2,....,Gn-1 as the directed graph that occurs by 
maintaining the tail of each arc, but shifting the head 
of each arc. σ=0,1,2,...,n-1

32
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2A. Linking Valiant’s shift conjecture to GG & GE

Reformulation of Valiant combinatorial conjecture*:

Given a directed graph G on n nodes with at most
n(1+ε) edges, then there is a shift σ such that Gσ 
has guessing number < n/2.

Bad news: The conjecture (or the version stated by Valiant) is not quite 
correct (Riis 2007)

Good news: The conjecture can be modified which leaves the viability 
of the common information approach to proving lower bounds in Circuit 
Complexity open. 

* not entirely equivalent to valiant conjecture
33
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2B. Construction addressing combinatorial conjecture 
by Valiant.

Consider n, d, r ∈ N with d < n/2 and 0 ≤ r ≤ n − 1 we let 

Gn,d,r denote the graph that has vertex set {0,1,2,...,n − 1} 
and edge set E=En,d,r consisting of all edges (i,j) with  
i+j∈{r,r+1,r+2,...,r+d−1} (sum modulo n).

34
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2B. Construction addressing combinatorial conjecture 
by Valiant.

35

G9,3,1 and its
8 shift
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2B. Construction addressing combinatorial conjecture 
by Valiant.

36

Each of the 23

shift of G23,5,1

produce a graph 

with guessing number

at least 14 

(rather than 11) 

The construction can be 

converted back to

biparte graph where all

shifts are realised by

9 bits (rather than 12

which would follows by a

version of Valiant’s conjecture)
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2B. Construction addressing combinatorial conjecture 
by Valiant.

Gn,nε,1 has guessing number (n+nε)/2 and converting back to Valant’s 

Combinatorial problem we get:

Riis (2007):
For each 1>ε>0 there is a biparte graph with O(n(1+ε))-
edges such that G realise all cyclic shift σ with less 
than (n-nε)/2 common bits.

37
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2B. Construction addressing combinatorial conjecture 
by Valiant.
The viability of Valiantʼs common information approach to proving lower 
bounds in Circuit Complexity remains open:

Conjecture: 
Given ε>0 then there exist δ>0 such that a for each directed graph G on 
n nodes with at most n(1+ε) edges, there is a shift σ such that Gσ 
has guessing number less than  (1-δ)n for some δ>0

Conjecture:
For given ε>0, there exists δ>0 such each directed graph G with at most 
n(1+ε)  edges and without self-loops and bi-directed edges, has Guessing 
number at most (1-δ)n    

Each of these conjectures imply a O(n) size, O(log(n)) depth lower 
bound on the shift problem.

  38
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3. Final Remarks and a result from my Visit a the 
Newton Institute.

There is an interesting link between Communication 
Networks (Network Coding) and Circuits.  

Example: The matrix transposition problem can be 
viewed as a reverse engineering problem in 
communication networks 

Example: The multiuser multiple unicast problem can 
be restated as the problem of determining if a given 
acyclic graph with n inputs and n corresponding 
outputs can compute the identity function.

39
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3. Final Remarks and a result from my Visit a the 
Newton Institute.

Let  t1=s1,t2=s2,....,tk=sk be k-term 
equations in variables x1,x2,...,xn. 
We are interested to determine the 
maximal number of solutions  over finite 
universal algebras of size s, where the 
function symbols in the terms are 
interpreted. 

40
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3. Final Remarks and a result from my Visit a the 
Newton Institute.

Theorem (Riis 2012 @ INI) 
The maximal number of solutions to a 
collection of term equations is - up to a 
constant factor (independent of s)- 
given by 
            sGuess(G,s)

(s is size of the universal algebra where the terms are 
interpreted and G is a directed graph that can be 
constructed by purely syntactical means from the 

41
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Thank you! 
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