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Aim of my talk
I want to explain my motivation for getting the following result.

Theorem:

Each Generalised Type Setup (GTS) can be viewed as a Full
Comprehension Category (FCC), without abstracting away the free
variables of the GTS.

The technical details of the definitions of the notions of a GTS and
FCC and the proof of the result would take up too much time.

My notion of a GTS is my prefered notion for the abstract syntax of
(dependent) type theories.
The notion of an FCC is a rather general category theoretic notion for
the semantics of type theories.
There are many other notions of semantics for dependent type
theories. But they cannot be used instead of FCCs in the theorem.
Category theorists prefer to abstract away the variables, both free and
bound, in abstract syntax.
a GTS has explicit free variables, but not explicit bound variables.
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Motivation: Homotopy Type Theory (HoTT)

HoTT is intended to be a type theory that is obtained from an
intensional type theory (such as Martin-Löf’s or the Coq’s type
theory) by adding Voevodsky’s Univalence Axiom and possibly
additional rules like the rules for the recently advocated higher
dimensional inductive types.

The ideas for HoTT involve an amalgam of ideas from type theory,
higher dimensional category/groupoid theory and homotopy theory.

THE ISSUE: How to do HoTT mathematics?

HoTT is an alternative to classical or constructive mathematics.

SOME ANSWERS:

1 Develop machine checked formalisation in Coq or Agda.
2 Develop, in a model of HoTT, using a classical metatheory.
3 Develop informally in HoTT.

At present most of HoTT mathematics follows approach 1.

I advocate approach 3 as equally important, if not more so.
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theory) by adding Voevodsky’s Univalence Axiom and possibly
additional rules like the rules for the recently advocated higher
dimensional inductive types.

The ideas for HoTT involve an amalgam of ideas from type theory,
higher dimensional category/groupoid theory and homotopy theory.

THE ISSUE: How to do HoTT mathematics?

HoTT is an alternative to classical or constructive mathematics.

SOME ANSWERS:

1 Develop machine checked formalisation in Coq or Agda.
2 Develop, in a model of HoTT, using a classical metatheory.
3 Develop informally in HoTT.

At present most of HoTT mathematics follows approach 1.

I advocate approach 3 as equally important, if not more so.

P. Aczel () HoTT May 10, 2012 3 / 15



Motivation: Homotopy Type Theory (HoTT)

HoTT is intended to be a type theory that is obtained from an
intensional type theory (such as Martin-Löf’s or the Coq’s type
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theory) by adding Voevodsky’s Univalence Axiom and possibly
additional rules like the rules for the recently advocated higher
dimensional inductive types.

The ideas for HoTT involve an amalgam of ideas from type theory,
higher dimensional category/groupoid theory and homotopy theory.

THE ISSUE: How to do HoTT mathematics?

HoTT is an alternative to classical or constructive mathematics.

SOME ANSWERS:

1 Develop machine checked formalisation in Coq or Agda.
2 Develop, in a model of HoTT, using a classical metatheory.
3 Develop informally in HoTT.

At present most of HoTT mathematics follows approach 1.

I advocate approach 3 as equally important, if not more so.

P. Aczel () HoTT May 10, 2012 3 / 15



Motivation: Homotopy Type Theory (HoTT)

HoTT is intended to be a type theory that is obtained from an
intensional type theory (such as Martin-Löf’s or the Coq’s type
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Concrete Syntax for a type theory
Concrete syntax consists of raw syntax, for possibly not well-formed
expressions such as types, terms, contexts, and rules of inference for
deriving judgements, each having the form Γ|−B where Γ is a context

x1 : A1, . . . , xn : An

of typed variable declarations xi : Ai , where x1 · · · xn is a list of distinct
variables, and B has one of the forms

A type, A = A′, a : A, a = a′ : A.

Each free variable of the type Ai must be among the list x1 · · · xi−1

and the free variables of B must be declared in Γ.

Among the forms of type are the identity types IdA(a1, a2) having the
formation rule

Γ|−a1 : A Γ|−a2 : A

Γ|−IdA(a1, a2) type
.

P. Aczel () HoTT May 10, 2012 4 / 15



Concrete Syntax for a type theory
Concrete syntax consists of raw syntax, for possibly not well-formed
expressions such as types, terms, contexts, and rules of inference for
deriving judgements, each having the form Γ|−B where Γ is a context

x1 : A1, . . . , xn : An

of typed variable declarations xi : Ai , where x1 · · · xn is a list of distinct
variables, and B has one of the forms

A type, A = A′, a : A, a = a′ : A.

Each free variable of the type Ai must be among the list x1 · · · xi−1

and the free variables of B must be declared in Γ.

Among the forms of type are the identity types IdA(a1, a2) having the
formation rule

Γ|−a1 : A Γ|−a2 : A

Γ|−IdA(a1, a2) type
.

P. Aczel () HoTT May 10, 2012 4 / 15



Concrete Syntax for a type theory
Concrete syntax consists of raw syntax, for possibly not well-formed
expressions such as types, terms, contexts, and rules of inference for
deriving judgements, each having the form Γ|−B where Γ is a context

x1 : A1, . . . , xn : An

of typed variable declarations xi : Ai , where x1 · · · xn is a list of distinct
variables, and B has one of the forms

A type, A = A′, a : A, a = a′ : A.

Each free variable of the type Ai must be among the list x1 · · · xi−1

and the free variables of B must be declared in Γ.

Among the forms of type are the identity types IdA(a1, a2) having the
formation rule

Γ|−a1 : A Γ|−a2 : A

Γ|−IdA(a1, a2) type
.

P. Aczel () HoTT May 10, 2012 4 / 15



Logic in Type Theory
Logic is usually not primitive in type theory, but defined in terms of the
type theory notions. In particular each proposition is represented as a type.
But there are different treatments of logic:

In Martin-Löf type theory: props = types and the logical operations
are appropriate type forming operations using the Curry-Howard
correspondence.

In Coq type theory: props = terms of type Prop, where Prop is an
impredicative type universe, closed under the formation of Π-types
indexed by any type and, apart from universal quantification and
implication defined using Π-types, the logical operations are defined
using inductive types.

In HoTT: props =(?) homotopy level 1 types; i.e. types A where each
type IdA(a1, a2) is a homotopy level 0 type.

In the topological model, using the category of simplicial sets, of
HoTT the homotopy level 0 types are the homotopy types of the
contractible spaces.
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Syntax and Semantics
There is a tension between the traditional and the categorical approaches.

SYNTAX: The traditional approach aims to be close to informal
mathematical practise, while the categorical approach aims at good
algebraic notions.
The traditional approach keeps to a more concrete syntax (e.g. keeping
free variables), while the categorical approach aims at a more abstract
approach (e.g. often abstracting away both bound and free variables).
SEMANTICS: A traditional interpretation of a concrete syntax is given by
recursion on the structure of expressions, while a categorical approach
would represent an abstract syntax as a certain kind of category and an
interpretation of it is represented as a suitable functor on that category.
e.g. for many-sorted universal algebra, an abstract algebraic theory is a
cartesian category T and a T -algebra is a cartesian functor on T into a
cartesian category such as the category of sets.
A cartesian category is a category with explicit finite products
A1 × · · · × An and a cartesian functor preserves them.
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Motivation for the notion of a Generalised Type Setup
Logic-riched dependent type theories

The Problem The idea of a logic-enrichment of a dependent type theory is
to build a logic on top of the type theory by treating its
types and typed terms as the sorts and sorted terms of a
dependently sorted logic. The idea was first introduced in
[Aczel and Gambino (2002)]. In order to make the general
idea of logic-enrichment rigorous we need a precise notion to
replace the idea of a dependent type theory.

A Solution The notion of a Generalised Type Setup (GTS) is a
precise notion that has abstracted away from the details
concerning the inductive generation of the types, terms and
contexts of a dependent type theory while keeping an explicit
treatment of variable declarations, x : A.

Background There are a variety of abstract notions of category for
dependent type theories that are more concerned with the
algebraic semantics of type dependency than the idea of a
type theory; e.g. CwFs [Dybjer, 1996].
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Generalised Type Setups (GTSs), 1

A Category with Types and Terms (CTT) consists of the following.

A category, C, of contexts Γ and substitution maps σ : ∆→ Γ.

An assignment of a set Type(Γ) of Γ-types to each context Γ and a
set Term(Γ,A) of Γ-terms of type A to each Γ-type.

Each substitution σ : ∆→ Γ acts contravariantly on types and terms
so that if σ : ∆→ Γ then

A ∈ Type(Γ) 7→ Aσ ∈ Type(∆),
a ∈ Term(Γ,A) 7→ aσ ∈ Term(Γ,A).

such that, for A ∈ Type(Γ) and a ∈ Term(Γ,A),

A idΓ = A and a idΓ = a and
for σ : ∆→ Γ, τ : Λ→ ∆,

A(σ ◦ τ) = (Aσ)τ and a(σ ◦ τ) = (aσ)τ.
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Generalised Type Setups (GTSs), 2

A Generalised Type Setup (GTS) consists of a CTT with variables and
comprehension extensions.

The variables form an infinite set of terms such that every context Γ has a
Γ-free variable; i.e. a variable that is not a Γ-term of any Γ-type.
Associated with each triple (Γ, x ,A) consisting of a context Γ, a Γ-free
variable x and a Γ-type A is a comprehension extension; i.e. a substitution
π : Γ′ → Γ, satisfying the following.

The variable x is a Γ′-term of type A,

For each Γ-type A, Aπ = A ∈ Type(Γ′) and aπ = a ∈ Term(Γ′,A) for
each Γ-term a of type A.

For each substitution σ : ∆→ Γ and each a ∈ Term(∆,Aσ) there is a
unique substitution σ′ : ∆→ Γ′ such that π ◦ σ′ = σ and xσ′ = a.

We write (Γ, x : A) for Γ′ and [σ, x := a] for σ′.
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Type Setups

A Type Setup is a generalised type setup such that the following.

For each context Γ, the set var(Γ) of variables that are Γ-terms is a
finite set such that var((Γ, x : A)) = var(Γ) ∪ {x}.
There is a terminal context () and, for each other context Γ′ there is
a unique triple (Γ, x ,A) such that Γ′ is (Γ, x : A).

It follows that in a type setup every context has uniquely the form

((· · · ( (), x1 : A1), . . .), xn : An) for some n ≥ 0,

naturally abbreviated (x1 : A1, . . . , xn : An), and every substitution ∆→ Γ
has uniquely the form

[[· · · [ []∆, x1 := a1], . . .], xn := an] for some n ≥ 0,

naturally abbreviated [x1 := a1, . . . , xn := an], where []∆ : ∆→ ().
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Formulae over a GTS with relation symbols

Assume given a GTS with relations symbols, each of arity some context.

The judgments (Γ) φ, for contexts Γ, expressing that φ is a Γ-formula, are
inductively generated using the following rules.

If R is a relation symbol of arity Λ and τ : Γ→ Λ then (Γ) R<τ >.

If A is an equality Γ-sort and a, a′ are Γ-terms of type A then
(Γ) a =A a′.

If � := >,⊥ then (Γ) �.
If � := ∧,∨,→ then (Γ) φi , for i = 1, 2, implies (Γ) (φ1 � φ2).

If ∇ := ∀,∃ and A is a Γ-sort then (Γ, x : A) φ0 implies
(Γ) (∇x : A) φ0.

If τ ≡ [z1 := c1, . . . , zr := cr ] it is natural to write R(c1, . . . , cr ) rather
than R<τ >.
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Action of substitutions on GTS formulae

The action of substitutions σ : ∆→ Γ on each Γ-formula φ to give a
∆-formula φσ is defined by structural recursion using the following table.

φ φσ

R<τ > R<τ ◦ σ>
(a =A a′) (aσ =Aσ a′σ)
� �

(φ1 � φ2) (φ1σ � φ2σ)
(∇x : A) φ0 (∇x ′ : A) φ0[σ, x := x ′]

where x ′ is x if x is ∆-fresh, but is the first ∆-fresh variable otherwise.
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The predicate logic rules of inference for a GTS
• A sequent has the form (Γ) Φ⇒ φ where Φ is a list φ1, . . . , φm of
Γ-formulae and φ is a Γ-formula.

• The predicate logic rules of inference for deriving such sequents are
essentially as expected. We just give those for the quantifiers and equality.

(Γ, x : A) Φ⇒ θ

(Γ) Φ⇒ (∀x : A)θ

(Γ) Φ⇒ (∀x : A)θ

(Γ) Φ⇒ θ[a/x ]

(Γ) Φ⇒ θ[a/x ]

(Γ) Φ⇒ (∃x : A)θ

{
(Γ) Φ⇒ (∃x : A)θ
(Γ, x : A) Φ, θ ⇒ φ

(Γ) Φ⇒ φ

(Γ) Φ⇒ (a =A a)

(Γ) Φ⇒ (a =A a′)

(Γ) Φ, θ[a/x ]⇒ θ[a′/x ]

where Φ is a list of Γ-formulae, φ is a Γ-formula, θ is a (Γ, x : A)-formula,
a, a′ are Γ-terms of type A and [a/x ] is the substitution
[idΓ, x := a] : Γ→ (Γ, x : A).
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A functor P : ′ → → is a comprehension category over if the functor
p = (cod ◦ P) : ′ → is a fibration and P maps cartesian maps of ′ to
cartesian maps of →; i.e. pullback squares of . For example the identity
functor → → → is a comprehension category over when has pullbacks.
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