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• The observed acceleration of the universe compels us to 

pursue de Sitter solutions of string theory, and to ask 

whether these are numerous enough to account for the 

smallness of the vacuum energy. 

• Constructing a controllable de Sitter solution of string 

theory is difficult and subtle.  Some contested progress in 

few-parameter models, but instabilities are extremely 

common. 

• Goal of this work: use random matrix theory to 

understand the statistical properties of de Sitter critical 

points of supergravity and string theory. 

• We can ask, e.g.: what fraction of critical points are 

vacua?  Where are vacua most dense?    
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The F-term potential in N=1 supergravity with N chiral 

superfields is 

 

  

where                           .    In this talk I will assume that 

supersymmetry is broken predominantly by F-terms. 

 

At a critical point q, the first derivative of the scalar 

potential vanishes: 

 

 

where 

 

 



It is convenient to introduce the notation  

 

 

 

 

At any given critical point q, Kähler and coordinate 

transformations can be used to set     

 

                                and 



Stability of a de Sitter critical point requires that all 

eigenvalues of the Hessian matrix      are non-negative. 

 

The Hessian takes the form 

 

 

 

with 

Denef and Douglas 2004 













We treat the superpotential and the Kähler potential as 

random functions, in the sense that their Taylor 

coefficients at q are independent and identically 

distributed (i.i.d.) random numbers.   

 

In a basis in which                              and  

 we take 
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This allows us to study the distribution of critical points 

statistically using random matrix theory.  
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• Essential idea: given limited statistical information about 

the entries of an N x N matrix, for N large one can make 

incisive statements about the eigenvalues. 

• One can obtain the eigenvalue spectrum of a typical 

matrix in the ensemble, and also the probability of a 

fluctuation to an atypical configuration.  

• Universality: matrix analogue of central limit behavior 

ensures that outputs (eigenvalue spectrum, fluctuation 

probabilities) are  independent of inputs (unknown 

statistical distribution of matrix entries).   

• Matrices with simple symmetry properties fall into well-

known classical ensembles.  These are the building 

blocks for our analysis.   

 

 



The complex Wigner ensemble (Gaussian unitary 

ensemble) consists of Hermitian matrices                        

where the entries of the matrix A are i.i.d. with 

The probability of observing a matrix M is given by 

where f is the probability for the entries. 

Diagonalization yields the joint probability density: 



At large N, the eigenvalue distribution approaches the 

Wigner semicircle law: 



The complex Wishart ensemble consists of Hermitian 

matrices of the  form                    where the entries of the N 

by N matrix A are i.i.d. 

The spectrum is positive definite.  At large N, the 

eigenvalue distribution approaches the Marčenko-Pastur 

law: 
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Typical critical points exhibit no particular 

hierarchy:  

Using                                               , the Hessian can be 

decomposed into constituent matrices with known 

eigenvalue statistics:  

~ Wishart 
~ Wigner 

~ Wishart 

~ shift 



We therefore propose to model the spectrum as   

The spectrum A+B of a sum A+B of matrices A, B can 

be obtained as the free convolution of the spectra of the 

constituent matrices,                                   so that 

 

D. V. Voiculescu, K. J. Dykema, and A. Nica, 1992. A. Edelman and N. R. Rao, 2006.   



For the Wigner+Wishart+Wishart model we obtain: 

 

where                    , 

 

 

and 

Marsh, L.M., Wrase, 2011 



Our analytic result – which has no adjustable parameters – 

is in excellent agreement with simulations of the full mass 

matrix.   

Marsh, L.M., Wrase, 2011 



The distribution has support for negative eigenvalues, so a 

typical critical point is unstable.  At large N, metastability 

requires a large fluctuation of the smallest eigenvalue.   

 

Marsh, L.M., Wrase, 2011 



 

• The left edge of the eigenvalue spectrum is at a 

tachyonic value, so typical critical points have tachyons. 

• Key question: how atypical is a critical point with no 

tachyons (i.e. a minimum)?   

• General fact in RMT: eigenvalue repulsion makes the 

eigenvalues very tightly correlated.  Collective 

fluctuations that substantially shift an edge position are 

extremely improbable at large N. 

• There is a very rich theory of small fluctuations of 

extreme eigenvalues, due to Tracy and Widom.   

• A fluctuation to positivity in our ensemble is not a small 

fluctuation.  We will use more recent results on large 

fluctuations due to Majumdar and collaborators.         

 

 
Dean and Majumdar, 2006 Tracy and Widom 1994 



• For the Wigner+Wishart+Wishart model, we have 

shown analytically that 

 

 

 

 

 

• This is consistent with (but not implied by) the 

fluctuation probabilities of Wigner and Wishart. 

 

 

   

 

Aazami and Easther, 2005; Dean and Majumdar, 2006. 
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• For the Wigner+Wishart+Wishart model, we have 

shown analytically that 

 

 

 

 

 

• Our model makes some simplifications, but even in 

the exact description of the Hessian, we have 

strong numerical evidence. 
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• Aazami and Easther (2005) proposed a simple but 

instructive  ‘Wigner + positive diagonal’ model of the 

Hessian, without the structure of supergravity, and 

showed that p ≈ 2. 

 

• Chen, Shiu, Sumitomo and Tye (2011) used a model like 

that of Aazami and Easther to describe the uplifting of 

type IIA vacua, cf. Gary’s talk. 
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Denef and Douglas previously analyzed a particularly 

interesting corner of the landscape in which 

 

In this case, most moduli are stabilized by large 

supersymmetric masses, and only one complex direction is 

susceptible to destabilization: the Goldstino direction.   

 

Denef and Douglas 2004 

The critical point equation forces the Goldstino direction to 

have a supersymmetric mass linked to the gravitino mass,   

 



Eigenvalue repulsion is the dominant contribution to the 

Goldstino masses at large N, and is negative definite. 

The mass of the lightest fields was then computed to be 

which led to the estimate of stability:    P  

However, this result did not incorporate eigenvalue repulsion 

of the heavy particles on the Goldstino direction.  

 

Denef and Douglas 2004 



Eigenvalue repulsion is the dominant contribution to the 

Goldstino masses at large N, and is negative definite. 

Marsh, L.M., Wrase, 2011 

The mass of the lightest fields was then computed to be 

which led to the estimate of stability:    P  

However, this result did not incorporate eigenvalue repulsion 

of the heavy particles on the Goldstino direction.  
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Eigenvalue repulsion is the dominant contribution to the 

Goldstino masses at large N, and is negative definite: 

 
The distribution of the smallest mass-squared 

without eigenvalue 

repulsion 

(rescaled) 

eigenvalue repulsion 

term 

 

actual 

distribution  

of the smallest  

mass-squared 

Marsh, L.M., Wrase, 2011 



Extensive numerical simulation suggests that the 

probability of a fluctuation of the smallest eigenvalue to 

positivity is    

                       

 with c=0.34657.  

 

Johannes Bausch, 2012 



• We took W, K to be random functions of all their 

arguments, with i.i.d. derivatives.  

• Universality very plausibly protects our results from 

‘detailed’ corrections to these assumptions. 

• We have explicitly verified that our results do survive: 

– changes of the input distribution; 

– introduction of correlations; 

– imposing N=2 structure on Riemann tensor. 

• However, decoupling two sectors is a massive change! 

• E.g. give NH fields large supersymmetric masses.  Then 

only the NL = N-NH light fields are potentially unstable, 

and P ~ exp(-c NL
2) >> exp(-c N2). 



 

• Introduction 

• Critical points in supergravity 

• Random matrix theory 

• The landscape of random supergravities 

i. Generic critical points 

ii. Approximately supersymmetric critical points 

• Applications 

• Conclusions 

 

 

 



• SUSY AdS vacua are generally thought to contain BF-

allowed tachyons. 

• But what is the actual probability that a SUSY AdS 

vacuum contains no tachyons? 

• This is relevant for models of uplifting: one expects              

P(existence of uplifting to dS) < P(no tachyons in AdS) 

• We have obtained analytic results for the spectrum and 

the probability of positivity.   

 

 

• See David’s talk tomorrow for details. 
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• Our matrix model for the Hessian has some success 

even for very small N.    

 

Baumann, Dymarsky, Kachru, Klebanov, L.M., 2010 

matrix model: 107 realizations of the potential for a 

D3-brane in the conifold (N=3) 

L.M., Sébastien Renaux-Petel, Gang Xu, to appear 



 
• Using random matrix theory we obtained an analytic 

expression for the scalar mass spectrum at a generic 

critical point in an N=1 supergravity with N scalar fields. 

• The Hessian is accurately modeled as the sum of two 

Wishart matrices and a Wigner matrix. 

• The probability that a generic critical point is a minimum is 

P=exp(-c N2) for a constant c.   

• Thus, an overwhelming majority of critical points are 

saddle points, not metastable vacua. 

• An approximately supersymmetric critical point is 

somewhat more stable: P=exp(-d N log N) with d≈0.35.  

• The probability that a supersymmetric AdS vacuum has 

no tachyons is P=exp(-2 N2 |W|2/m2
susy).   



 

• Our matrix model for the Hessian can be used to study 

• The probability of stability in a model; 

• The mass spectrum in a vacuum; 

• The dynamics of the light fields, e.g. for multifield 

inflation. 

• Random matrix theory provides powerful tools to study 

the vacuum structure of string theory. 


